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MaremaTnyecKuii Mup

3 xkunrn
«zKusup maremaruka. CoBo o apyre,
Biayimmupe Muxaiisosuue Asiekceeses ™

B. M. Tuxomupon

MEXMAT

Beicrymnas B 1981 rosy na 3acemannn MOCKOBCKOTO MaTEMaTUIECKOTO ODIIIe-
CTBAa, NOCBAIIEHHOM HamsaTu Biaaumupa Muxaitiosuyua AsiekceeBa, s CpaBHUI
MeXMaT C IMYyIMKHHCKAM JuieeM. MHe KakeTcst, 9T0 MeXMaT HSTHICCITHhIX—
MIeCTUAECATBIX I'OJA0B MO2KHO COIIOCTaBUTDL C JIMIEEM IIYIIKMHCKOI'O IIepuojia —
1o armMocdepe BBICOKOTO JyXOBHOI'O W TBOPYECKOTO IMoabéMa. Takas armocde-
pPa BOCIPUHUMAJIACH U BOCIPUHUMAETCS OOJIBIITUHCTBOM M3 TE€X, KTO ObLI eé
CBUIETEJIEM, KaK OCOOEHHBIN j1ap cyap0bl. MexMaT cTal HAIllUM «OTeIeCTBOMSY
KaKUM JJisi IyMKAHCKUX jipy3eit obi10 Hapcekoe Ceto.

VMecTHO HAYATH PA3rOBOP O MEXMAaTe C CAMBIX MCTOKOB, CO BPEMEHU 3a-
POK/IEHUST MOCKOBCKO# MaTeMAaTHIECKOI IITKOJIBI, CTOJIb HEPA3PBIBHO CBA3aHHOI
C MaTeMaTHU4YeCKUM OT/IeJICHUEM (bHSHKO—MaTeRlaTquCKOFO (a 3aTeM — MEXaHU-
KO-MaTeMaTH4ecKoro) daxy/brera MOCKOBCKOTO yHHUBEPCUTETA.

CDeHOl\/IeH MOCKOBCKOII MaTeMaTHnYeCcKOl HOIKOJIBI, a TOYHee — MaTeMaTu4e-
ckoil mKoabI B MOCKOBCKOM yHUBepCHUTeTe, KOl EropoBa — Jlysnra — mo-
TpsicaeT. DTa IKoJa Bo3HMKJIa B 1914-16 romax. o Toit mopnl B Mockse
pa3pabaTbIBaIOCh JIUIIL OJHO MAaTEMATHIECKOE HAIIPABJIEHNE, MMEBIIee MeXK-
IyHapomHOe 3HavUeHne, — auddepeHnuaibHas reoMeTPHs.

“M.: MITHMO, 2012.

MaTtemaTtuyeckoe npoceelenne, cep. 3, soin. 18, 2014(5-31)



6 B. M. Tuxomupos

A 3aTeM MOCKOBCKOE HaydHOE COOOIIECTBO BHE3AIIHO PE3KO U3MEHMJIO 00-
JIACTHb UCCJIEJOBAHUN W TOILIO IO MIyTH, HAMEIEeHHOMY MOJIOJIBIMU B TY HOPY
dpaniy3ckumu MaremarnkamMu — bopesiem, Bapom u Jleberom. B Teuenne ka-
KUX-TO CeMU A€M OHO BBIIBUHYJIO IEJIYIO IIES Ty BBIIAIIIIXCS UCCIIEI0BATEIEN,
B THCJIE KOTOPBIX OBLIN IpeacTaBuTen crapirero mokoaenust — U. V. Ilpusagos
u B. B. Cremranos u coBcem mosiofieie I1. C. Asekcanpos, H. K. Bapu, A. H. Kos-
moropoB, M. A. JlaBpentsres, JI. A. JItocrepruk, /1. E. Menbmos, U. I'. [Terpos-
ckwuit, M. d. Cycnum, I1. C. Ypoicon, A. 4. Xumawn, J1. . [llaupensman u gpyrue.
Kaxk/pit n3 Ha3BaHHBIX yuéHbIX (Kpome paHo ymepinero CyciuHa) BbIOpaJ
3aTeM CBOW COOCTBEHHBIN IIyTh, CTAJl 0OpETaTh CBOMX YYEHUKOB (JI0CTATOYHO
HazBarh WM. M. 'enmbdanga, A. V. Manbsuesa n C. M. Hukobckoro — y4eHuKOB
A. H. Komvoroposa, a Takxke JI. C. Ilourpsruna n A. H. TuxonoBa — yueHNKOB
I1. C. Anekcanaposa) u k cepejute 1930-x rojos (korya dpaHily3ckast mKoa
IepeXkmBaJjia, CMeHY ITOKOJIEHUH, a HeMellkasd MaTeMaTHdecKas IIKoja ObLia
pasrpoMjieHa MUTJIEPU3MOM ) MOCKOBCKAsl MaTeMaTHIecKas MIKOJIa — IKOJIA OJl-
HOT'O YHUBEPCHUTETA — 3aHsJIa JINTUPYIOIIee MOTOXKEHNEe BO BCEM MaTeMaTHUIe-
CKOM MHpE.

Kak ke 00bsicHUTB 9TOT GecrperieeHTHbI (erHoMen? ToMy ObLIH U TJIO-
6aJibHbIe, BCEMUPHBIE TPUINHBL.

QPeppaJsibckas peBostionus 1917 roma ObLIa ¢ BOOJYIIEBICHUEM BOCIIPUHSITA
MHOTUMU IIPEJICTABUTEIMEI PYCCKON MHTEJIIUTeHIINN. Db OTMEHEHBI COCJIOB-
Hble IPUBUJIEIUH, 8 TAKKE 3aKOHBI U YCTAHOBJIEHUSI, Yy TBEPK JABIINE HAITMOHA b~
HOE W PEJINTUO3HOe HepaBeHCTBO. K aKTUBHOI TBOPYECKON eATETbHOCTH OBLIN
[PU3BAHBI OTPOMHBIE JIFOJCKIE MACCHI, HE UMEBIIIHE paHee BO3MOXKHOCTU B Hell
y4aacTBoBaTh. Ha ieKIbl Ha TO, ITO OCYIIECTBSITCS UIEAJIBI CBODOIbI, PABEHCTBA
U CHPABEJJINBOCTH, BOOJYIIEBJISIA U CKJIOHSIJIU K TBOPYECTBY, B YACTHOCTHU
K HAy9IHOMY TBOPYECTBY. DTOT SHTY3HA3M, 3Ta KPEATHBHOCTH, 3Ta IHAaCCHOHAP-
HOCTb COXPaHSIJINCH eIlé J10roe BpeMs u nociie OKTaOpbCKOii peBOJIIOIUN.

Ho 6n11a v mopasuresibHasi, TaK CKa3aTh, «JIOKAJbHAS» IPUIUHA, CBI3AH-
Hasl C TBOPYECKOM JIeITeJbHOCTBIO OJHOTO JUIIL dejioBeka. msa ero Hukoirait
Hukonaesuu Jlysun. Ero nesarenbHOCTD — IpeKpacHasi UJJIIOCTPAIUsS K TeMe
O POJIA JINYHOCTH B MCTOPUM.

Ho cunagama nebosbinoe orcrymienue B mpornioe. K 1914 roxy 8 Mockse
paboraau B 00J1acTH MaTeMaTUKH HECKOJIbKO M3BECTHBIX ITPOMECCOPOB, Cpean
KOTODBIX IIpexkjie Bcero Haso HazBarh /1. @. Eroposa (1869-1931).

Jyurpuit ®énoposud Eropos ponmiicsa B 1869 romy B Mockse. OH 3aKOHYIIIT
Mockosckuit yausepcuteT B 1891 rojy. Eropos npemnogasai B MockoBckoM yHU-
BepcuTeTe HaunHas ¢ 1893 roma, momyuna npodeccopekoe 3anue B 1903 romy,
6bL1 nIpe3uaeHTOM MOCKOBCKOro MaTeMaTudeckoro obiecta ¢ 1923 mo 1931
roga. B 1931 roay ou ObL1 apecToBaH U yMep B TIOpeMHOM rocrnuTajie B Kazanu.
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1. ®@. EropoB 6b111 11yOOKO BepYIONIAM 9eJI0BEKOM M HOCHTEJIEM HMCKJIIOUN-
TEJbHO BBICOKMX HPABCTBEHHBIX MPUHITUIIOB. JlaXke B CAaMBIX TSKEIBIX CUTYa-
[IUSX OH He KPUBWJI JIyIIOH.

Eropos siBisizi coboii crapblit Tl TpaauiinoHHOTO podeccopa. OH ObLI
TOYEH BO BCEM, CTPOT, OU€Hb CePbE3EH U 3aMKHYT.

Huxkomnait HukostaeBua JIy3uH ObLI 9€/I0BEKOM COBCEM JIPYTOTO CKJIAJIA.

Jlysun pomuicsa B 1883 romy B Tomcke. B rumuasun maremaruka ObLia
B YHCJIe HAUMEHee JIIOOMMBIX UM IIPEeIMETOB. PoquTesM MpuInioch HAHUMAaTh
pernieruTopa. VM okazajicsd CTYJEHT YHUBEPCUTETA, YBJIEUEHHBI MaTeMaTHKO
(Tomck 6bLI YHUBEPCUTETCKUM TOPOJOM: yHUBepcuTeT B ToMcke ObLI OpraHu-
3oBaH B 1888 rozy). CTymeHTy-peneTuTopy J0BEIOCh COBEPIINTH II€PEBOPOT
B JiyIlie cBoero ydenuka. Briociencrsun Jlysun nucan: «OH NPUOTKPBLIT mIEpe-
JI0O MHOH MaTeMaTHKy He KaK CHCTEMY MeXaHNYeCKUX 3HAHUi, 3ay4nBaEeMbIX
HAM3YCTh, & KAK HAYKY, IOPAXKAIOIIYI0 BoOOparkeHuey. JIy3uH peruia n3dbparh
MaTeMaTHuKy cBoeit mpodeccueit u nocrymnua B MockoBekuit yausepcurert. «Bim-
craTeibHbIE JIEKIIUU 110 IUCTON MaTeMaTuKe, — FOBOPUJI OH BIIOCJIEJICTBUM, —
OKa3ajii HA MEHsI OIPOMHOE BIIEYAT/ICHUE» , — U MaTEMATHUKa IPEJICTABUIACH
eMy Kak HayKa, oJjiHas 3aMaHIuBbiX TaitH. O craj yuenukom . @. Eroposa.

B 1911 rony Eropos nokazaJ ojHy u3 caMbIixX (PyHIAMEHTAJIbHBIX TEOPEM
Teopun GYHKIWI, B KOTOPO# pa3BuBasioch yueHue Jlebera. He npuBoxy eé
dopMyIIPOBKY, NOO OHA M3BECTHA KaXKIOMY MaTeMaTHKY. KIropoB ITO3HAKOMIT
Jlysuna ¢ azamu Teopun OYHKIUN JEHCTBUTEIHHOIO IEPEMEHHOI'O, U TOT BBIBEJ
u3 TeopeMbl Eroposa dysmamenTaabHoe C-CBONCTBO N3MEPUMBIX (DYHKITHIA.

ITo oxonvanuu ynusepcurera Jly3un ObLT OCTaBJIeH IS TTIOJATOTOBKH K IIPO-
deccopckoMy 3BaHMIO, a 3aTeM KropoB HAIIpABUIII €r0 B 3arPAHUIHYIO0 KOMaH-
IUPOBKY, cHavdaja Bo PpaHIuio, a moToM B ['epMaHuio.

B 1905-06 u B 1912-14 romax Jly3un nocemaer Ilapmxk, B 1910-12 ro-
nax ou Obu1 B ['érruarene. B Ilapuxke Jlysun ciayrman jeKnuu BbLIAIOITAXCS
maremaTukoB — [lyankape, A mamapa, [Tukapa, lapby n muorux apyrux. OH mo-
3HAKOMUJICS U UMEJI TJI0J0TBOPHbIE HAayYHbIe KOHTAKTHI ¢ Boperem u ocobenno
¢ Jleberom, K KOTOPOMY OH UCIIBITBIBAJI 9yBCTBA OJIATOTOBEHHOIO BOCXUIIEHUS
Ha IPOTAXKEHUU BCel CBOEN YKU3HMU.

Bepnysmmucs B MockBy, JIly3ua KpyTo M3MeHHUJ CTUIL MOCKOBCKOI MaTe-
MaTuaeckoit ku3nu. OH ObLT «M300peTaTesyieMy COBEPIIEHHO HOBBIX METOIOB
paboTBI ¢ MOJIOJIEXKBIO, KOTOPBIE CKJIAJIBIBAJINCH U3 Psifia 0COOEHHOCTEI.

Bo-niepeoix, Jlysun ctaBui mepej CBOMME CTYIEHTAME IPOOJIEMbI BbICOTA-
IIIEr0 yPOBHS, TIEPE] KOTOPBIME [ACOBAJIA MACTUThIE MUPOBBIE YUYEHbIE, CTABUII
UX TIepe/T FOHOIIAMHY, €JIBa [I€PECTYIUBITUME TOPOT YHUBEpcuTeTa. BoT Kak omnu-
coiBaeT Ilapen CepreeBud AJieKCaHIPOB ITEPBYIO BCTPETY CO CBOUM YUHUTEJIEM.
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«41 BHIEpBBIE BCTpETWJICS C HUM, Oy/Ly4du CTYJEHTOM 2-r0 Kypca. Bredarienue
OT 3TOit BCTpeun ObLIO, MOZKHO IIPSIMO 9TO CKA3aTh, TOTPICAIONINM, U g 3AIIOMHUIT
ero Ha BCIo Ku3Hb. OOPATHUBINCH K HEMY MOCTIe OKOHIAHUS JIEKIIUN 38 COBETOM,
KAK MHE 3aHUMAThCsI MATEMATUKON JIAJIbINe, s ObLIT IIPEXK 1€ BCErO MOPAXKEH BHU-
MaTeJIbHOCTBIO ¥ — He MOT'Y HalTU JAPYTroro CJIOBa — yBayKEHHEM K COOECETHUKY,
KaK HU CTPAHHO 3BYYHUT 3TO CJIOBO, KOIJA Pedb HJIET O becelie yKe 3HAMEHUTO-
ro, XOTs U MOJIOJIOTO eIlé y4YEHOro ¢ 18-JIeTHUM CTy/IeHTOM. Bhiciymias MeHs,
JIy3uH mocpencTBOM yMeJIo MOCTaBJIEHHBIX BOIIPOCOB OYEHb CKOPO PazodpaJticst
B XapaKTepe MOMX MAaTEeMATHIECKUX CKJIOHHOCTEH U Cpa3y 2Ke B JIOCTYITHOW MHE
dopme 06prCcoBal OCHOBHBIE HAIIPABJIEHUS, KOTOPbIE OH MOI' MHE IIPEJIJIOXKUTD
I TaJbHENUINNX 3aHATHI; 0UeHb OCTOPOXKHO OH CaM CKJIOHIJI MEHsI K BBLIOODY
OJIHOT'O U3 dTUX HAIIPABJICHUI U — KaK S MOI'Y TellePh CKa3aTh — IIPABUIBHOY .

Jlysun mocraBui nepes AJleKCaHIPOBBIM MPOOIEMY KOHTHHYYMAa JJist bope-
JIEBCKUX MHOXKECTB, KOTOpas HHTepecoBaJja camoro Jlebera u KOTOpYyIo TIIETHO
HBITAJIMCH PEIATh TakKue KpyIHble MaTeMaTuku, Kak FOur u Xaycaopd.

AHaOrnIHBIM 00pa30M OH MTOCTYTAT ¥ C APYTUME CBoUMHA yaeHuKamu. [Ipn
9TOM OH JIECTBUTEIBHO BO3YKUTAJ B JYIIAaX CBOMX YIEHUKOB TBOPUYECKUN OTOHB.

Bo-Bropeix, JIy3uH cras NpuMeHSTh MeTOJ HHIUBULyaIbHBIX 3aHsaTuii. O1-
Haxx el Aunpeit Hukomaesna Kosmoropos permui 3aady, oO6CYKIABITYIOCST
Ha cemuHapax Jly3uHa. «Y3HaB 00 95TOM MOEM JOCTHXKEHUU, — nuiner AHapeit
Hukonaesutd, — H. H. JIy3un ¢ HeKOTOPO# TOPXKECTBEHHOCTHIO MIPUTJIACHIT MEHST
B YHUCJIO CBOUX YYEHWKOB, U s CTAJ €XKEHEJICIbHO IPUXOIUTh K HEMY B YacChl,
OTBEJIEHHBIE JJIsI OJ[HON U3 TPYIII y4eHUKOB» . Kosimoropos npuxoaui K Jlysuny
Bmecre ¢ JI. B. Kenngpimn un E. Xo101KOBCKIM, HO KaXKIbli U3 HAX ITOJIYYaJ CBOIO
cOOCTBEHHYIO 3a/1a1y.

Hakowner, JIy3un cozmeficTBOBas TOMY, UYTO MATEMATUKN O0bEIMHUIUCE B €11~
HBII CITOYEHHBIN KOJJIEKTUB, YBACYEHHBIN HAYKOW. Y YeHUKU HA3BAJIH €0 «JIy-
3uTanueity . MHOTO 1o32ke, B ro/ibl BOHBI, B iuchbMe AjtekcanipoBy Kosmmoropos
BBIPA3MJICS TaK: JJjIsI JIy3SUTAHIIEB ObLIO XapaKTEePHO «eJIMHOE DHEHUe CepIIers .

Hamr ¢ B. M. AsntekceeBbiM obrmumit yaurens — Arapeit Hukomaesna Kommvoro-
poB — muoroe nepens ot Hukosnas Hukomaesuya Jlysuna. IIpu sTom Hamo moba-
BUTH, 9TO B ISITUJIECATHIE TOJBI HA MEXMAaTE CJIOYXKUJIACH OOJIbIasi TPYIIa MaTe-
MATHKOB, YBJIEUEHHBIX HAYKOM, COEIMHEHHBIX TAKXKE «EIMHBIM OMEHUEM CEPJIEITs .

Korma Bososis Aekcees cras cTyneHTOM, HA MeXMaTe OBLIO BOCEMb MaTeMa-
tudeckux Kadeap: BbICIIEH reOMeTPUE 1 TOHOJIOruU (3aBeyromuit kadeapoit
I1. C. Anekcannpos), Teopun uucesn (A. O. lenpdomnn), muddepennnaabHoil
reomerpuu (B. ®. Karan), reopun sepositnocreii (A. H. Kosmoropos), anrebpbt
(A.T. Kyporm), Teopun dbysukiuii u dbyskimonaasoro anamusa (/1. E. Menb-
moB), auddepennmanbabix ypapaenuii (B. B. Crenanos), maremMarnieckoro
anayunsa (A. ¢l Xunann) u ucropun marvemarunku (C. A. flnosckast). Cpean
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podeccopoB, pabOTABIINX B Te TOJBI HA MeXMaTe, ObLIN TaKne 3aMedaTeIbHbIe
yuénble, kak Huna Kapiosua Bapu, Uzpanns Mouceesuu 'esibcan, Muxami
Anekceesnu JlaBpenrnes, Jlazapp Aponosuu Jlrocrepuuk, MBan 'eopruesut
[Terposckuit, JIes Ceménosuyu [lonTpstirun, [1érp Koncranrunosuu Pamesckuit,
Cepreit JIbsoBuu Cobosie, Cepreii Ilasiosua @uruko u apyrue. TpymaHO
YCOMHHTBCSI B TOM, YTO HA B OJJHOM YHHBEPCUTETE MHUPA HE OBLIO TAKON KOH-
[EHTPAIIU CTOJIb KPYIIHBIX MaTeMaTHKOB.

Kak 370 cayumioch U ciiefryer Jid 3TOro oxXujaarh B Oyaymem? B rpummarse
rOJIbI B HAIEH CTpaHe yTBEPUJICS TOTaJUuTapHbIil pexkuM. ConnaibHbe yCJIOBHUS
B CCCP Bcromy, KpoMe OCHOBHBIX IIEHTDPOB, ObLIM TSXKKUMU, U ITO IIPHUBEJIO
K HEBUJIAHHOI KOHIIEHTPAIIUU TBOPYECKON WHTE/JINTEHIINA B HECKOJBKUX 0OJIb-
mux ropogax, ocobenno B Mockse. Bee Hazsamuble MHOIO y4uéHble (1 BOOOIIE
KpPYIIHEHIIne JedTesd HayKU, KYJIbTYDbl 1 UHXKEHEPUH) YKIIU (DAKTUIeCKU B IIpe-
nesiax CaloBOro KoJiblia, Pajuyc KOTOPOTO PABEH MPUMEPHO IATH KHUJIOMETDAM.
B npesesiax 9Toro «pajimycay KU J10Jist THTEJUIEKTYAJIbHOM SJIUTHI BCell CTPAHBI,
COTIOCTaBUMAsI II0 YHCJIEHHOCTH C OCTAJIBHON €€ JacThio. XOTs sIBJIEHHE TaKOi
KOHIIEHTPAINY WHTEJIJIEKTA, [T0-CBOEMY 3aMedaTebHO, TPUIMHBI, ero MOPO/INBIIITE,
qyIOBUIIHBI. TaKoe, KOHEYHO, He JOJKHO IMOBTOPUTHCH HUTJE U HUKOT/IA.

Ho nam — cTymenTaM MexmMarta B IATHIECATHIE TOJIBI — BBIITAJIO CIACTHE YIUTh-
Cd Ha TAKOM MOPA3UTEJLHOM (akyyibTeTe. UMUC/I0 CEeMUHAPOB UCUUCISIOCH
JIeCATKAMHI ¥ WHOT/Ia TPUOJINKAIOCH K coTHe. U 910 9T0 6BLIN 38 ceMuHApDI!

Tomonorudeckuit kpy»kok I1. C. AjtekcanapoBa, BeIIINiI CBOKO UCTOPHIO OT
Toit mopsl, kKoryta I1. C. Anekcamnpos u I1. C. YpbicoH co3maBaim CBOIO TOMOJIO-
ruvecKyro mkouty, cemuaap 1o teopuu dyukiuiit H. K. Bapu u 1. E. Menbiosa,
pomonavdabHUKOM KoToporo Obut cam H. H. JIyswr, cemunap mo Teopun Bepo-
sraocteit A. H. Konmoroposa u A. 9. Xunuuna, cemunapsr B. B. Hembirkoro
u B. B. Crenanosa 1o o6sikHOBeHHBIM ypaHenusiM u U. I. Ilerposckoro, C. JI. Co-
6osieBa n A. H. TuxoHoBa 10 ypaBHEHUSIM C YACTHBIMHU ITPOU3BOIHBIMU, CEMUHAD
A.T. Kyporma 1o anrebpe, M. A. JlaBpertrsena u B. B. [Ilabara 110 KOMIIJIEKCHOMY
ananmu3y, cemunap C. A. fduosckoit u A. I1. FOmkesnaa mo uctopun MaTeMaTHKH,
HAKOHEIT, OBITH MOYKET, CaMblii 3amedarebubiit cemunap V. M. Tenndamnta o Beeit
MaTeMaTUKe — BCE 9TO CEeMUHAPhI BOUCTUHY BCEMUPHOI'O 3HAYMCHMUS.

A CKOJIBKO OBLIIO TOTJIA CIENKYPCOB U Kakux! HekoTopble cTyaeHThI yMyIpsi-
JINCh CJIABATb UX OKOJIO JIECSITKA, & PEKOPJI, KaxKeTcst, ObLI ycTaHoBjieH Muxaun-
Jiom Muxaiiyiopudem [1oCcTHUKOBBIM, KOTOPBIi ¢J1aJ1 9eThIPHAIIATE CIIEIKYPCOB!

OTO OBLIIU TOJbI CMEHbI HAYIHBIX [IPUOPUTETOB, KOTJIa BJAPYT HadYaJa IpPo-
SIBJIATBCS Tsira K MaTeMarudeckoi ¢usuke. Cpenn Tex, KTO ObLI CBSI3aH TOIA
«€JINHBIM OMEHuEeM CepJely B O0JaCTH TEOPUM JIMHAMUYECKUX CUCTEM U Ma-
TeMaTn4ueckoil pusnku, ¢ kem B. M. AyrekceeB nmes rirybokne HaydHbIE KOH-
TakThl, Ha30By umy Anocosa, lumy Apnosbia, Anuka Bepesuna, FOmka
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Crynenrsr Bojiogst Asiekcees u Bosioust 3os10Tapés HpoBOIsiT
MaTeMaTHIeCKYI0 OJTUMITHAJLY JIJIS HIKOJIHHUKOB

Hobpymuaa, Boba Mumioca, Cepéxy Hosukosa, Amy Cunast, Anmuka [IBapra
(s1 mazBau Beime murpusi Bukroposuua Anocosa, Biajumupa Wropesuua
Apnuonbna, @ennkca Anekcangposuda Bepesuna, Ponanga JIbposuua o6py-
muHa, Pobepra Anoisdosuda Munmoca, Ceprest [lerposuaa Hosukosa, flkoBa
I'puropnesuya Cunast, Anndepra Conomonosuda IIBapra Tak, Kak UX Bce
3BAJIM B [IOPY UX CTYJACHYECKUX U ACHHUPAHTCKUX JieT). [lorom mosiBusmch ux
MHOTOYHCJIEHHBIE YICHUKHU. Y 0€K/1E6H, YTO DOJIBITMHCTBO U3 HUX C OJIAr0IapHO-
cTbio Ha3bBaloT B. M. AjtekceeBa B uncie cBoux Jipy3eit uiau yunresieii. Mexmar
omapuit B. M. AjekceeBa cuacTheM TBOPYECTBa, JIIOOOBBIO K CBOEll mmpodeccun,
PAJIOCTBIO TPY/JA U YeJIOBEYECKOTIO ODIIEHNUS.

Ocobble 1yBCTBa BOCXUINEHUsT W yBaxkeHusi Biiaguvup MuxailjioBud nuras
K cBoemy yuntesio Aniapero Hukonaesuay Konmoroposy (06 9ToMm ermé MHOTOE
Oy/1eT CKa3aHO); OH HAXOJUJICH B OJIM3KUX JPYYKECKUX OTHOIIEHUSX CO MHOIMMU
MaTeMaTHKaMu cTapirero moxkosjenusi. san I'eopruesna IleTrpoBckmit odueHb
nopoxkust maernem B. M. Ajekceepa. Biagumup MuxaiiyioBud oTBedas eMmy
YyBCTBOM TJIyOOKOI U MMOYTUTEIHHOM JIFOOBH.

Ipyx)eckne y3bl cBsizbiBasin Birajgumupa MuxaitioBuda ¢ npodeccopamun
MexmaTa u Kojuteramu B. M. o kadeipe MareMaTuyecKoro aHaJim3a, Ijie OH Ha-
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YHUHAJ CBOIO IIEJANOIHIECKYIO IeITeILHOCTD, B ocobeHHOCTH €O JIbBOM AGpamo-
BuyeM TymapkunbiM 1 Muxamiom AsekcamaposudeMm Kpeitnecom. Biragumup
MuxaitToBUY 1TOJIb30BAJICS O9eHDb DOJIBINON JI000BBIO MATEMATHKOB CBOETro 1 6O-
Jlee TO3IHUX IOKoJeHuil. BrociiencrBuu ol ObLI BCeria OKpPY»KEH IPEKpPaACHO
MOJIOTEXKBIO.

[Tocrynus na mexmart, Bosojist cpa3y ke BKIIIOYMIICS B CTYACHIECKUN KOH-
KyPC 110 PelleHuio 3a/a4 (K CoxKaJeHHUIO, TaKie KOHKYPCHI jlajiee He [POBO/IY-
sck). CoxpaHniach rpaMoTa, B KOTOPOii ToBOpUTCst, UTo oHa «/Jana AsekceeBy
Baamumupy MuxaitnoBudy, crysieHTy 1 Kypca MeXaHUKO-MaTeMaTUYeCKOI'O
dakysbrera, mosydnBIieMy Ha KOHKypce 10 pernenuto 3ajgad 1950/51 yq. r.
Bropyio npemuio. Ilpenacenarens xkiopu kKoukypca axai. A. H. KoaMmoroposs.
IlepBoe MecTO 3aHSAI CTYHAEHT BTOPOrO KypCa, KOTOPBI B T€ TOJBI BOCIIPUHI-
MaJiCsl KakK, ObITh MOXKET, CaMbIii CIIOCOOHBINA, ¥ HE TOJILKO Ha CBOEM KypCe.
Ho morom on kak-To mcde3 u3 BUIy, HE OCTABUB 3aMETHOIO CJIe/Ia.

K uuciay ocobennocreit xapakrepa Biaguvupa MuxaiiioBuda ciieryer oTHe-
CTU €r0 HeJII0OOBL MTPOUTPhIBaTh. Korma OH MoKa3bIBaI MHE KaK-TO KOJIMOTOPOB-
CKYIO I'PAMOTY, B T'OJIOCE €r0 CJIBIIIAIACH JOCAIA: «BOT, IIEPBOI'O MECTa HE 3aHSII...».

2Kaxxa mepBeHcTBa BOOOIIE XapaKTepHa Jjis MareMaTukoB. OMuH U3 KpyIl-
HENINX MaTEMATUKOB CBOEr0 BpEMEHU — A tamMap YYUjICcsl B MPECTUKHENHIIEM Ma-
puzkckoM Lycée Louis-le-Grand (B koropoM KTO TOJIBKO HU ydmics: Bojyep,
Bopenn, Cupano jie Bepxkepak, Bosbrep, lera, lenakpya, Famnya, ['oro, JleGer,
Moubep, Pobecrbep, mapkus e Cay...), U 110 OKOHUYAHHU TPEThEro Kiaacca Amxamap
npunsi yyacrue B Concours Général — BcedpaHIly3CKOM COCTSI3aHUM, HEKOEM
amajiore Hammx Bceecorosubix (biHe Beepoccniickux) osummumal. Amamap cras
mo MareMaTnke BTOPBIM. OH TsXKeJIO MepeKuBaJl CBOIO Heylaady. Kosimoropos
nepeaBaj cyioBa AjamMapa, CKa3aHHbBIE ¢ TVIYDOKHM OIOPYEHUEM JEBSTHOCTOJIET-
HUAM cTapreM: «4 okazasics BTopbiM. TOT, IEPBBIi, TOXKE CHEIAICH MATEMATUKOM.
Ho ropazo 6osiee ciabbiM — OH U Beerja ObL1 ciabees. (DTOT MM30/1 paccKa3aH
B craTbe ApHosibia o Kommoropose, cm. «KosMoropos B BocrioMuHaHUAX>» . M.:
Hayka, 1993, ¢. 170.) Bor u BoJiozst 6611 0rop4éHt, 9To 3aHsl JMIIb BTOPOE MECTO
Ha MEXMAaTCKOM CTY/IEHIECKOM KOHKYDCe.

BoJiogst ¢ caMoro mepBoro Kypca CTaHOBHUTCS PYKOBOIUTEIEM IIKOJIbLHBIX
KPY2KKOB, OIMH 13 KOTOPBIX OH BEJI ¢ OYIyIIIUM MHOT'OJIETHUM JICKAHOM MeXMaTa,
cBonM cokypcaukoM Ojierom JlymamosbiM. Pabora co mKoJIbHUKAMI U CTYIEH-
TaMU IIPOJIOJIZKAJIACH JI0 TIOCJIEJIHUX JHEU €ero »KU3HU.

Co BrOpOro Kypca HaunHaeTcst HayuHas pabora B. M. AjekceeBa, KoTopoii
OH cTaJl 3aHuMaThbcs B ceMuHapax A. H. Kosimoroposa, xors «mnpunucany ObLI
K Kadeape auddepeHnualIbHbIX YPABHEHHIA.

B apxuse B. M. AsekceeBa coxpaHmiIach ero Kypcopas paboTa 3a TPETHii
Kypc. ¢ BocpousBoxy 3/1ech hakcumusie TUTyJIbHOro jucta (crp. 12). Haqucn
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TurynbHbBIH JHCT KypCcoBOi paboTsl 3a 3-i Kypc

Ha TUTYIbHOM Jincre <«Samumiena 7/IV 1953 r.» u 1. 1. BbIIOJHEHA PYKOIi
Camapus Anekcanposuda [anabiepHa.

B pabore 23 crpanutisl u 27 deprexkeit, JIOOOBHO OTPUCOBAHHBIX KapaHia-

maMu Tpéx 1BeroB. Obpazer] Takoro deprexka — «dept. 15, 110 HEOOXOIUMOCTH

B 4€pHO-0EJIOM BapuaHTe, s TAKXKE ITO3BOJIIO

cebe 3/1eCh BOCIIPOU3BECTH. DTO MMOJTHOIIEHHAST

HaydHas paboTa, BBHIITOJIHEHHAsT Ha BBICOKOM

podeccuoHaIbHOM YPOBHE.

3/1ech, oXKaJIyi, yMECTHO CejIaTh [EPBOE

orcrytienne 06 Aujpee Hukosraesuae Kosmo-
TOpOBE.

1953 rom MO2KHO Ha3BaTh «I'OJIOM BEJIUKO-

ro mmepejioMay B TBOpUecKoi cyabbe Kommoro-

posa. llpenmecrByiomnee gecarunerne, ¢ 1943

o 1952 rompl, HE OBLIO CTOIbL TBOPYECKHU Ha-
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CBIIIEHHBIM, KaK Ipeabirytre n8a (¢ 1923 no 1942 romer; 3/1ech He MECTO aHAJIN-
3UpoBaTh NPUIMHBL 9T0r0). Ho ¢ 1953 roma Hauasicst mepuojy ero Heobbr9aitHoro
TBOPYECKOTO B3JIETA, MTPOIOJIZKABIIEr0CS MPUMEPHO JIECATD JIET. DTO OKA3aJI0
ompeesioliee BiugHre Ha cyabOy Bitagnmupa MuxaitioBuda AjiekceeBa yxxe
B ToM ke 1953 romy, korma Kosamoropos mocraBui mepel; AjleKceeBbIM HOBYIO
npobsiemy. Ho ero Kypcopast paboTa TpeThero Kypca 0blila CBsSI3aHa C «OCTATOY-
HBbIMU ABJICHUAMN» NPEANIECTBYIOIIEro IMePruoia TBOPIECKUX IIOMCKOB AH,Z[peH
Hukonaesuya.

B reuenne neckosbkux jer Anjapeit Hukosmaesuna MHOro pabora HaJl, IOCTa-
HOBKO Ha, MEXaHHUKO-MaTeMaTUIeCKOM (DAKyIbTeTe MAaTEeMATHIECKOIO TPaKTH-
KyMa. DTOT MPAKTUKYM aKTHBHO IIPOCYIIECTBOBAJ JIET CEMb, & ITIOTOM ITOCTE-
neHHo comésn Ha HeT. (Marepuasibl MpakTHKyMa HEIABHO OBLIN OOHADYKEHbI
B O6ymarax Koamoropopa, m eciu oHEM OyIyT OIyOJMKOBaHBI, MOXKHO OyIeT
HOJIyIUTh BIEUYATICHIE O TJIyOWHE 3aMbICIa UX CO3/IATEs. )

Anmpeit HukosaeBud Opaj TeMbl IJjisi MPAKTUKYMa U3 «TOPSYNX TOYEK»
TEOPETUIECKON U MPHUKJIITHOR MATEMATHKHA TOTO BPEMEHH. DTO ObLIA IIpe-
JeJIbHBbIE IUKJIBI U OCODEHHOCTH pelteHnil gudpepeHImaabHbIX ypaBHEeHUM
(necomuenHo, HaBestHHble nuHTepecoM 1. I'. TlerpoBckoro K sTumM npobiiemam),
YPABHEHHUsI ¢ MAJIBIM apamMeTpoM (Torja myObJIMKOBAJINCH PADOTHI HA 9TY TeMy
U. C.'pammnreiina, A. A. Jlopoguunpiaa, A. H. Tuxonosa u Apyrux), METOIBI Ce-
TOK PEeIIeHNs] yPaBHEHUN ¢ 9aCTHBIME ITPOU3BOJHBIMU — 9Ta TeMa ObLIa HEOObI-
JaiiHO aKTyajbHa B T€ BpeMeHa (B 4aCTHOCTH, Oyiarojapsi paboram 110 aTOMHO
npobJieMaTrKe), 3aTPArBaIiCh TaKyKe MPOOJEMbl TEOPHH AlPOKCHMAIHN,
CTaTUCTUKU U MHOTOE JIPYTOe€.

Ha mutaammx Kypcax HEKOTOPBIM CHJIBHBIM cTyaeHTaM AHjapeit HukomaeBua
JaBaJI KypCOBBIE, TAK WJIU MHAYE CBA3AHHBIE C IPAKTUKYMOM, U HEPEIKO CJIy-
9aJI0Ch, IYTO B 9TUX paboOTax CTYJIEHTAMHU BTOPOIO U TPETHEr0 KypPCOB OBIBAIN
[TOJIy YEHBI PE3YJIbTATHI, HAXOIUBIIHECS Ha IIEPEIOBBIX pyOerKax HayKu, 3HAUN-
TEJBbHO pa3BUBaBIINE, & TO W UCIIPaBJIsABIINE pa6OTbI MITPOB MaTEeMaTHUKU.

Cpemn Tex, KTo moctynmi Ha Mexmar B 1950 romy m yduscsa Ha OTIeeHNN
MaTeMaTHKH, BBIIEJSIINCh JiBa cTyaeHTa: Bosons AsekceeB n Kosst Baxsa-
soB — Brocseacreun akagemuk PAH Hukosmaii Cepreesuu Baxsasos (1934—
2005). (Koro HE cpocuTh U3 COKYPCHUKOB, KTO 3allOMHUJICS Ha KypCe, IOYTH
0e3 HCKJ/IOUEHNs] Bce HadnHaJU Tak: «Bosoaa Anekcees, Konst BaxsaJios, ...»
Takux CTYIEHTOB si HA3bIBAIO Audepamu ceoux kypcos.) Oba onu —u Bosojs,
u Koiist — nucanu Ha TperbeM Kypce paborsl y Annpes Hukonaepmua. OmgHa
pabora — AJjiekceeBa — ObLIa MOCBSIIIEHA OCOOBIM TOYKAM JPEPEHITUATBHBIX
yDaBHEHUIT B BBIPOXKJICHHOM CiIydae (M JOJIKHA ObLIa JIOMOJHUTH MHOTHE HC-
cienoBanus, B dacraoctu pabory U.T. ITerposckoro na o1y Temy), apyras —
Baxsasosa — Obly1a TOCBSsIIIIEHa IUCIEHHBIM METOaaM. BO3MOXKHO, ITO OFHOIT
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U3 cBOWX IieJieil Ha Oymaymiee KoaMoropos craBmi 3a7a9y pedOpMUPOBAHUST
qucjeHHoro aHaansa. Ho umenno Torma, BecHo#t 1953 roma, k Kosmoroposy
[IPUIILIA B U300MIMM HOBBIE YBJICUEHUsT: CYIEPIIO3UIINN, TeOpUs NH(pOPMaIni,
€-3HTPOIINS, KJIaCCHIecKasi MEXaHUKa U MHOIOe JIPYToe, U 9TO IPUBEJIO K TOMY,
9TO OH OTKA3aJICsl OT CBOETO 3aMbIC/IA, KACAIOIMIETOCsS YHCCHHOIO AHAJIM3A.
Awnnpeit Hukosaesua mnpsimo ckaszast 06 srom BaxsaioBy u nocoBerosast (ecjin
TOT XO4YeT IIPOJOJIZKAaTh MCCJIeJOBaHUA I10 HpI/IK.HaILHOMy aHaHI/I3y) BbI6paTb
cebe HOBOI'O Hay9IHOrO PYKOBOIUTENsI, yKa3as npu sToM Ha Cepresa JIboBuda
CoboJieBa Kak Ha BO3MOXKHOIO Kanjuiara. 11 BaxsaJyos nelicTBUTENILHO CTAJ
yuaennkoM Cepresi JIbBoBu4a.

Yyrh mo3kKe, y2Ke B aCIUPAHTCKUE IOMbl U PAHHIE TOJbI pabOThl HA MEXMAaTe,
Huxkomnait CepreeBuu Bmecte ¢ Hukomaem Hukonaesudaem YenroswiMm mpucoemm-
Hwics K cemunapy Huxkosas Muxaiiosnaa Kopo6osa (1 Tem cambiv 06pazoBasics
3HaMEHUTBI cemuHap «Tpéx Kosby ). D1or cemuHap ObLI MOCBSIEH YUCICHHBIM
MeronaM. Ha 3ToM ceMuHape oueHb 4yBCTBOBAJIOCH BinsaHne Kommoroposa. B gact-
HOCTHU, MHOTHE HadajibHble paboThl BaxBajioBa ObLIM BBITOJHEHBI TOJ, IPSIMbBIM
BozeiictBueM Anjipest HukosiaeBuaa.

Kypcosasi pabora crymenta 111 kypca B. M. AjiekceeBa, HeCOMHEHHO, TIPEI-
cTaBJIsia Hay4dHblil nnrepec. CBUIETEILCTBOM TOMY CIYKHUT U TO, YTO HEKOTO-
poe BpeMsi CIIyCTsi, KOrJia OH ObLI y»Ke IperojiaBaresieM Mexmara, BiaguMmup
MuxaitioBud j1aj1 HalledyaTaTh 9Ty pabOTy Ha MAaIIUHKE U [IPU 3TOM TIIATEIHHO
BBITIOJIHUJI MHOTOYHUCIEHHBIE YepTexu. [lo-Bugumomy, pabota roTOBUIACE UM
K redatu. MHe mpeacTaBseTcs, 9To Iej10 9ecTu yueHnkoB Biaanvupa Muxaii-
JIOBIYa — OKOHYATEIBHO IOJIOTOBUTH 3Ty pabory K medaru. OHa MOCBAIEHA
HCCJIEJIOBAHUIO OCOOBIX TOUEK JuddepeHInaaIbHOr0 yPaBHEHMST

dy _ P

de  Q’
rjae P u Q — MHOrOUJIeHBI BTOPOIO MOPSiJIKA, IIPU YCJIOBHH YTO OTOOparkeHue
(z,y) = (P, Q) BBIPOKIEHHO.

Pemaroree cobbiTue B Hay4HOil Ouorpaduu AjeKceeBa IPOU30IILIO B TOM Ke
1953 rosy: on 0OpEsn TeMy BCeil CBOeil »KU3HU.

CoxpaHuzachk ero KypcoBasi pabora u 3a 9eTBEPTHI Kypc. TUTYIBHBIH JILCT
(cTp. 15) crHoBa BbImOIHEH OT pyKH (He Bosonunoit, HO 06 9TOM TyTh HO3IKE).

He oboiitucey 6e3 orcTyruienuii.

Orcrymienue nepBoe. Uro 310 3a rpynma m-437

Mue 3aTPYyAHUTEJIBHO OBbITD JOKYMEHTaJIbHO TOYHBIM, MHOI'O€ B MOUX CY2K-
JCHNAX IIOCTPOEHO Ha ITPEAITIOJIO?KEHUAX.
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TuryabHBIH JUCT KYPCOBOH paboThI 3a 4-if Kypc

Haunnasi ¢ HeKOTOPBIX TOp (HE3a10/IT0 10 TOTo, Kak Bosoas Asekcees cras
CTYJIEHTOM MeXMaTa) Ha MexMare 00pa30BajioCh HEKOE TAWHCTBEHHOE CIIEId-
asibHOoe otresienne. CekpeTHoe oTe/ieHne, KoTopoe Kypuposain Opraibl. 910
OT/ieJICHIE BO3IVIABJIS Y€JI0BEK ¢ 3armoMunaromeiics davuaneit — [lamnndmyio.
Tam o6y4dan CTYAEHTOB, KOTOPBIM B OYIYIIEM TIPE/ICTOSIIO 3aHNIMATHCST BCSTKOTO
pOJia CeKpeTHbIMU pa3paborkamu. MaTeMaTHKOB FOTOBU/IM B (D POBAJIBITUKH.

Benomunaro. 1987 roa, nero. ¢ Buepsbie B [Tapuxke. Aunpero Hukosaesuay
KosmoropoBy ocraBasioch KUTH JIUIIL TPU MECSIA, HO OH JaJl MHE MHOXKECTBO
coBeToB, Kacatomuxcsd @panrmun u [lapuka B ocobennoctu. M BoT g MemmeHnno
MIPOT'YJINBAIOCh C MOWM HOBBIM 3HAKOMBIM, aMEPHKAHIIEM, TOYKE MaTEMaTUKOM,
o BeuyepHemy llapuky. CieBa u cupaBa OT HaC HEUCUYUCIUMbIe OGaphI, Kader-
KU C KPYTSIUMUCS TPUJISMU, PECTOPAHBI, CUISIINE OJMHOYKU, [Maphbl, TPYIIIbI
¢ OOKajlaMu U ABIMSAIAMACS BKYCHOCTAMY. OTOBCIONY CJIBIIIATCS MY3BIKA...

MpbI MaTeMaTHKH, U IIEPBOE, ITO IPUXOIUT B TOJIOBY CIPOCUTH — OTKY/Ia POIOM
ThI? KTO TBOW y4YUTE]Ib, TBOI «CylepBaiizep»? U BbIsCHsIETCS BIPYT, 9TO CyliepBaii-
3€ePOM MOEro CObeceTHUKA siBJisieTcsl He KTo uHoil, Kak CTOYH, Mapiran Croyn —
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MATEMATHK, Ubsl 3Be3/1a B3OIILIA B CepEJIMHE TPUANATHIX T0/10B. 1 Kak B3omnural Ero
TPY/IBI OILJIOAOTBOPHIM TBOpYecTBO u Kosimoroposa, u lenbdanna, u Asiekcasipo-
Ba, u TuxoHoBa u emgé, u emg. Kro He 3HaeT 3HaMenuTeiiniyo reopemy CroyHa —
Beitepirpacca, bukommaktHoe pacmuperne Croyna — Yexa, reopemy CroyHa 0 110-
JIyI'PYIIIaxX OMEepPaTopoOB U BOOOIIE €ro BKJIAJ B Teopuio onepatopos? BrisicHsercs,
qro CTOyH 2KUB, B IOJHOM 3IpaBuu. «A CKOJbKO eMy Jjier?» U TyT okasbiBaercs,
9TO OH MOJIHBI poBecHuK Anpes Hukomaesuta, oba ponusmcs B ampese 1903 romal
IlepekuB BoCcXuIleHNE OT HEOXKMIAHHON MH(MOpMamyu, s 3a1aj1 Borpoc: «Ilouemy
B nocsieaue rojpl 0 CToyHe HUdero He cabimHO? UTo ¢ HUM cirydusaock?s U TyT
BBISICHSIETCS, UTO OH 6032AG6UA CEKPEMHbIE Pabombl, N0 K0AUPO8aHUt0, BaeCTsIe
C 9TUM CIOPABUJICS, HO MIPAKTUIECKH TPEKPATHUI OTKPBITHIE HAYIHBIE UCCJIEIOBAHNUSI.

...JIBa mecsTuiieTust HaIIEl UCTOPUU — OT HAYAJIA TPUIATHIX T'OJIOB J0 MapTa
1953 rojia — nepuo/; HeC/IBIXaHHON, HEMPaBIONOI00HOMN, HEBEPOSTHON KOHIIEHTDA~
UM BJIACTU B PYKaX OJHOIO 4YejIOBeKa (KaK 3TO IMPOU3OLLIO0 U KAKUE UMEJO I10-
criesicTBY, He OyneM 31ech 00cyxkaarh). Ciyxba mudposanns u genmmdpoBanus
y Hac ObLIA CO3MaHa, Cy/sd MO BCEMY, TJIe-TO B KOHIE TPUJIINATHIX TOJOB. BBITH
MoxkeT, Hamm cekperubie areHTbl B Aurmmn n CIIA y3mamm o Takoit ciy:xbe
B orux crpaHax. Ocobyio posb Tam urpaju maremaruku: B Amepuke CroyH,
B Anrmmm — Treropunr. U korja (B 9TOM COCTOUT MOE NIPEJIIIONIOKeHHEe) 006 9TOM
ponoxuau CrajauHy, OH COIVIACHIICS C MHEHUEM MJIU BBICKA3AJI €r0 CaM, 9TO KaJPhI
MU POBITUKOB U JAeMU(POBIIUKOB HAJO BHIOUPATH U3 MAMEMAMUKOS.

B copokoBbie 101l BO3HUKIIA TIOTPEOGHOCTD B PACHIMPEHUH YUCJIA TEX, KTO JI0J-
JKeH pa3pabaThIBATh TEOPUIO U MPAKTUKY KOAWpOBaHus. U OBIIO PEIeHo UCIoTb-
30BaTh Mexmar. Tak 06pa30BajuCch He TaKue IPYIIbl, KaK ckaykeM, rpyiima 1-07,
B KOTOPOI1 sT HAYaJI yIUTbCsI HA MEXMaTe, a YTO-TO TAWHCTBEHHOe, Bpoje m-43.

Jl1st Toro 9To0bI MONACTD B CIENTPYIILY, Hy?»KHa OblLiIa drcTas ankera. CHa-
Jajia aHKeThI OBLIN MPOCTO CTPAIIHbIE, U3 MHOTHX CTPAHUIL, W HY?KHO OBLIO
YKa3bIBaTh, B YaCTHOCTH, IJ/I€ PaCIOJIOXKEHbl MOI'MJIbI POMUTENIEH U JieayIIeK
¢ 6abymkamu. IloTom BCE HECKOBKO OCIA0ISIIOCH, HO TeX, y KOr0 B ITacCIopTe
B rpade «HAIMOHAJIHLHOCTBY CTOSIIO CJIOBO «EBpeii», Cpeau yUallUXCs B CIIell-
rpyumax He ObLIO.

[Tocste okoHYaHIA BTOPOro Kypca Bosiomst 6611 IPUHAIT B CHENUAILHYIO TPYIIILY.

Breppbie MHE oBes0Ch pasropoputhes ¢ Bosozeit ocerbro 1953 roma. Torma
cocrosiiach cBaabba Mumu JIumosa n dnanb Cenpix. Muitira ObL1 MOUM COCEIOM
10 KBapTUpe U GJU3KUM JIPYTOM, HECMOTPsI Ha Pa3HUILy B Bo3pacre (OH POJIHI-
cs1 B 1926 roy). Ero cynpba Obuia mHeoObraHoi (0 HEll si HAIMCAJT B OYEpKe,
onybsimkoBaHHOM B «VcTOpUKO-MaTeMarnieckux wucciegoBanusx» (Bropast
cepus, Boimyck 12 (47), 2007)). Murma mocTynuia Ha MeXMaT MOCJIE apMUH,
cHaJaJjIa Ha 3a049HOe OTHeIeHne, a B 1952 roay mocie neMoOuIn3aliy 1epeBeIcst
Ha ouHOe. BriocjiecTBUN OH ChIrpaJl BBIIAIOILYIOCST POJIb B HAIMNX KOCMIIECKIX
uccieoBanusx. nanka (Tak st 30By €€ BCIO KU3HB) yumaach Ha BosoauHom
Kypce. CBaap0y cupapjsiin B MUIMIKAHON KOMHATe B HaIleil KBAPTUPE.
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B. M. AsnexceeB —
CTyAEeHT OFHOro u3 crapmux Kypcos MI'Y

B0 Tecno, HO Kak-TO pasmecTuinch. Z okazascs psiaom ¢ Boogeit. [Twmm
B OXOTKY (HE BCE CMOIVIM TOJHSITHCS M3-3a CTOJIA 110 OKOHYAHUU IUPYIIKH,
KO€-KOI'0, KaK I'OBOPUTCs, 6€3 CO3ZHAHUS, IIPHUIILIOCH TPAHCIIOPTUPOBATD B MOIO
KOMHATY — HE OCTaBJISAThH K€ Ha 1ojy y Opadnoro Jioxka). He ysepen, uro
B JIpyroii obcraHoBKe Bos1ost roBopus1 ObI CO MHOI TaK OTKpPOBEHHO. A Torma
OH TIOBEJIAJI MHE C HEKOTOPBIM Y2KACOM O TOM, UYTO OH OKa3aJICsi B CHEIUATIBHOM
rpyIlle U TeM CAMBIM OBLI JIUIIEH CBODOIBI BbIOOpa. Torma eMmy KasaJioch,
qaTo obparHoro xona Her. (K cyacTbio, 970 0Ka3a710Ch HEBEPHBIM — YCUTHSAMUI
Kosmoroposa u ITeTpoBckoro ol 6bl1 BBI3BOJIEH U3 CEKPETHBIX OpraHu3aluii. )

TakoBo epBOE OTCTYILIECHNE.

Orcryiuienue Bropoe. UYto 310 3a «O6MeH B 3amadye TPEX Tes» !

Wcropus Bompoca BecbMa MHTEPECHA U BIIOJIHE JTETEKTUBHA, U HAM XOUETCS
COXPaHUTh HEOITPEJIETIEHHOCTh PA3BUTHS CIOXKETa, PAcCKa3blBas €ro OT HadaJjia
(korma 3aja4a Gblia nocrasiena AjiekceeBy KoMOropoBbiM) U J10 KOHIIA, KOT/a
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3a/1a4a ObLIa [TOJTHOCTHIO PEIleHa, U OCHOBHBIM «DellaTesieMy 3TOH Mpo0JeMbl
okazaJjcs B. M. Ajtekcees.

Kypcosas pabora 1954 roga nagunaercs co cyos: «Ilom 3amgateit Tpéx Ten
MBI IIOHUMAEM 33129y OIPEJIeJIEHUS TIOBEICHNS TPEX TeJI, B3AUMOJIEHCTBYIOITIX
IpyT ¢ apyrom 1o 3akony Hbiorona. B macrosieit pabore Hac OyaeT mHTEpECO-
BaTb HE OIpeJIe/IEHNE TPACKTOPHUI TUX TeJI, & XapaKTep MOBEIEHUs PACCTOSTHUI
MeXKIy TeJlaMu 1pu £ — +00 wi t — —oo. OnucanHas 3aja4a KpaTKO Ha3biBa-
ercst pobsemoii ,,(bUHAMBHBIX JIBUKEHUN B 3ajiade TPEX Tesi“». B cBoux Gosiee
o3 auX paborax B. M. AjiekceeB mUIET, 9YTO «KaK C MaTeMaTUIECKOM, Tak
U ¢ KOCMOT'OHUYECKOW TOYKH 3PEHUS BEChbMa MHTEPECHO OIMUCATH BO3MOXKHBIE
THUIIBI 960.410UUY CUCTEMBI, T.€. JaTh OTBET Ha BOIPOC, B KAKUX KOMOMHAIIAAX
MOT'YT COYETAThCA THUIIBLI TOBEEHU TPU ¢ — F00», u emgé: «laBauilt m cTolKmit
UHTEPeC, KOTOPBI MPOABJILIOT K TUM BOIIPOCAM KaK CIEITUAUCTDI, TAK U HECIIe-
[UAJIACTBI, BIIOJIHE 00bACHUM. 3J1€Ch 3aTPArUBAIOTCS TPOOJIEMbI, BOSHUKAIOIIUE
B 00J1aCTH, I'Jle MaTeMaTHKa U MEXaHUKa IpaHndar ¢ puaocodueil: mpoucxox-
qerre u cyap6a COTHETHONW CUCTEMBI, SBOJIIOINS 3BE3THBIX CKOIICHUN U T. 1T.» .

Cpagy ke 1ocjie BCTYIUTEeIbHBIX CJIOB CBOEH KypCOBOI ABTOP HAYMHAET Pa3-
60p pa3HbIX BAPUAHTOB B IpobsieMe (DUHAILHBIX JIBUKEHUIl, 1 OH IePEIUCTIIeT
B TaOJ/IHUIE JEeCSATh MOTEHIIUATbHBIX BO3MOXKHOCTEN. VX MOYXKHO WHTEPIIPETH-
pOBaTh Ha IMOHATHOM KaXKJIOMY sI3bIKE IMOBEJEHUs JIIOJeil B JIIOOOBHBIX Tpe-
YTOJIbHUKAX, U MbI [IPEJIIOYTEM UMEHHO TaKyi0 TPaKTOBKY. BoT Kakue ciydan
paccMaTpUBAIOTCsT B TabJIuIe AJleKceeBa.

1. Tpoe yxkuBatoTcsi BMeCTe BO BCe BpeMeHa (MaTeMaTHKU TOBOPSAT TOTJA

«C MUHYC GECKOHETHOCTH JI0 TIIOC OECKOHETHOCTH» ). DTOT CIydail Ha3bIBa-
eTcs YcmotuuusviM.
ABTOp KOMMeHTHpPYeT B TabsuIe: «HenssecTHO, BOSMOXKHBI JI TAKUE JIBUKE-
HUsI Ha MHOXKECTBE MephI [t > 0» 1 y2Ke 3a Ipejie/iaMu TaOJUIbl J00aBIIsIeT:
«A. H. Konmoropos BbIcKa3aj ruroredy, 9To HeTs. Creayst TpaIuliisiM
JETeKTUBHOIO YKaHpPa, BO3IEP:KUMCSA 3/1eCh IIOKa OT KOMMEHTapHER.

2. «TpeyroabHuK» CyIecTBOBAJ BCE BPEMst 10 OIIPEIEIEHHOIO MOMEHTA, KOTJIA
OIMH CTAJ YIAJSITHCSI OT OCTaBIIeHCs Mmapbl BCE TAJIbINEe U JAJIBIIE, YXOIs
B OECKOHEYHOCTH. DTO CTAJIM HA3LIBATDL YGCTMUYHbIM PACTLAJOM.

3. Tlapa y9acTHHUKOB CyIIIeCTBOBaJIA PSIJIOM 0 HEKOTOPOTO BPEMEHH, KaK BIPYT
n3 GECKOHETHOM /i IPUJIeTel TPETU U HABCETa OCTAJICS C 3TOU Hapoil.
DTO HA3BIBAETCA CUNOHBIM 3GLEATNOM.

4. «TpeyroabHUK» CYIIECTBOBAJ BCE BpeMsi, a IIOTOM BCE Pa3JIeTe/INCh KTO
KyZa. DTO CUALHOE PACCEAHUE.

5. Tpoe cierennch n3 6ECKOHETHOR Al U OCTAJIMCH BMECTE Ha, BCE OCTAJIHLHOE
BpeMsi. DTO TOXKE CUALHBLT 3GLEAM.
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6. Ilapa cymecTBoBaJia BCE BpeMsi, KaK BAPYT U3 OECKOHEYTHON TaJIi IPUIETET
TPeTuii, BBIUO OIHOIO, OCTAJICS C JIPYTUM, & BBIMIMOJJIEHHBINH YIIATIAIICS
B GECKOHEYHYIO JIaJIb. DTO HA3BIBAETCH 0OMEHOM.

7. Tpoe npuierator u3 OECKOHEYHOI JajH, JBoe 00pa3yIoT mapy, 4To0bl ObIThH
PsIIOM BO BCe IOCJIEYIOIIMEe BpeMeHa, a TPeTHil yiaeraeTr. DTo ciydail
3ax6amMa.

8. Ilapa cymecrBoBajia 6ecKOHETHOE BpeMs, N3 OECKOHEIHOCTH MPUJIETE]T TPe-
THUil, U BCE PA3JIETEINCh. DTO HA3BIBACTCS NOAHDIM PACTAJOM.

9. Tpoe npuieTaioT n3 6€CKOHEYHOCTH U YJIETAIOT B OECKOHEUHOCTD.

10. ITapa cymecTBoBaJIa GECKOHEIHOE BpEMS, TPETUI IIPUJIETE]I U YIIETE, a apa
ocrajiack Bmecre. JIBe moc/ieiHne TPUBUAIBHOCTH HE UMEIOT HA3BAHUSI.

(Kak mOTOM BBISICHHJIOCH, 9TUM HE HCYEPIBIBAIOTCS BO3MOXKHBIE CJIyYIan
uHAIBHBIX JBUZKEHUiT B 3a]aU€ TPEX TeJ.)

Hamee B KypcoBoii numrercst: «Ocoboe MecTo 3aHUMAIOT Caydan OOMeHa ’
saxsara. [1lasu') BbIcKa3as yTBepIKICHNE, 9TO HI OOMEH, HI 3aXBAT B 3a/a4¢
TPEX TesT HeBO3MOXKHBI. OTHOCUTEIBLHO 3aXBATA 9TO MHEHUE OBLIO OMPOBEPT-
myro caadasia O. HImuarom n XuabMu, TPUMEHSIBITUMU YUCJIEHHOE UHTEIPU-
posanue, morom K. CHTHUKOBBIM, TOCTPOUBINUM TIPUMED 3aXBaTa 03 MOMOIIH
YUCJIEHHOTO MHTErpupoBanusi». Jlajsee roBOpuTcss 0 TOM, YTO OOMEH C MTOJIOXKU-
TeJbHOI KOHCTAHTOM QHEPTUN MOZKHO ITIOCTPOUTH METOJ0M CI/ITHI/IKOB& n 49TO
HanOOJIbIas IPobJIEMa COCTOsIIa B BO3MOXKHOCTH OOMEHA IIPU OTPUIIATETBHOI
KOHCTaHTe 3Hepruu. BBereHue K KypcoBoil pabore 3aBEpIIAJIOCH CJIOBAMHU:
«Hacrosimmast paboTa mocBsiliieHa MOCTPOCHUIO UMEHHO TaKoro oOMeHa B 3a-
nade TpEx Tes ¢ KoucranToit sueprun h < 0. Tem cambiv yTBepxaenue [1lazu
OKOHYATEJIBbHO OIPOBEPraeTCs».

[Tepemoxuém. Yro mer Bugum? Bo-niepeeix, uro Aujapeit Hukomaesua Kog-
MOT'OPOB ITOCTABUII Nneped cmydeHmom 4emeépmozo Kypca MAPOBYIO ITpobJIeMy,
paspelierHne KoTopoii JI0/KHO ObLIO OBITH ¢ UHTEpecoM BocHpuHsiTo u Hpioro-
ooMm, u fAxobu, u Ilyankape, u BooOIIe JIOOBIM MATEMATUKOM U aCTPOHOMOM,
KOTOPBIE Pa3MBIILISIA HAJI yCTPOUCTBOM MHUPO3JAHUS.

IIpobiema Tpéx Tes CyIecTBOBaJia BCEra, HO MMEHHO IpobJieMa 3aXBaTa
npuobpesia B COPOKOBBIE T'OJIBI 0CODOYI0 aKTyaabHOCTh. Jleno B Tom, aro OrTo
FOubeBua MMyt — MmaTeMaTuk, reodusnk, IIyTENIECTBEHHUK, [VIABHBINA PeJlaK-
top Bosbmoit CoBerckoii DHIMKIIONE NN, OPraHM3aTOP HAYKHW U IIPOCBEIEeHUs
(ero A. H. KoaMOropos Has3blBaJ 9eJIOBEKOM 3I0XU Bo3pozkjenust), — ObIBIIuUii
J0JITOE BpeMs B UHCJIE CTAJUHCKAX (hbaBOPUTOB, BHE3AIHO IMOTEPSII €r0 JOBEPHE.
OHn 6611 cMenéd CTaJMHBIM CO CBOMX OPraHU3aIMOHHBIX IIOCTOB B Mapre 1942 roja,

D) Briatomuiicst dpaHIy3CcKuil MAaTeMaTUK U aCTPOHOM, akajgeMuK llapukckoil akageMmun
HayK.
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HO He apecToBaH. Ul TOria OH pEImiI BeephE3 3aHAThCS TeMOI, KOTOpasi HHTEPECO-
BaJla ero JaBHO: co3/aHueM Mojenu poxiaenus: CojiHedHoi cucreMbl. Ero 0CHOB-
Hasl ujesi 6a3MpoBajach UMEHHO Ha Bo3MOXKHOcTH 3axBara. Ho Illasu «jaokazamns
(u Bce Tak cuMTAMM), YTO 3aXBaT HeBO3MOXKeH. IIIMUAT He COIJIACUJICA C ITUM.
On mpoBén 9uc/IeHHbIe PACIETHI, KOTOPbIE YOeIuan ero B COOCTBEHHON IIPaBOTE.
Emgé 6osee Toannie pacaérer mposén coapmkuuk [vuara I'. @. Xunsmu. Ho ayis
MaTEeMATHKOB PACUYETHBIE JTOKA3aTeJIhCTBA He ObLIN ybeaunTenbHbl. KomMoropos
paboTaJsl B COPOKOBBIE I'OJBI B IMIMUATOBCKOM VHCTHTYTE Teodusuku (310 6BIIO
CBSI3aHO C €0 UCCJICOBAHUAMU 10 TYPOYJIEHTHOCTH] ), U 9TA, €CJIA XOTUTE, HAYy IHA
JpaMa pa3BépThIBAJIACh HA €ro Tiia3aX. KoJMOropoB MmocTaBul IEepe)T yIeHUKOM
I1. C. Anekcangposa Kupuanom AsekcargpoBudeM CUTHUKOBBIM, 3aMEYATE/b-
HBIM TOIIOJIOTOM, TIOCTOSTHHO OBIBABIIIUM B COPOKOBBIE I'OJIBI Ha 3aTOPOJHON 1ade
Atexcannposa u Kosimoroposa B KomapoBke 3ajia4y MareMaTUuIecKun 00OCHOBATH
BO3MOXKHOCTB 3axBara. VI B ogHoMm dacTHOM ciiydae CUTHUKOB perimi eg€.

Ha sTOoM 3aKOHUINM C «BO-TIEPBBIX> .

A BO-BTOPBIX? A BO-BTOPBIX, 9€TBEPOKYPCHUK PEIITII 9Ty MTPOOIEMY, ¢ KO-
TOpOIi OBLIO CBSA3aHO TAaK MHOTO MHTPUTYIOMIUX CiokeToB. [loBTOpuM citoBa
KypCOBOii: «TeM cambIM yTBep2Kenue [llazn okondaresibHO onpoBepraeTcs»,
u gopora jurd runore3sl [IImuara ObL1a TeM caMbIM B 9TOW YACTU OYUIEHA.

Ho 370 6B1710 TOBKO Hawamo. OcTaBaioch ené MHOKECTBO BOIIPOCOB, Kaca-
fOIuxcsi (PUHAJBHBIX JIBUXKeHUiT. B HacTosiiiiee Bpemst mpobiieMa (hUHAIBHBIX
JIBUZKEHUIT [IOJIHOCTBIO pelieHa (0 TOM, KaK 9TO IPOUCXOMIIO U YTO ITO 3HAUUT,
MBI OyJeM elné pacckasbiBaTh). Ha perienne u pazsurue 3T0ii mpobieMbl yiia
daKkTUIECKH BCsl TBOpUYECKas »KMU3HL Birajgumupa Muxaiinosuda AjiekceeBa,
U 9TO B BBICIIEH CTENEHN XapaKTEepHU3yeT JiBa OECIPUMEDPHBIX CBONCTBa €ro
JIMTTHOCTH — CTOMKOCTH U BepHOCTH. OO 3TOM MBI Jlajlee He pa3 paccKaykem
moIpobHee.

B Tom ke 1954 romy mponsoInio 3HaMeHaTeIbHOe COOBITHE: COBETCKas Jiesie-
rarus (B cocrase 1. C. Anekcannposa, A. H. Kosmoroposa, C. M. Hukosbekoro
u /1. ¥O. ITanoBa) Buepsbie nocsie 1932 roga npunsiia ydacrue B MexkyHa-
POIHOM MaTeMaTHIeckoM Kourpecce. Konrpecc cocrosiicss B Amcrepmame. Tam
Koamoropos BeicTymt ¢ jjokjaa oM, 3agepiasiinM pabory Korrpecca. C sToro
BPEMEHU HAYAJICS HOBBIM 9TAIll B TEOPUM JTUHAMUIECKUX CHCTEM.

B cBoém mokitaze Kommoropos pacckasast 0 HA4aIbHOM TAIle PA3BATHA HOBOI'O
BHUTKa TEOpUU. 3aTeM HccaedoBaHus KoaIMoropoBa ObLIN JOMOJIHEHBI YCUIHSIMA
B. . Apnosibia u FO. Mozepa, u B uTore ObLI CO3JaH pa3ies MaTeMATHIECKOrO
anasm3a, noayunsmmii Haszsanue KAM-reopun (treopuu Kosmoroposa — ApHOJIb-
na— Mosepa). IIponuTupyio 0fHO MeCTO U3 KOJIMOTOPOBCKOIO JOKJIAIA, TIe OH
paccKa3bIBaeT 06 MHTEPECYIONIEM HAC CIOYKeTe. «3aMedy, — TOBOPUJI B CBOEM JIOKJIA-
e Augpeit HukosaeBud, — 910 u3 60J1ee 3JIeMEHTAPHBIX BOIIPOCOB CIEIHATUCTEI
110 KAYeCTBEHHOM Teopun auddepeHInalbHbIX yPaBHEHUN MO 3aHIMAIOTCS KOH-
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KPETHBIMHU 33IadaMu 00 YXOJSAIUX TPACKTOPHUIX PA3INIHBIX CIIEIUATHLHBIX TUIOB.
SIpkuM IpuMEpOM 3TOTO SIBJISETCS TO 0OCTOSATENBCTBO, YTO OIPOBEPYKEHHE YTBEP-
xkaenuit [[Tasn o HeBO3MOXKHOCTH ,,00MeHA" U ,3axBaTa’ B 3aaue TPEX Teit [Kommvo-
rOPOB IPOIUTHPOBAJ B 3T0M Mecre JiBe paborsl I11asnu| 6b110 JOCTUIHYTO TSZKENBIM
(u 6€3 TOYHBIX OIEHOK JIOTUIECKU HEYOeAUTE/NbHBIM!) Iy TéM YUCIEHHOIO MHTEIDU-
posanus [Kosmoropos nurupyer paborsl Bekkepa asaguaroro roga u IlIvuara
COPOK CeIIbMOTO|, 1 JINIIb HEJABHO MIPUMED ,,3axBaTa’ ObLI ocTpoeH CUTHUKOBBIM
BECbMA IIPOCTO U MOYTH 6e3 BBIUNCJIEHNUi [B paboTe MThIECAT TPETHETO IOl .
Pesynbprar AstekceeBa He OBLI K TOMY MOMEHTY OIIyOJIMKOBAH, U IIOTOMY O HEM
HAYEro He OBLJIO CKA3aHO.

Junnomuast pabora B. M. AjekceeBa sIBUJIACh IIPOJIOI?KEHIEM €0 KYPCOBOI
paborel yeTBEpPTOro Kypca. OHa ObLIa MOCBsIIEHAa OOMEHY U 3aXBaTy B IpobJiemMe
Tpéx Tea. Ha 6aze sTux mcciaemoBaHmit ObLIa HaAMMCaHa CTAThA B «JloKaamgbl
Axagemun Hayk CCCP». Ona siBuach mepBoit mybaukanueii Biaagumupa Mu-
xaitiouya (O6men u 3axsar B 3a1a4e Tpéx Ten. JJAH CCCP, 1. 108, Ne4, 1956).

XapakTepucTukoil TBopueckoro Baiaéra Anapess Hukosaesuua Kosmoro-
pOBa MOXKET CJIYyKHUTb TO, 4TO B ToM ke 108-m Tome B JIAH mybsmkyrorcst
3aMETKH, B IIEPBOI M3 KOTOPBIX JIEJIACTCST PEIIAIONIUI BKJIA B OIPOBEPIKEHIE
runoresbl ['mwisbepra B ero 13-ii npobaeme (JIAH CCCP, 1. 108, Ne2, 1956),
BO BTOPOIT HaMedaeTcst mporpamMMa nccsegoBanuii mo e-surpomnu (JJAH CCCP,
T. 108, Ne3, 1956), a B TOMe, rjie onybIMKOBaHa cTaThst AJjieKceeBa, IIOMeIeHa
zamerka . M. I'esibpanga, A. H. Kosmmoroposa u A. M. drioma, 3Ha4uTEILHO
pa3BUBAIOIIAsT IMMIEHHOHOBCKYIO TEOPHUIO0 NH(MOPMAIIHH.

BOCXOXK/IEHUE

Hamnbompmmit B31€T TBOpUecKnx gocTmkeHuit Baagumupa Muxaitmopuaa
AutekceeBa oTHOcuTCH K 1epuoiy 196669 rr. Crares «KBasuciyuaitubie ju-
HaMUYIECKNEe CUCTEMbBI», OIyO/JIMKOBaHHAsS B TPEX HOMepax «Maremaruieckoro
cbopHuKay , 3aHuMaeT okosio 170 crpanun. Torma ke Oblia mcdeprana mpobdJe-
MaTuKa (puHabHBIX JBrxKeHnit. B 1968 romxy B. M. AjiekceeBbiM OBLI Cle/1aH
0030pHBII MOKJIa Ha 3acemannn MOCKOBCKOIO MaTeMaTHIeCKOTo ODIIecTBa
(8 anpestst 1968 rojia), 1 B TOM 2Ke T0/ly ObLIa 3aBepIIeHa JOKTOPCKAsl JINCCEPTa~
[ns, e ObLIN ITOABEIEHBI NTOTH OIPOMHOI paboThl. PaboTa Oblia 3ammuineHa
B Mapre 1969 romxa Ha 3acemannn CoBeTa MEXaHUKO-MaTeMAaTHIECKOIo (hbaKy/ib-
rera MI'Y. OduimaibHbIMI ONIIOHEHTaMH BhIcTynmiIn vmurpuii Bukroposma
Awnocos, Aunpeit Hukosraesua Kosmmoropos u Bukrop Bopucosud Jlumackwmii.

[Ipueném crnmcok mybsmkaruii B. M. AjiekceeBa, B KOTOPBIX, COIVIACHO aB-
Topedepary, U3JI0KeHbl OCHOBHBIE PE3YJILTATHI JUCCEPTAIIMA. JTO JIBE 3aMETKHU
B JIAH CCCP, onna 3amerka B «Coobimenusix» B YMH (B coBokynHocTn BCé
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9TO 3aHUMAET MEHBIIIe IeCSTH CTPAHMUIT) U OfiHa OoJIbIasi, cojepzKaiast 63 crpa-
HUIIBI cTaThst «KBasucayvaiineie quHaMudeckne cucrteMmbl 1. KBasuciyaaitabie
muddeomopdusMbly B « MareMaTutaecKoM COOPHUKES .

OrpomMHasi, OKOJIO IIATUCOT CTPaHUIL, auccepraius Biamuymupa Muxaitiosu-
1a ObLIa U3JI0KeHa B TPEX YIOMAHYTBHIX CTaTbaxX B «Maremarnaeckom cOOpHU-
Ke». Bosbias 9acth OblIa omybankoBaHa B Konie 1968 u B madase 1969 roga.
(ITpaBusia TOro BpeMeHu MO3BOJISAIN HE OTKJIA/IbIBATH 3aIUTY J0 IIOJTHOIO OIy6-
JINKOBAHUS CTaTeil 10 JUccepTalun. )

K neperkuBaHUsSIM 110 OKOHIAHIH TAKOTO POJIA CBEPITIEHM OTHOCSTCS CtoBa, [To-
ora (s muTupyIo cruxorBoperue llymknna, KoTopoe Tak u HasbiBaeTcst — « Tpyy ):

Mur BOXKIe/IeHHBIN HACTAJI: OKOHYEH MOW TPY/ MHOT'OJIETHUA.
Yo K HENMOHSATHAS I'PYCTh TARHO TPEBOYKUT MEHsI?

WNu, cBoit MOABUT CBEPIIHUB, s1 CTOIO KAK IMOMCHINMNK HEHYKHBIMH,
[Inary npuHSBIINIA CBOIO, 4yXKIbIH paboTe Apyroi?

N xkxanb MHE TPya, MOTIAIUBOIO CIIyTHUKA HOYH,

Jpyra ABpopbl 371aT0#, JIpyTa TMEHATOB CBIATHIX !

ITo okoHUYaHWE TPY/a HAYAJICS HOBBIM 9TAIl B »KU3HN AJIeKceeBa, OH MCKAJI
HOBBIE TE€MBI JIJIst 3aHATHH, HO ILIeii ero OCHOBHOM TeMbl TSHYJICH JIO TOC/IE-
HuX MruoBenuii ero kusnu. K moBoiM Temam Biagumup MuxaitioBud juiib
€JIBa IIPUCTYIIUIL.

[Tpuseném (mpokommenTuposas morom) or3ei A. H. Kosmoroposa Ha Jiuc-
cepraruio B. M. AekceeBa. DTOT OT3BIB SABJSETCS, TIO MOEMY MHEHUIO, 3aMe-
YaTeJIbHBIM JINTEPATYPHBIM JIOKYMEHTOM.

OT3EHB
Ha muccepraumpo B. M. AnekceeBa
«KBasucyiyyayHele OMHAMUYECKME CUCTEMED

BeemeHmne k gucceprauuy COZEPXUT 0O30p COBPEMEHHOM NpobseMaTuxyu
TEOPUM KJIACCUUECKUX OUHAMMUECKUX CuUcTeM. Pabora B. M. AnekceeBa npu-
MHKAaeT K YeTHPEM I'pynnam pador.

1. Nonmurky llasy [OokaszaTh HEBOBMOXHOCTb HEKOTOPHX CJIyYaeR IpPenelb-
HOTO INOBedeHus npu t — £0o B «3ajade TpEx Ten» OHMM CHadasa
ONPOBEPTHYTH IyTEM [OCTPOEHUS PACUETHEX NPOTMBOPEUAlMX IIPUMEDPOB
(IMmoT mng «3axBaTa» U XuibMu — OIS «OoOMeHa». OTCYTCTBUE CCHUIKU
Ha paboTH XuibMM SBJISIETCH MOMM €IVHCTBEHHHM YIPEKOM IUCCEPTAHTY
B OTHOWEHMM NOJHOTH UCTOPMUYECKOTO 0630pa) . JcuepnHBapImee Noka3a-
TeJIbCTBO BOBMOXHOCTM 3axBaTa Owio faHo K. A. CMTHMKOBEM, a OOMeHa —
Kak Inpu HOJ‘IO)KMTeJ'IbHOTZ, TaK ¥ IIpU OTpMLLaTeJIbHOﬁ KOHCTAHTE SHEPIUMU —
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B. M. AnekCeeBEM. B paMkax 3JE€MEHTApHHX NPEICTaBJIEHMM, HE YUUTH-
BaIMX BO3SMOXHOCTU «OCLUMIJUIMPYKWEI'O» IIOBEIEeHNAd, HepeH.IéHHbIM OoCTa-
BaJICs HamboJsiee IEJMKATHHEM BONPOC O BO3MOXHOCTM 3axBaTa IpU OT-
PULATENIBHOM KOHCTAHTE SHEPIMM (3axBaT KOMETH cucTeMmoy CoJHLe —
OmuTep) . 3TOT BONPOC Kak pas PeméH B OMCCEPTaLVHK.

CaMa BO3BMOXHOCTbH OCLWLIALMM B 3TOM 3ajave Owyla mokaszaHa K. A. Cur-
HUKOBEM. CBOeOOpasHOe C TeOpeTMKO-MHOXECTBEHHOM TOUYKM BPEHUA
YCTPOMCTBO $a30BOTO IPOCTPAHCTBA BTOM 3aauM B OTHOWEHMUYM OBEIEHUS
npu t — +o00 OrI0 HameueHo A. H. KomMOTOpoBEM (CM. yka3aHue Ha C. 38
Iuccepraumu) . I oOHapyXeHUS BOBMOXHOCTM «OCUMIIIALUMIA» MHOK OBUIO
NPeIIOKEHO pas’obpaTh CHELMANbHEIL CJIydal, KOTOPOMy [IOCBSAllEHa Tpe-
ThA IVIaBa NPeICTaBNIEHHON AuccepTauym. B. M. AnexceeB He OTPAHUUMICA
OCYIECTRJIEHMEM BTOY IPOTPAMMEl, HO NOJIYUYMJI OKOHUATEJIbHEE Pe3yJbTaTH
¥ B OTHOWIEHMM COBMECTHOTO yuéTa NOBeAEHMS TPaeKTOpuyt Ipu t — 400
nopu t - —oo. 3TO NOTPeBOBAJIO 3HAUUTENILHO 00Jiee TOHKMX METOIOB.
Oty Boslee TOHKME METOHH aBTOpa AMCCEepTauuy BOBHUMKIM B Pa3BUTHE
nment A.7T. Cunas, Cmelna u [.B. AHocoBa (00630p paboT BTMX aBTO-
poB maH Ha c. 4-10 muccepraumm). B. M. AnekceeB yka3zeBaeT u Bojee
CTapHM MCTOYHMK CBOMX MIEN — KCMMBOJIMYECKYD OMHAMMKY» Ix. BUpKro-
ba. «KpasuciyuayHHNM» XapaKTep NOBEIeHMA TPAEKTOPMM NPU IBUKESHUM
[0 Te0fe3uUdYeCKMUM MHOT000pa3uaM OTPULATENIbHOV KPUBMU3HE O 3aMeueH
IaBHO. BoJyiee onpenes€HHO 5T aHAJIOTUM CO CJIydYalHEMM [IPOLeCccaMy 10—
JIyumunu pasBuUTHe B paboTax fA.I'. CuHas npy UCIOJNb30BaHMUM BBEIEHHOTO
MHOK I[IOHATUA «SHTPOIUM» HMHaMquCKOﬁ CucTeMe. PoJib «6epHymmeB—
CKMX IMHaMMUECKMX CUCTEM» B KJIACCUYIECKOM NpobieMaTuKe BHSACHUNIACH
B paborax A. I'. Cunasg u Cmelna. /3 5TUX UCTOUHMKOB U PA3BUIICS TOHKUMN
annapar, MCCHIeIOBAHHEN B IIE€PBOM IUIaBE OMCCEPTaLMK.

Pabotrs A. H. Konmoroposa, B. !. ApHonbna u 0. Mosepa 0 poniu B Kjac-
CUYECKMX IOMHaMMUYECKUX CHUCTEMaX IOUTU IIePpUOINYECKUX pemeHMﬁ Me-
Hee HENOCPeICTBEHHO CBS3aHH C IUCCepTaluel, XOTS U HeoOXOIMUME
OJisd 3aMBIKAHUA TIOJIHOM T&@J‘IVILU:I BO3MOXHEHX TUIIOB IIOBEIEHUA U3YUaAEMBIX
cucreM. KpoMe TOro, B HMX BIIEPBHE NOABUIMCE MOIMHOXECTBA $az0BOTO
[IPOCTPAHCTBA C JIOKAJIbHEM YCTPOMCTBOM IO TUIIY NPOM3BEIEHUS IJlal-
KOTO SJIEMEHTA Ha KAaHTOPOBCKOE MHOXECTBO, MIpapumye OOJbWYH POJIb
B OUCCEpTaLuu.

KOHerTHbIe pe3yJibTaTH B'I‘OpOI\/JI n TpeTbef;I IJlaB CylleCTBEHHO OCHOBAHH

Ha ofmmMx MIOesax [EPBOM IJlaBH, I'Ie B obmel bopme pasBMBAETCA METOL
M3y4eHUsa OVHAMUUECKMX CUCTEM C IOMOWBK «TONOJIOTUYECKMUX MAPKOBCKMUX
uenel». TPyOHO IAThb KpaTKOe MB3JIOXKEHME BTON Teopuu. B § 6 mnepson
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TVIaBH OaH PAL [PUMEPOB IPUMEHEHMS MEeToIa. JTa IJlaBa cama Io cebe
npencraBiseT OOJBLION MHTEPEC.

TpeTbs TJaBa OMCCEPTaLMM [OCBALEHA KJIACCUUECKOM 3alaue TPEX Tell.
B cayuae OTPMLATENLHOM KOHCTAHTH BDHEPTUM IPU t — 400 BOBMOXHH TpMU
TUIIA [OBEIEHMS CUCTEMH (HyMepaluus COOTBeTCTByeT Tabmuue k c. 373
IyccepTaumm) :

2) OOHO M3 PACCTOSHUM OTPAHUYEHO, OBa OPYTMX CTpPeMaTcs k BecKoHeu-
HOCTH;

3) BCe pPacCTOSHUSA OTPAHUUEHEH;

4) «ocummMpyKImee NOBEIEHUEN .

PaccMmaTpuBas NOBemeHME CUCTEMH Npu t — +00, NOJydyaeM OEeBATH JIOTM-
UEeCKM BO3BMOXHHX KoMOuHauwmit: (2,2), (2,3), (2,4), (3,2), (3,3), (3,4),
(4,2), (4,3), (4,4). Cnyuait (2,2) pacnafaeTcs Opu 3TOM Ha OBa: (2,2)-a —
Be3 «obMmeHa» u (2,2) -6 — ¢ «obMeHOM» . [0 HETABHETO BPEMEeHY OhUIM M3BECTHH
TOJIbKO NPMMEPH ciiydaeB (2,2)-a u (3,3). B cBoeit paboTe, He Bowmemmen
B Iucceprauyo, B. M. AjexCeeB BIEPBHE CTPOTO NOKa3ajl BO3MOXHOCTL CJydas
(2,2)-6. B 1960 romy K. A.CUTHMKOB NOCTPOWI IPUMEP «OCLUMIUIMPYOLETO
NIOBEIEHNA», T. €. YCTAHOBMII BOSMOXHOCTEL XOTH OH OJHOTO U3 Ciaydaes (2,4),
(3,4), (4,4) n xora 6u omHOTO M3 ciayuaeB (4,2), (4,3), (4,4).

OCHOBHO¥ pes3ysbTaT TPETbEN IJIABH IMCCEPTALMM 3aKJINUYaeTCs B NOKa-
3aTeJIbCTBE BO3MOXHOCTM BCEX IECATH CJIyyaeB. B YaCTHOCTM, YCTaHOB-
JleHa BO3BMOXHOCTL «3axBaTay» (cimydalt (2,3)), KoTopas oTpuuaercs emé
B M3pmaHHOM B 1967 romy cOopHuke «Ycrnexmu actpoHommyu B CCCP». Cryuan
(2,2)-a, (2,2)-6n (3,3) oCymeCTBISOTCS C NOJIOXUTENILHON BEPOSTHOCTDIO.
[Ipo ocTanbHEE JMOO NOKaszaHO, JMOO NPaBIONONOOHO, UTO MX BEPOSATHOCTE
HyneBasg. Ho B KaueCTBe NMOTPAHMUHHX CJIyYyaeB OHY MHTEPECHH M BaXHH.

Yxe nmepeuncieHHHE pesyNbTaTH yOeIUTEIbHO CBULETENLCTBYT O 3HAUM-
TeJIbHOCTY NOCTMXEeHMM B. M. AlekceeBa B 3TO¥ TPYAHOM 0051aCTH, B KOTOPOMN
paboTan pAn KPYNHHX YyYEHEX . PesyJbTaTH NOJyYeHH IpY IOMOIM PaCCMOTpe-
HMS ONHOTO CIELMaJbHOTO CJydas «3amauy TPEX Tey» (OBMXYymWascs IO OCHu
CUMMETPMM Macca—HyJeBas). CaM Xxe cCiydayl OT'paHMYEHHOM 3alauM TPEX
TeJ, C OPpYyI'O CTOPOHH, SBJISETCS YaCTHEM CllydaeM 3alauy 06 OOHOMEPHOM
OCLUMJUIATOPE, NOINUMHEHHOM YpPaBHEHMO

roe () IepUOIMYECKM 3aBUCUT OT BPEMEHU.

ViccnenoBaHUoD 3TOTO yPABHEHUS NONUMHEHA IJIaBa BTOPAasi. B IpuMeHeHUn
K pelleHun ypaBHeHnusa (1) pes3ynbTaTH O NpedesibHOM IOBEIEHUN PElleHNIt TPy
t — 400 cobpaHH Ha C. 357 B Bume cnencTeus 9. Oka3HBAETCS, UYTO yXe
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37eCh BTO NOBEAEHMEe MOXET OHTh BeCbMa pPa3HOOOpasHEM, a pacHpelesieHne
B (a30BOM IPOCTPAHCTBE TOYEK, HAKNWMX HAUAJIO PABHOTO TUIA TPAEKTOPUAM,
obnamaeT pANOM HEOXMOAHHHX CBOMCTB. ECTh BCe OCHOBAHMA LyMaTb, YTO
OTKPHTHE 30eCh ABJEHUS MMENT WMPOKOE PACIPOCTPAHEHME B IUHAMMUYUECKUX
CUCTEMax KJIaCCUUECKOM MexXaHMKM. B uvacTHOCTM, HabpocaHHas Ha C. 378-
381 obumas kapTMHA YCTpOMCTBa (as’0BOTO NIPOCTPAHCTBA OBWEl 3afaun TPEX
TEeJ, BEPOATHO, CMOXET OHTh OKOHYATEJbHO yTOUYHEHA Ha OCHOBE METOIOB,
pas3BuTHX B. M. AleKkCceeBHM.

llogBons WUTOT', MBI BUIOUM, UTO OOKTOPAHT, IOJHOCTHIO OBJIALEB BCEM OUEp—
UEeHHEM KPyI'OM MPO6JIEM ¥ MeTOMOB, MOJYUUII M PAl 3aBeplaniMx pesylbTa-
TOB. B OTHOWEHUM TOHKOCTM METOIOOB OH CTOUT Ha CaMOM BEHICOKOM M3 OOCTUI'-
HYTHX K HACTOALEMYy MOMEHTY YyPOBHEe. B COOTBETCTBMM C 3TUM AUCCEPTALMUID
B. M. AnexceeBa CledyeT IPU3HATH NOJHOCTHI YIOBJIETBOPALILEY TpeOOBaHN-
AM, NPEeIBABIAEMEM K OUCCEpPTaLMsAM Ha CTENEeHb OOKTOpa OusMKo-MaTeMaTu-
YECKMX HayK, a IMCCEPTaHTa — NOCTOMHEM IPUCYXIEHUS eMy STOM CTEleHU.

A. Kommoropos
6 mexabpsa 1968 r.

Kak u obGerrasi, MpOKOMMEHTHPYIO STOT OT3LIB.

OH HaYMHAETCSI C ONMMCAHUS YeThIPEX HAIIPABJIEHUIN, KOTOPhIE 3aPOUJINCH
3a MATHAIIATH JIET JIO 9TOI'0 B IEPUOJ, HOBOM TBOPYECKO# aKTUBHOCTH KoMo-
ropoBa U IMPUHEC/IM 3aMeYaTe/IbHbIE TLJIOJIbI.

[TepBoe namnpassienne — dbuHaNbHbIE JABUKeHUsI. O HEM MUMOXOJIOM OBLIO
CKa3aHOo B JoKJaage KoaMoropoBa Ha 3aKJIIOUATEILHOM 3acefanun MexkmyHa-
POJIHOTO MaTeMaTHIeCKOro KoHrpecca B Amcrepgame (B OOJIBIIOM 3aje, KO-
TOPBIN OBLJ M3BECTEH paHee JOKIATINKY «KaK MECTO HUCIIOJTHEHUS BEJIMKUX
POU3BE/IeHNI MUPOBOil My3bIKU 10 yiipaBjieHueM Menreasbepras). B arom
HAIIPaBJICHUU B TY ITOPY OBLIN IOJIYY€eHbI JINIIb H3HAYAJIbHbIE, B OCHOBHOM 9BPH-
CTUYIECKHE Pe3yJsIbTaThl, 3a ucKirodenneM TeopeMbl K. A. Curaukosa 1953 roma
o zaxBare. A B 1968 romy Tema okazaJach IOYTH UCUEPIIAHHON, U POJIb JUCCEP-
TaHTa ObLIa DyHIAMEHTAJILHOMN.

Konvoropos nmpuBoguT B OT3bIBE KJIACCU(DUKAIIIO ABUYKEHUN, OTJIMIAIONLY-
I0Csl OT TOH, KOTopasi coieprKajach B KypcoBoii pabore Asexkceesa 1954 roza.
W B ajieKceeBCKoii, 1 B KOJIMOTOPOBCKOM KJIACCH(DUKAIINN JIECSTH MO3UINI, HO OHI
COCTaBJIEHBI 110 PA3HBIM KJIACCH(PUKAIIMOHHBIM IIPU3HAKAM, U B aJIEKCEEBCKO
KJIACCU(PUKAINNA OTCYTCTBOBAJI JIEMEHT OCIUJIISIIIAOHHOTO MTOBEIEHUsT, KOTOPDIi
TOIJIa CYIIECTBOBAJI B BUJIE THIIOTE3bI, KOTJA MAKCUMAJIbHOE PACCTOTHUAE MEXKITY
TeJlaMA HEOTPAHUYEHO, HO He CTPEMHUTCS K OecKOHeIHOCTH. B cBOEM OT3bIBE
Koamoropos BbIIe/IsIeT B KA9eCTBE «OTIEIBLHOM IPYIIILI paboT» Te, rie ObL1a 00-
Hapy»kKeHa 9Ta KazaBIlascs HepeaJbHoN B 1954 romy BO3MOXKHOCTH OCITAJIISIIAN.
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Dra TeMa OblIa TakKe CTUMyInpoBaHa KosMoropoBbiM, n OH (9TO Jjist HETrO, BO-
obI1e TOBOPsi, HEXapPAKTEPHO) MOMYEPKUBAET CBOIO POJIb B 9TOM KPYTe BOIPOCOB.

Cireytorue iBe IPYyIIIIbl BOIPOCOB OKA3AJIICH HA J0JIT0E BPEMSI B SIIUIIEHTPE
MaTeMaTHKH IIeCTUICCATHIX Tof0B. Pelenne 3a1a49u 0 (pUHAIBHBIX JIBUKEHUSIX
moTpeboBaio pa3pabOTKM HOBLIX METOIOB B TEOPUU JUHAMUIECKUX CHUCTEM.
OH0 U3 KpYIHEHIINX OTKPBITHN B Teopun JuddepeHnnalbHbIX yPaBHEHUI,
HUMEIONIINX I'PAHINO3HbBIE TIOCIEICTBUS JJIsI BCell MATEMATUKHU 1 €CTeCTBO3HAHUSI,
COCTOUT B TOM, YTO BO MHOI'MX JIMHAMHYECKHX CHCTEMaX, HECMOTPs Ha HUX IO0JI-
HYTO JIeTePMUHUPOBAHHOCTD, MOI'YT BO3HUKATH JBUYKEHUsI, HAITOMUHAOIIIE CJTy-
JaifHbIe IpoIecchl. VICTOKH 9TOH UI0/JI0MIH OTHOCSITCS €IIE K HadaJ Iy IIPOILIOTO
BEKA, & JJOCTATOYHO ITOJTHOE OCMBICJIEHE TAKOTO POA SIBJIEHUN OTHOCUTCS K IITe-
CTHUJIECSITBIM TOJilaM. B dmcite jmiofeit, KOTOPBIM IPUHAJIEKAT KJIACCUIeCKIEe pPe-
3yJIBTATHI B 9TOM HAIIpaBJIeHUH, cieyer Ha3BaTb B. M. Anekceesa. Kommoropos
B CBOEM OT3BIBE HA3BIBAET OCHOBHBIX YIACTHUKOB PA0OT B 9TOM HAITPABJICHUMN:
momumo B. M. Anekceea — 4. I'. Cunasi, C. Cwmeitia, /1. B. AnocoBa. Anjpeir
HukosaeBud ouenb 1eHus1 (M IUCAT, 9TO OHM UMEIOT «BbIIAIOMIUIICA HHTEPEC )
paborel 4. I'. Cunast, rie ObLIN BCKPBITHI aHAJOTHH JBUKEHUH 110 Teoe3ude-
CKUM MHOI000pasnusiM OTPHUIATEbHON KPUBU3HBI CO CJIYIailHBIMU ITPOIECCAME
(u Kosmoropos cHOBa MOJYEPKUBAET B OT3BIBE, UTO IIPU STOM HCIOJIb30BATIOCH
BBEJIGHHOE UM TIOHSITUE SHTPOIUU JIMHAMUIECKON CHCTEMBI).

N naxonen, Auapeit Hukonaesud ropopur o KAM-reopun u e€ pou B Kjac-
CUYIECKOIl MEXaHUKe. DTU UCCJIeI0OBAHNsI, KAK OH IUIIET, «MeHee HEIlOCPeICTBEH-
HO CBSA3aHBI C JUCCEPTAINE, XOTsI M HeOOXOMMMBI /I 3aMBIKaHUsI TTOJTHON Tab-
JIMIIHI BO3MOYKHBIX TUIIOB U3y9aeMbIX cucTeM». I 31ech Ha10 BEpHYTHCSA K CAMO-
My HaJaJIy HAIMUX 00CYKACHU, KOT/1a IPU PACCMOTPEHNN TIEPBOTO Ciyvas pu-
HAJILHOT'O TIOBEJIeHHsI TPEX TeJl (KOTJIa 9TU TPU TeJla «Y2KUBAIOTCS BO BCE BpEMe-
Hay ) Bosonst Asiekcees B KypcoBoit pabote, 3anuimasiieiicst B 1954 rogy, murer,
gro A. H. KoaMoropos BbICKa3bIBaJl MHIIOTE3Y, YTO IOAO0HAS YCTONIMBOCTD
HeBo3MOxkHa. Ho ona okazajiach BO3MOXKHOM GJiaromapst Toit camoit KAM-Teo-
puH, IepBble PE3YILTATHL II0 KOTOPOM OLLIN Oy OIuKOBaHbl B TOM 2kKe 1954 romy!

Pa6orer B. M. AjekceeBa ObLIM BBICOKO OIEHEHBI CIEIUAIUCTAMMU, U OH
OBLI IPUTJIAIIEH YACOBBIM JOKITIMKOM Ha MeK IyHapOo HbIi MaTeMaTuIecKuit
kourpecc B Hurnie, npoxomusminit ¢ 1 mo 10 cenrsadops 1970 roma. K Besukomy
coxkasiennio, B. M. AjtekceeBy He OBLIO IIO3BOJIEHO TOIMA [IEPECEUDb >KEJIE3HBII
3aHaABEC.

Baamuvup MuxaitioBud ¢ yIbIOKOi paccKasbiBaJl MHE, ITO HE3a,10JIT0 10 OT-
kpoitust Konrpecca emy nossonmi 2K. Jlepe — oinH u3 KpynHEHIIIX MaTeMaTH-
KOB IIPOIILIOTO BeKa. Jlepe 04eHb BLICOKO 0TO3BAJICH O tocTixkeHusax B. M. Ajek-
ceeBa M IIpH 9TOM oOpaTmiics K HeMy ¢ JUIHO# mpockboit: «Iloxkasyiicra, 6yapre
CHUCXOIUTEIbHBL 1 MuocepAubl K [lasuy» . C nomobnoit npocs6oii k B. M. Ajek-
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ceeBy MOXKHO OBLIIO U He 00PaIaThCs: JIEJUKATHOCTh U MUJIOCED/IUE ObLIH €My
OPUCYIIN C CAMBIX MJIAJIBIX HOTTEM.

[Tocne Konrpecca Jlepe npucaan Baaguvmupy MuxaiioBudy mucbmo (mo-
cnannoe u3 [Tapuxka 23 HosiOps 1970 roja), ucnosnenHoe dbpaHily3cKoil obes-
HOCTHU U OJIaroJapHOCTH.

Mot moporoin Konnera,

51 BecpMa OnarozapeH BaM 3a NPUCHUIKY TeKCTa Bamero gokisana Ha KoH-
Tpecce.

Mel mounM CBOMM HOJITOM YCOBEPWEHCTBOBAThH €TI0 QpaHLy3CKMUM NepeBOl.
51 6yny BaMm BecbMa NPUBHATEJNIEH, €CHM MO MOJy4YeHMM KOPPEKTyp ¥ Bamen
PYKOIMCH C HallMMM [ONIpaBKaMy BH TmATEeNbHO NPOBEPUTE, HE MCKABUIM JIU
OHM, OHTbL MOXET, Bally MECJE.

HenmasHO g moBés 1o ceeneHma cempyu llasy, uro Onaromapsa BaM ero mm4
Ha KoHrpecce B Hullle ynmoMmMHaJIOCh B CaMHX TEIJIHX BHPAXEHMUSX, ¥ MH Bawm
33 3TO OYEHb NPMU3HATENbHH: [ABOeTOuMe OHJIO IOCTABJIEHO NIE€YaTHO, a 3a-
TeM OT pyku mpummucaHo: «Chazy était un si brave homme!». B. M. nepesén
5T0 BHpaxeHue Tak: «llazy Obul TakuM NOOPEM MaskM!» — [IpyuM. aBT. ]

Tpyne KoHnrpecca BeinyT B cBeT B 1971 ronmy; Bama craTbs He MoIvia OH
nosABMUThECA B «Journal de Mathématiques pures et appliquées» paHee. Ham
npencrasnsercsa, uTo Tpyme KoHIpecca [OJydaT Takoe Xe pacHpocTpaHe-
HMe, KaK M HallM HaydHHE XyPHAaJk, M 4 NOSTOMYy He IOyMan, 4TO OwJO OH
YMECTHO BOCIPOM3BOAMTE Bally CTaThi B OOHOM U3 HUX.

Ha Mens npomssesia OoJiblioe BledaTieHMe IulyOuHa Bammx pabotT. «Jour-
nal de Mathématiques» Gymer, 6e3yCJOBHO, pal ONyOJMKOBATL B OyIylmeM
OLHY U3 HUX.

CobnaroBosMTE BEPUTH, MOM Ioporoi Kommera, Moey caMol OPyXeCKOu

IPU3HATEJILHOCTH,
XaH Jlepe

TBopueckast »ku3ub Biagumupa Muxaitiopuua AjiekceeBa B €€ OCHOBHOIA
YaCTU MOXKET OBITh O3arjIaBj€HA TaK 2Ke, KaK ObLI HA3BAH UM €r0 JIOKJIAJL
na Mexnynapomunom kourpecce B Hurmne: «DunaibHble IBUXKEHUS B 3a/at€
TPEX TeJI U CUMBOJINYECKAs JUHAMUKA» . BbIlle MPUBOIMINCDH JIBEe KIacCuduKa-
1y pUHAJTBHBIX JIBUKEHUN: oHa U3 KypcoBoil paborsr 1954 roma, npyras —
13 KOJIMOTOPOBCKOT'O OT3bIBa KoHIa 1968 roma. B xpaTkoit cupaBke mpuBegeHa
emié ojiHa Kytaccudukanus — [1lasu, B koropoit 16 nozuruii. Teopema o dpunab-
HBIX JIBUKEHUSAX, IPUBEJEHHAS B CIIPABKE, YTBEPK/IAET, YTO «PEAJTUIYIOTCH BCE
16 = 4 X 4 joruvyecKkn BO3MOXKHBIX KOMOWHAIMIT (DUHAJIBHBIX TUIOB JIBU2KEHUS
o la3u mpu ¢ — —oo u mpu t — +00». Kak Mbr momuaum, padora 1954 roma
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HAYMHAJIACH C ITOYTH YUCTOrO JINCTA, ¢ (DAKTHIECKN HUYIEM He 3aI0JTHEHHON
Tabaunpel [la3u, a 3aBepimiach TOJTHBIM e€ 3amoHeHneM. Perrenne mpodaeMbr
OTPebOBAJIO OTPOMHBIX YCHJIHUIA.

U cuoBa (1 MHe Bcerjia Kak-TO OCOOEHHO TPUSITHO 9TO OCO3HABATD) OJIUH
13 BarKHENITNX 3JIEMEHTOB BCeil Teopuu, MPUBE/IINI K €€ TMOJTHOMY 3aBepIie-
uuo, 6bL1 3a10:ken Annpeem Hukomaesuuem Kosmnmoropossiv. Kak 9To me pas
C HUM CJIyYaJioCh, IMO-BHIMMOMY, MUMOXOIOM, MEXKIY JI€JIOM, MOYKET OBITh
B pasroBope 3a crosiom (ckopee Bcero, ¢ Kupumnom Asekcangaposudem Cur-
HUKOBBIM ), KOIJIa BJAPYT BO3HUK BONPOC O BO3MOXKHOCTHU OCIMJIISIIIAA B 3a/a49€
Tpéx Tes1, KoIMOoropoB mpeaioKua pacCMaTpUBaTh TaK HA3BIBAEMYIO Pa6HO-
bedpernyro 3adawy mpéx men, KOTJa JIBa Teja PABHON MAaCChl PACIIOJIOXKEHBI
CHUMMETPUYIHO OTHOCUTEIHBHO BEPTUKAJILHON OCH, HAXO/IACh 00 B HEPIEeHINKY-
JISIPHOI IIJIOCKOCTH, B TO BPEMS KaK TPEThe TeJI0 MAJIO Macchl (a eré Jrydiie —
HYJICBOIT MaCChl) IMEET CKOPOCTH BJIOJIb BEPTUKAJIBHOI OCH (TIPU 9TOM TPEyTOJIb-
HUK, COeJIMHSAIONINIT IIEHTPBI TeJI, BCErjia sIBJisieTcsl paBHODEIpeHHbIM ). B cuity
CUMMETPUHU TaKOe PaCIIOJIOyKeHre OyIeT COXPaHAThCA BO Bee BpeMeHa. ObJ1apast
3aMeyaTebHON «MHTYUIMEN TpoeccoBy (OH MPUIHCIST €6 K 0COOOMY THUILY
omapénnoctn), KoJMOropos He COMHEBAJICSI B TOM, YTO JBA CUMMETPUIHBIX
Tesa, ABUTasiCh 0 SJUIANTUIECKAM OpOuTaM ¢ HEOOJIBIITNM SKCIEHTPUCATETOM,
CMOT'YyT BO3MYIIATh JIBUKEHUE TPETHEr0 Tejia TaK, YTO B UTOrE IIOJIYIUTCS
ocryumupyiomee apuykenre. CHUTHUKOB 3aMHTEPECOBAJICS 3aJadeil W, IpoBe-
IsT Koe-KakKmne IOACYEThI, ybenms cebss B ToMm, uTo mHTyniusa Koamoroposa
He mojBesia. Ho mosiroe Bpemsi TEKCTa HAINWCAHO He ObLIO, W sI ITOMHIO, KaK
Ha IPOTsKeHnn 6osbiroro Bpemenn Anjapeii HukonaeBud crapaJicst 10OUTHCsI
ot Kupunina Ayekcanaposuda mybyankamun. W mobuics.

Ecnn macca Tperbero Tesa HyJieBasi, a IIOJIOXKEHHE B MOMEHT BpeMeHU t
paBHO z(t), TO IBUKEHHE ITOTO «TeJIa» OIMCBIBACTCS JOCTATOYHO IIPOCTHIM

z
= *
(22 4+ r(t)?)3/? ()
B. M. Anekceep paspaboraj riiyObOKyH TeOpHI0 IOJO0OHBIX YpaBHEHWUIA, UTO,

B YaCTHOCTH, IPUBEJIO U K UCUEPIAHUIO TeMbl (PUHABHBIX JIBUKCHMUIA.
Bot oaun u3 cchopMyIupoBaHHBIX B CIIPABKE PE3yIbTaTOB.

YpaBHEHUEM:

Jlas docmamouno manoeo sxcuernmpucumema € > 0 natiodémea maxoe wuc-
20 N, wmo dan a10601 nocaedosamenvnocmu M = {myu}nez, mn > N, cywe-
cmeyem pewenue z(-, M) ypasnenus (%), nyau T KOmMopo2o Yyooeaemeopaom

pasercmaey {%} =my VEkeZ.

[TomobubIEe yTBEPXKAEHUsST U HOCSAT HA3BAHUE CHUMBOJIMYECKON JTMHAMUKH.
YrBep:Kienne TeopeMbl AJlekceeBa sIBJISIETCsSI CBUIETEILCTBOM TOrO (DEHOMEHA,
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0 KOTOPOM TOBOPHUJIOCH BBIIIE: QUHAMUMECKUE CUCTEMDL, ONUCHIEGEMbBLE Juppe-
PEHUUANDHOMU YPasHeHUAMY (Npuvém cmoab npocmuimu, kak (%)), mozym
UMEMD OUEHb CAONHCHYIO CMPYKMYPY PeUuenudl, HANOMURGIOWYI CAYHATHLT
npoyecc. OKOHUATENBHBIN pe3ysibTar jajics B. M. 1eHoit orpoMHOro Tpyia.
3aTeM HEKOTOpPOE YIIPOIIeHUE J0Ka3aTeabCTB 6bu1o moxyderno FHO. Mozepowm.
06 sTOM BBIpasuTe/bHO cKa3aHo B crarbe K. Zare, S. Chesley. «Order and chaos
in the planar isosceles three-body problem». Chaos, Vol. 8, Ne2 (1998): «IIpu-
JIOKEHHUE CUMBOJIMYECKON NUHAMUKE K 3ajade CUTHUKOBA OBLIO OCYIECTBICHO
AutekceeBbIM, TOMTOJTHUBIINM paboTy CHTHUKOBA, MOCBSIIEHHYIO 9TONH MOJIEIH.
AJteKceeBBIM Ke Pe3yIIbTATHI OBLIN PACTIPOCTPAHEHBI Ha CJIyYail, KOTJa TPEThe
TeJI0 mMeeT HeHyJeByto Maccy. Cpelsl 3ajady K OTOOparkKeHUIo [mocsienoBa-
HUsi| 1 OOHAPY?KUB IIPUCYTCTBUE CTPYKTYPHI ,1101K0BbI CMeitna®, Mozep mas
KPACHUBYIO N€OMETPUYIECKYI0 MHTEPIIPETaInio pe3yabratoB Asekceena. lokasa-
TeabcTBO Mozepa OCHOBBIBaeTCst Ha mpeobpasoBannu, BeeaéHHOM Mak-I"axn,
KOTOPOE BbISIBJISIET HAJIMYNE [(DUKTUBHOI| runepbo/ImaecKoii IIepuonIecKoit op-
OUTHI B OECKOHEYHOCTH. DTa OpOUTa UMEET JBa MHBAPUAHTHBIX MHOI000pas3us,
[IEPECEKAIOIIUXCST B TOMOKJIMHUYIECKON TOYKE, UTO U IMPUBOIUT K IOSIBJICHUIO
CTPYKTYPHI ,,1T0IKOBBI CMeiiyia“ B €€ HeloCpeICTBEHHON OKPECTHOCTH .

NzsmectBo paborsl Mozepa He ymasisieT paboThl AJteKceeBa: MO3EPOBCKOE
nokazareabcTBo ad hoc sABHO 9KCILTyaTUpPyeT CUMMETPUYIHOCTH 3aJ1a9d, B TO
BpeMsI KaK MeTOJI TOPH3OHTAILHBIX U BEPTUKAILHBIX MOJOCOK AJlekceeBa 1aéT
MOIIHBIIT MHCTPYMEHT HCCJIEOBAHUS CAMBIX Pa3HBIX JUHAMUYIECKUX CHCTEM,
rjie UMEIOTCS KBa3UC/IyUailHble fBJICHUs: HAIIPUMED, B 3a/a4e 3aXBaTa KOMEThI
cucremoit Costare — FOnurep HUKaKue UCKYCCTBEHHBIE TIPUEMBI BPOJIE TIPEOD-
pazoBanust Mak-1"sxn HeIpUMEHUMEL.

Ha 3aBepinennem cBoeit nuccepraruu B. M. paboTaJr okoJ0o TpExX JieT, Hada-
JIO CEMUJIECSTHIX ['0JIOB — HECOMHEHHAS BEPIINHA €I'0 TBOPYECKOM e TeILHOCTH.
3areM OH CTaJl UCKATb HOBBIE TEMbI UCCJIEIOBAHUS, B YACTHOCTH 3aHUMATHCS
OMOJIOTMTYIECKON U MeIUITMHCKOM TeMaTHKOM, n n30paJ HOBOE MeCTO CBoeil pa-
60TBl Ha MexmaTe — Kadepy obmux mpobdieM yIpaBIeHus.

B. M. Tuxomupos, mexmat MIY
vmtikh@googlemail.com






CoBpeMeHHasi MaTeMaTuKa,
JJIsl IIIAPOKON ayaIuTopuu

CKBO3b CeTh CONPOTUBJICHUI

M. B. Cronenkos*, A. A. Ilaxapes', A. B. Ycrunos?*

Hamsmu Andpes Xodyaésa

§ 1. BBEJIEHUE

[Ipeyiaracmasi 9UTATESAM CTAThS SIBJIAETCS IPOJIOJzKeHueM crareii [1] u [5]
13 npepLymux Homepos « Maremarnueckoro ITpocsenienusi» . B neppoii n3 Hux
OBLIO chOPMYITMPOBAHO HECKOJIBKO TPY/IHBIX 34189 O COMPOTUBJIEHUN CUMMET-
PUYHBIX JIEKTPUYECKUX Ielell, a BO BTOPOil ObLIO IIPUBEIEHO JIEMEHTAPHOE
JIoKa3aTeIbcTBO TeopeMbl 1loita o ciydaitaom Osy»kaannn. OCHOBHASI 11eJ1b 9TOM
CTaThy — IPUBECTH JIEMEHTAPHOE JIOKA3ATEIBCTBO CAEYONIEro hoabKIOPHOTO
pesyJsbTara.

TEOPEMA 1.1. (A) Ecau uenosek cayuainvim obpazom bayoscdaem no becko-
HEUHOT K6adpammotl cemxe, Mo EPOAMHOCTD €20 G036PAIULEHUA 6 HAUAALHVIT
y3en 0o nepeozo nonadarus 6 yzen, cocednuli ¢ HuM cnpasa, pasna 1/2.

(B) Conpomusaenue meorcdy cocednumu yaaamu beckornewnoti keadpammot
cemru u3 eQUHUNHLLE conpomusaenut pasro 1/2.

* Pabora BoimosHena npu nojauepxkke rpanta [Ipesugenra PO Ne MK-5490.2014.1, douna
«JIunactus», dponga Caiimonca.

t PaGora BbinoaHena npu moguepxke rpaara Ipesumenra PO Ne MK-5490.2014.1.

 PaGora, BbIIOIHEHA IpU TIOIEepKKe PoHIA «JMHACTHST> .

MaTtemaTtuyeckoe npocseuyenue, cep. 3, Boin. 18, 2014(33-65)
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Bce neobxoumbie onpenesnenns OymyT manbl. Jactu (A) u (B) Teopemsr 1.1
OKA3BIBAIOTCA PABHOCWIBHBI IPYT ApyTry. 1o cyTu 910 0/1HO M TO 2Ke yTBEpK/Ie-
Hue, chopMyJIMPOBAHHOE B PA3HBIX TEPMHUHAX: OJIMH Pa3 HA SA3BIKE CJIyYalHBIX
OJIy2KJIaHUl, & BTOPOil pa3 — Ha sI3bIKe JIEKTPUUIeCKuX Ierneit. [Ipu perennn
O/IOOHBIX 33/1a4 TI0JIE3HO 3HATH 00a «s3bIKa» M YMEThb IIePEBOJIUTH UHTEPECY-
OIee BaC YTBEPXKJIEHNE C OJTHOTO SI3BbIKA HA JIPYTO.

DjleMeHTapHOe JT0KA3aTeIbCTBO TeopeMbl 1.1 UCmoab3yer 3aMevdaTeTbHyTo
TeopeMy 3.2 O COIPOTUBJICHUU MEXKJIY COCEIHUMHU y3JaMU KOHEUHBIX <«CHUM-
METPUIHBIX> HIEKTPUICCKUX TETei 1 BO3SMOYKHOCTE MPUOIN3UTH OECKOHETHYIO
KBa/IDATHYIO CETKY TaKUMU IensgMu. B mporecce j1oka3aTebCTBa Mbl PEIIUM
GOJIBIIMHCTBO 3a/ad U3 3aMeTKH |1|, O3HAKOMUMCS ¢ TeopHeil HMOTEeHIaIa
Ha rpadax u CBOHCTBAMU JUCKPETHBIX FAPMOHUYECKUX (PYHKIIUN.

[Tran craTbu caegayromuit. B § 2 OyayT maHbl onpeiesieHnsi OCHOBHBIX 00bEK-
TOB, CBA3aHHBIX C KOHEYHBIMH 3JIEKTPUYeCKuMH TiensiMu. B § 3 Oysier jokazana
TeopeMa 3.2 0 CONPOTUBJIEHUN «CUMMETPUUYHBIX» JIEKTpUIEeCKuX Terneii. B §4
MBI HATHEM OOCYKIATH GECKOHETHBIE JIEKTPUUIECKIE TIETH, a B § 5 MOKaKeM
OCHOBHBIE TE€OPEMbBI O TOTEHIAJEe Ha OeCKOHEUHOH KBaJjipaTHON ceTke. B § 6
nokaxkem 4actb (B) ocHoBmoit Teopembr 1.1. B § 7 nokaxkem JuCKpeTHBbIi
aHAaJIOr TeopeMbl JInyBuiIist, KOTOpBIil oTpedyeTcs HaM JIJIsl JI0KA3aTelbCTBA
gactu (A) ocHoBHOl Teopembl 1.1 B §8. B §9 obcyum 6e3 jrokasaresibeTBa
HEKOTOpbIe €€ 0000IeHNs, B YaCTHOCTH, KOCHEMCS 3a/1a9M O COIPOTUBJICHUH
MEKJY TTPOU3BOJILHBIMY y3JIaMU OECKOHETHON KBaIpaTHO ceTkn. Hampumep,
COTIPOTUBJICHUE MEXKJy Y3JaMH, COCETHIMH 0 TUATOHAJN, PABHO 2/T.

Eciu crarbio untarh He3aBucuMo or npeaputynmx 1] u [5], To Hekoropsie
YTBEP2KJIEHUs] YUTATEIO IPUJIETCH TPUHATD 0€3 JI0KAa3aTeIbCTBA.

§ 2. ONIPEAEJIEHUE U ITPOCTEMNIINE CBONCTBA
SJIEKTPUYECKUX IIEIEN

[TockosibKy MBI cOOMpaeMCsi IPUMEHATDH JIEKTPUIECKHUE TEHU JJIsi JTOKa-
3aTeIbCTBA MaTEMATUIECKOTO Pe3y/IbTraTa, HaM IMOHaI00uTcst uX (hopMajibHOe
akcroMaTideckoe onpesenenue’) . /s Hauasa OrpAHIYNMCS PACCMOTPEHHEM
KOHEUHBIX 9JIEKTPUIECKUX TIETIe.

Harrre onpenestenne ucnosb3yet a3bik rpados. Byaem paccmarpusaTh HEOpH-
eHTHUpOBaHHbIe Tpadbl 6e3 1meresib U KpaTHBIX pédep. MHorma HaM y100HO OyieT
BBIOpATH Ha pedpe OPUEHTAIUIO.

Y Ecre n JIPYTHE TOIXOAbI K AKCHOMATHUKE JIEKTPUIECKAX LETeit; ¢M, Hanpumep, (4,13, 18].
Briepsbie maTemaTudeckuii anmapar i aHAJIN3a JIEKTPUIECKUX IEelei TOCTOSTHHOIO TOKa
6ot paspaboran Kupxrodowm [18].
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YciioBuMCs, 9TO €CJu B HEKOTOPOM rpade BEPIIUHBI T U Y COeIUHEHBI
pebpoM, To depe3 ry 0O603HAUAETCS OPUEHTUPOBAHHOE peOpo, HAIPABIEHHOE
OT BEPIINHBI T K BEPIITHHE Y.

IAEKMPUHECKAA YEND — ITO CBI3HBIN KOHeuHBbIN rpad [', B KoTOpOM:

o KaXKJIOMy peOpy 2y IPHUIHICAHO MOJOKHUTEIBHOE BelecTBenHoe uncyio R(xy) =
= R(yz), HASBIBAEMOE €I0 CONPOMUEAEHUEM?),

® BBIJIEJIEHO HEKOTOPOE (HEIlyCTOe) MHOXKECTBO BEPIIUH, HA3BIBAEMOE 2DAHU-
yet (0T — rpanuna rpada I),

e KaxKJIOif BepinHe x rpaHuIpl O IPUIIMCAHO BelecTBeHHOEe Yuciao ¢(x) —
NOMEHUUAA B STON BEPIIUHE.

Iomenyuanv, BepiuH u(x) ONPENEIAIOTCs CIEYIONUME YCIOBUSIMU:

AKCUOMA 1 (rpanmunoe ycsosue dnpuxse). B rpanundnbix BeprmHax
3HAYEHMsI [MOTEHIMAJIAa COBIAJAIT CO 3HAYEHUSIMU JAHHOW (DYHKIMU ¢, T.e.
u(z) = g(x) as Beex z € OT.

AKCHUOMA 2 (mpasusio TokoB Kupxroda). st 1060 HErpaHu9IHON Bep-
IIAHBI & BBIIIOJHEHO PABEHCTBO

Z u(z) —uly) 0
- )
o By
rje CyMMHUPOBaHHE BEIETCS 10 BCeM PEOpaM Iy, COAeprKAIluM BEpIINHY .

Beanmunna,
u(z) —u(y)
R(zy)

HAa3bIBAETCS MOKOM, UJIYIIIUM 110 PeOpy Ty B HAIIPABJIEHUU OT T K Y. JHUCIIO

iy (T) = Z iu(TY),

zy

iy(zy) =

rje CyMMUPOBaHHe BeJETCsl 10 BCeM PeobpaM Ty, COJIepyKallluM BepHIMHY T,
HA3LIBACTCA MOKOM, 6MEKAOUUM 6 Uens depe3 Bepiuuny x. Takum obpasoM,
1o akcuome 2, i, (z) = 0 jyist Kaxk10it HerpaHU4IHO# BepunHbl . Eciu nenb
UMeeT TOJILKO JIB€ TPAHUYHbBIC BEPIIUHBL T U ¥, TO YUCJIO

9(x) —9(y) _ 9(y) — g(2)

R(z < y) =

(1)

Ha3bIBaCTCsd 3¢¢€1€mUSH’bLM conpomueacHuem e MexK/1y BepIinHaMu T 1 Y,
njim IIpoCTO conpomusaeHuem TEIIn. Tennosoti MOWHOCMDBIO eI Ha3bIBACTCA

) Besmumna, oGpaTHas CONPOTHBIICHUIO, HA3BIBACTCH NPOE0OUMOCTIDIO.
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BEJIMYINHA )
(u(z) —u(y)) , 2
Qui=) = iu(xy)’R(xy),
zy zy
rjie CyMMUPOBaHUE BEJIETCS 110 BCeM (HEOPUEHTHPOBAHHBIM) pEOpaM meru. Fc-
JIM YK€ CYMMHPOBAThL HE IO BCEM PEOpaM IemH, a TOJbKO II0 HEKOTOPOMY eé
noarpady, To TOBOPST O Men.ao8ot MouHocmu monrpada.

u(z) =1/2

u(t) =1/2

Puc. 1. KBaapar ¢ eIUHUYHBIMUA CONPOTHUBJIEHUSIMHA CTOPOH

I[TPUMEP 2.1. PaccMoTpuM 3/IeKTPUYECKYIO HEMD, Oy YeHHYIO U3 KBaIpaTa
xzyt UPUIUCHIBAHUEM €JIMHUIHOIO COIIPOTUBJIEHHsI KaxKI0My pebpy (cMm. puc. 1).
[IycTh rpaHUYHBIME BEPITUHAMHU STOM TEIH OY/IyT BEPITUHBL & U Y ¢ PyHKIHEH g
Ha HuX, paBHoil 1 u 0 coorBeTcTBenHO. [l0 akcmome 2

(u(2) = u(@)) + (u(2) — u(y)) = 0,

nosromy u(z) = 1/2. Ananornuno u(t) = 1/2. VI3 31010 Cireyer, 9To 0 KaxK 10-
My pebpy uAeT Tok +1/2; mosIoKUTeNbHBIH — 110 PEOPaM, OPUEHTHPOBAHHBIM
BIIPABO, OTPUIIATEIbHBIN — IO PEOpPaM, OPUEHTUPOBAHHLIM BjieBO. Haitném ad-
dEKTUBHOE CONPOTUBJIEHHUE ITOH MENU MEXK/y BepIIUHAMU T U Y:

9(x) —9(y) 1-0

Bleoy="S0 “thrip =}

TemoBasi MOIMIHOCTD KazK10ro pebpa pasna (1/2)2, mosroMy Teriobas Mor-
HOCTb BCell JIEKTPUYIECKO 1ernu paBHa 1.

Oyuknuio u(x), yI0BIECTBOPAIONLYIO AKCHOME 2 Ha HEKOTOPOM MHOYKECTBE
BEPIIUH, HA30BEM 2aPMOHUYECKOT HA STOM MHOXKECTBE BepIuH. [ apmoruieckots
MG yenu Ha30BEM (DyHKITUIO, FTADMOHUYECKYIO BO BCEX HEI'DAHUYHBIX BEPIIMHAX
nenu. [To ymosraanuio, moj rapMoOHIIecKoil (PyHKIIMEH OYIeT M0 Ipa3yMeBaThCS
MMEHHO FapMOHMYECKas Ha 1enu (QyHKIUSI.
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Dru onpeiesienns 06OOIMIAIOT OIpeJesIeHnsI U3 CTaThu 5], B KoTopoii pac-
CMaTPHUBAJICS YaCTHBIN crydail, korjga dyHKIus ¢(x) NPUHUMAET TOJIBKO 3Ha-
gennsi 0 u 1. Curenyionue TeopeMbl JIOKA3bIBAIOTCs JIOCJOBHO TaK 2Ke, Kak
AHAJIOTUIHbIE TEOPEMBI U3 CTAThH [5).

TEOPEMA 2.2 (Teopema eJMHCTBEHHOCTH MOTeHIHaa). B asexmpuieckol
UENU HEe MOoAHCEM ObMb 06YT PA3AUMHBLT NOMEHUUALOE.

TEOPEMA 2.3 (Teopema CyliecTBOBaHUs HOTEHIMANIA). B arekmpuueckoli
UENU CYUECMEYEMm NOMEHUUAN.

Cdopmymupyem ermé HeCKOJIbKO Pe3yJIbTaTOB U3 CTaTbu [5|, KOTOpble HaM
OTPeOyI0TCH.

TEOPEMA 2.4 (npunnun cynepnosurn). Ecau u(z) u v(x) — eapmoruye-
ckue Pynryuu Ha yenu, mo npu aobur a,b € R dynxyua au(x) + bv(z) —
2APMOHUMECKAA HA UENU.

TEOPEMA 2.5 (npunnun MakcumyMma). lapmonuueckan Gyrnkyus na yenu
NPUHUMAEM, CBOE HAUOOADUIEE ZHAYEHUE 6 2PAHUNHBIT BEPUIUHAT.

Basaua 0 HaXOXKJIEHUHN MOTeHIHaa u(X), yI0BIETBOPSIIONIEro akcuoMam 1-2,
HazbIBaeTcsa 3adavets Jupuxae. B HEKOTOPBIX CIydasX OKa3bIBaeTCs yao0Hee
paccMaTrpuBaTh APYLyIo 3aa4y: B IPAHUYHBIX BEPIINHAX (PUKCHPOBATH HE 3HA-
YeHUs MMOTEHINATIA, & BTEKAIONIHIT TOK (TO €CTh HCIOJB30BATH HE «HCTOIHUKI
HAIPSI?KEHUsI», & «UCTOYHUKHU TOKay ). IlycTh KaxKJI0i BepIIuHE X dJIeKTpUYe-
CKOIi 111U IPUIMCAHO YuCI0 () — TOK, BreKaromuii B 31y Bepiuuny. Haioxum
Ha 9TH 4YHC/Ia CIeLylomee orpanndenne: y . i(x) =0 (cyMMa BTeKalOMUX B IEIb
TOKOB paBHa HYJI10). [Ipu Takom mojxoe akcnoma 1 3aMeHsIeTCsl CJIe LY OIIIM
[IPEIIOIOKEHIEM.

AkcnoMA 1’ (rpaanunoe yenosue Heiimana). s yiio6oit rpanmdnoil Bep-
IINHBI T BBIIOJTHEHO PABEHCTBO iy (x) = i(x).

B rakom ciyuae nomenyuasom HasbiBaercst byHKnus u(x), KoTopas yiao-
BJICTBOpsieT rpanndHoMy yciaosuio Heiimana (akcmome 1/) U IIpaBUJIy TOKOB
Kupxroda (axcuome 2). Bajada 0 HAXOXKJIEHUU TIOTEHIUAA, Y/IOBJIETBOPSIIO-
mero akcuomaM 1’ u 2, HaspiBaerca sadaueti Hetimana.

Cutetytorias TeopeMa SBISETCsT HECJIOYKHBIM CJIEJICTBUEM TTPUBEJIEHHBIX BbI-
I1Ie Pe3yJIbTaTOB.

TEOPEMA 2.6 (Teopema CyIIeCTBOBaHUS M €IMHCTBEHHOCTH DEIIEHUs 3a-
naan Heiimana). Pewenue 3adawu Hetimana 6cezda cywecmeyem. Ono edur-
CMBEHHO € MOYHOCTBIO D0 J0OABAEHUA KOHCTNAHITIbL.

JOKABATEJBCTBO. JlokaxkeM €JIMTHCTBEHHOCTh. JlomycTrM, 9TO CyIIecTBY-
10T JIBa HOTEHIIMAJIa U1 U Ug, yloBjeTBopsiomue akcuomam 1’ u 2. Torma ux
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Pa3HOCTh U] — U SIBJSIETCS TapMOHUYECKOH (DYyHKIHEHd BO BCEX BepIIMHAX
nenu (BkJrouasi rpanngabie). JlokazkeM, 4To OHa HoCTOsiHHA. JleficTBUTE/IbHO,
BO3LMEM JIIOOYIO BepIuny rpada u o0baBuM €€ Ha BpeMs €IMHCTBEHHON I'pa-
HUYHOW BepruHoi tenu. [To npunnuny mMakcumyma 2.5 MBI TOJTydaeM, 9TO
B Hell JIoCTUraeTcss MAKCUMYM IOTEHIINAJIOB BeeX BepiuH nemnu. IIpogenas 51o
JUIS KaXKJOH BEPLIMHDI, IOJIYYMM, 9TO B JIIOOOH BEpIIMHE IIOTEHIUAJ PaBEH
OTHOMY U TOMY 2K€ YHCJIy — MaKCUMYMY ITOTE€HIINAJIOB BCEX BEPIINH IEIIHU.

Cy1ecTBoBaHue JIOCTATOYHO JOKA3aTh JIsl Cilydasi, Korjga GyHkims i(x)
OTJIN9Ha OT HYJIA TOJIBKO B JIBYX BEPIIUHAX T U Y (paCCManHBaH JIMHENHBbIE KOM-
OuHAIMY TaKUX (DYHKINI, BCETIa MOXKHO IIOJIYyYUTh pelrenne 3anaun Heifimana
B 001meii curyaiyn). BosbMEM 5TH J(Be BEPIIMHBI 3a IPAHUILY IEIH U HOJIOXKUM
g(z) =0, g(y) = 1. Ilo Teopeme cyrecTBoBanus 2.3 B 9TOM IEIH CYIIECTBYET
noreHtmal u. Ecin iy, (x) = —iy(y) =0, 10 u siBjsiercss rapMOHUYeCcKOit hyHKIU-
eif Bo Bcex BepmmHax menu. [1o ,ZLOKaSaHHOM}(/ 1)3511He, oHa ObLiIa OBI IIOCTOSTHHA,
x

Ho u(x) # u(y). Buaunr, i, (z) # 0. Torga
Heiimana.

U — UCKOMO€ peIlleHUe 3a1a9u

O

3ajiaun 00 JIEKTPUIECKUX TEMAX HOocIe (POPMAJIN3AIIME CTAHOBATCS MaTe-
Marudeckumu. [Ipn ux pemieHnn 9acTo BOZHUKAET COOJIA3H BOCIOJIb30BATHCS
cO0OparXKeHUsIME, OYeBUIHBIMU ¢ (DU3MIECKOH Toukn 3perus. Ho MbI moctapa-
eMcsi YETKO pas3esisaTh (PU3UIECKUue U MaTeMAaTUIeCKHe apryMEeHThI.

§ 3. CONMPOTUBJ/IEHUE «CUMMETPUYHBIX»
SJIEKTPUYECKUX LIEIEN

[Tepesr TeM Kak YUTATH JAJIBIINE, PEKOMEHIYEM YHTATENIO TOIPOOOBATH Ca-
MOMY BbBIIHUCJ/IUTDH COIIPOTUBJIEHNE MEXK/1y COCETHUMU BEPIIUHAMU ITPOBOJIOTHBIX
NIPaBUJIBHBIX MHOTOIPDAHHUKOB C €JUHUYHBIMI COIIPOTUBJICHUSAMU.

ITepes hopMyIMPOBKOIT OCHOBHOIO pe3yJibraTa 3Toro pasjesa (reopemst 3.2)
PacCMOTPUM OJIMH YaCTHBIA C/Iydaii.

I[TPuMEP 3.1. PaccMOTpuM 3JIEKTPUYECKYIO TI€Ib, MOJIYIEHHYIO U3 pEdep
Terpasjipa Tyzt IPUINCHIBAHUEM €IMHIYHOIO COIPOTUBIICHUST KaXKIOMY PeOpy
(em. puc. 2). Ilycrb rpaHUYHBIME BEPIIMHAME TOM 1ienu Oy/yT BEPIIMHbL T U Y
¢ dyukiwmeit g Ha HUX, paBHOil 1 1 0 coorBercTBeHHO. [loMeHsieM B 9Ol TienH
BepHIMHBI 2 1 t MecTamu. Llenb He N3MEHUTCs, TTOITOMY 10 TeOPEME €/[HHCTBEHHO-
cru 2.2 HOTEHIMATIBI TOXKE He n3MeHsATCs. 3HadanT, u(z) =u(t). ITo akcrnome 2 mme-
eM (u(z) —u(x)) + (u(z) —u(y)) + (u(z) —u(t)) =0, mosromy u(z) =u(t) =1/2.
Buaunt, 3GdHeKTUBHOE COMPOTUBIEHIE MEXK/Iy BEpIIMHAMU T U Y:

_g(@) —gly) 1-0 1
Rz y) = iw(x)  12+1/2+1 2
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u(z) =1/2

u(t) = 1/2

Puc. 2. Terpasap ¢ eIHHHIHBIMH COMPOTHBICHUSIMHI

B sTom mpumepe mj1st BeraucsaeHust 9(p@QeKTHBHONO COPOTUBJIEHUST TETPASI-
pa MeKJly JBYMS €r0 COCEIHUMHU BEPIITHHAMEI MbI BOCIOJIL30BAJIACH CUMMEMPU-
eti maaHOro rpada. Cremyromiue ompeae/IeHns IPEJICTABIISIOT (POPMATI3AIIIIO
[OHSATUS CUMMETPUHU.

Cocennne Bepmmubl rpada (TO €CTh BEPIINHBI, COCAUHEHHDBIE PEOPOM),
OyJIeT TakyKe HasbIBaThb cmedtchoimu. Camocoemewenuem (M asmomoppus-
mom) rpada I' HA30BEM TaKyrO IEPECTAHOBKY €r0 BEPINUH, KOTOPas COXPAHsI-
€T OTHOIIIEHNE CMEXKHOCTH (JPYTUME CJIOBAMH, COCE/IHIE BEPIIUHBI JIOJIZKHbI
nepexoauTh B coceqauue). [losopomom rpada I' sokpye eepwunve z HA30BEM
CaMOCOBMEILIEHHE 3TOro Ipada, OCTaBJISAIOIIee Ha MecTe Bepuuny z. Ilenmpom
cummempuu rpacda I' HaA30BEM TaKy BEPIIMUHY 2, YTO JIFOOYIO CMEXKHYIO C 2
BEPIINHY MOXKHO IIEPEBECTH B JIFOOYIO APYIYIO CMEXKHYIO C Z BEPIINHY KAKUM-TO
IIOBOPOTOM BOKpPYT z. I'pad I' HazbIBaeTCst npasuavHbiM, €CJIM BCE €r0 BEPIIU-
HBI — [IEHTPBI cuMMeTpun rpada. OcrapisieM IUTATENIO IIPOBEPKY TOIO, UTO
CTEIIeHN BEPIIUH Ha KOHIAX JI060ro pedpa MpaBUILHOIO Ipada COCTABIIAIOT
OJIHY ¥ TY 2Ke T1apy udnces (BO3MOYKHO, OJIMHAKOBBIX ). IIpuMepsl mpaBUIbHBIX
rpadoB: npaBUIbHBIE (U HEKOTOPBIE MOJIYIPABUIbHbBIE) MHOIOIDAHHUKH JTIIOO0I
pa3MepHOCTH; TIPaBUJIbHBIE PEIETKN HA €BKJIUIOBON IIJIOCKOCTHU, IJIOCKOCTHU
JlobaueBCcKOro u MX MHOIOMEPHBIX aHaJIorax; PeIIéTKU Ha Tope U T. 1. Herpu-
BHAJILHBIA mpuMep: rpad poMOomoieKkasnapa. JTO MHOIMOIPAHHUK, KOTOPLI
[TOJIy9aeTCsl, €CJIM K KaXXIOW I'paHu Ky0a IPUCTABUTH II0 YEeTHLIPEXYIOJIbLHOI
NUpaMUJie TaK, YTO BCE TPEYTOJbHUKHU, IPAHIIAIINE TI0 PEOPaM Ky0da, COJIBIOTCS
B poM0ObI. [ToBepxHOCTE pOMOOIOAEKa3aPa COCTOUT U3 12 poMboB. OH HETPUBU-
aJIeH TeM, YTO €ro BEPIIMHbI UMEIOT Pa3Hyto crenenb (3 u 4).

[TousiTre npaBusbHOroO rpada 3aMMCTBOBaHO U3 crarbu [3).

OcHOBHO#I pe3yJsibrar pasjesna — cieyoras (GoJbKIOpHas TeopeMa (CM.,
Hapumep, [19]).

TEOPEMA 3.2. Ilycmwv epag asexmpuveckoti uenu u3 eduHUYHOLE CONPO-
MUBAEHUT ABAAEMCA NPASUALHOIM U uMeem m pébep u n sepwun. [Ipedno-
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AOHCUM, WMO T U Y — cocednue sepuwunv, cmenenet k u I coomsememeerto.
Tozda sppexmueroe conpomusaeHue MerHcIy BEPUUHAMY T U Y BHMUCAAECTCA

1o popyac R(x < y) = (% + %) (1 - %) =

JOKA3BATEJIBCTBO. Paccmorpum 3amaay HeitmaHa co cieayrommuMu rpa-
HUHBIME yCJIOBHSIMH: B HEKOTOPYIO BEPIINHY z HaIlero rpada BTeKaeT TOK
(n—1)/n, a n3 Bcex 0CTAIBHBIX BEPIINH BbITEKaET TOK 1/n (1.e.i(2)=(n—1)/n
u i(w) = —1/n upn w # z). Ilo Teopeme 2.6 y 310it 33744 €CTh HEKOTOPOE
perenue u,. [lomoxxum cravgana z = x. Bo3bMEM J1Be IPOM3BOJILHBIC COCEHIE
¢ x BepmmHbl w u t. B cuiny mpaBumibHocTH Harmero rpada, HEKOTOPBIH 1o-
BOPOT rpada BOKPYT BEPIIMHBI & II€PEBOJUT BepUIMHY w B Bepruny t. [Ipu
5TOM [OBOPOTE TPaHUYHBIE ycaoBust HefiMana He M3MEHSIIOTCsI, CJI€JI0BATEIIbHO,
10 TeopeMe 2.6 MOTEHIHAIBl MOIYT M3MEHUTELCS TOILKO Ha HEKOTOPYIO OOIIyIO
JJIs1 BCEX BEPIIUH KOHCTAHTY. TaK KakK IMOoTeHIIruaJI BEPIINHBI X HE U3MEHAETCH,
BCe IOTEHINAJIBI TaKyKe He M3MeHsorcs. 11o9roMy HOTeHIma) BepIIMHBI W
paBeH MOTEHIINAJy BEPIIUHLI ¢, U TOK, TEKyIIuil mo pedbpy xw, paBeH TOKY, Te-
KyIemy 1o pebpy xt. I3 aToro ciemyer, 9T0 U3 BEPIINHBL T B JTIOOYIO COCETHIOI0
C T BEpIIMHY TEYET OJUH U TOT Ke ToK. CyMMapHbIil TOK, BTEKAIONIHIl B II€Ib

Jepes BepInHy &, pased (n — 1)/n, HosroMy TOK, TeKyIuil 10 pebpy Ty, paBeH
%(1 — %) AHaJIOTHYHO B Caydae z = Yy 10 pedbpy Y& TEIET TOK %(1 — %)
PaceMOTpHM IOTEHIMAT U = Uy — Uy. FCHO, 9T0 4y (2) =1, 14, (y) = —1 n iy (w) =0
npu Jiro00M w, OTIUIHOM OT = u . [Ipu sTom

. 1,1 1
1, CJIeJIoBaTeJIbHO,

Rz & y) = ut?ﬂ;;@) _ Z'u(i"sy) _ <%+%) (1_ 1) _n—1 0

ITpuMEP 3.3. Paccmorpum 6eCKOHEUHYIO KBa/I-

Pad 3 paTHyIO ceTKy 72 U3 eJIMHIYHBIX COPOTHBIICHHMIE,
[ A B KOTODPOH BBIJICJIEH KBaJIpaT C IEHTPOM B y3JIe
A CEeTKH U BepIIMHAME B y3JIaX CeTKU (CM. puc. 3).
\‘ A BripexkeMm ero m3 ceTkM W OTOXKJIECTBUM TOYKU

\ HA [IPOTUBOIIOJIOKHBIX CTOPOHAX (KOTOPbIE COBME-

2 O1aI0TCsd IMapaJijIeJIbHBIM II€PEHOCOM BI0OJIb CTOPO-

k HBI KBaJI[PATa) TaK, 4TOObI Oy YnIICs TOp. BuaHo,
2 YTO IIOJIy4YMBIIad CeTKa Ha Tope dABJSeTCA IIpa-
BUJIBHBIM TI'padoM, MMO3TOMY IO Teopeme 3.2 co-

Puc. 3. Cerka Ha TOpe ..
MIPOTUBJIEHNE MEYKLY JIBYMS €€ COCETHUMHU y3JIaMU
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paBHO %(1 — %), rae S — wiona b KBajpara. B yacTHOCTH, €Ciu BepIIUHbI
KBaJIpaTa pacloJioxkeHbl B y3iax (n;n), (—n;n), (—n; —n), (n; —n), To compo-
TI/IBJIeHI/Ile MEYKJTy COCETHIMM Y3JIaMU TIOJIy9eHHof cemku 1na mope 73, PaBHO
5 1 - 4_"7/2 .

Tax ke JIerKO HAWTU COIMPOTUBJICHUE MEXKJy COCETHUMU BEPIIMHAMU JIJIsT
IPABUJIbHBIX MHOTOTPAHHUKOB C €IMHUIHBIMU CONTPOTUBIeHuAMEU pedep. Jlst
Kyb6a oHO paBHO 7/12, jist ukocasapa— 11/30, mus nomexasapa — 19/30, mjist
pombozoekaspa — 13/24. B ciayuae 6eCKOHEUHBIX NIPABUIBHBIX IpadoB ObLIO
Obl €CTECTBEHHO OXKUJIATH, YTO Jpo6b 1/n B IEpBOM pABEHCTBE TEOPEMbI 3.2
MOKHO 3aMmeHuThb Ha 0. /151 OeckoHeIHON KBaIpaTHON CETKN 3TO CIPABEITUBO
(aro B TouHOCTH M yTBepkaaer Teopema 1.1(B)). Oanaxo mis 6eCKOHETHDBIX
rpadoB aHAJIOT TeopeMbl 3.2 BepeH He Bceraa. KOHTPIPUMEPOM CIIyKHUT OecKo-
HeYHOe OMHAPHOE JIEPEBO (CTeleHb KaxK 0l BEPIINHBI B TAKOM JIepEBe paBHa 3).

JlasibHellast 9acTh § 3 He UCHOJIB3YEeTCs IIPU JIOKA3aTeIhCTBE OCHOBHOTO pe-
3yJabTaTa cTarhu. [lokakeMm, Kak paccyKJIeHns U3 J0Ka3aTebCTBA TEOPEMBI 3.2
[TO3BOJISIOT TOJIYIUTD M€ HECKOJIBKO JIFOOOIBITHBIX yTBep2KAeHui. [IpaBuiib-
HBIH Tpad OyaeM HA3BIBATD JUAMEMPAALHO CUMMEMPULHDIM, €CITH €T0 BEepIIT-
HBI MOXKHO pa30UTh HA APl JUGMEMPAAILHO NPOMUBONOAOHCHBLL TAK, UTO IIepPe-
CTAHOBKA BEPIINH, OJJHOBPEMEHHO MEHSIIOIIAs MEKy COOOI BEPIIUHBI B KaXKI0i
nape, sIBJISIeTCs CAMOCOBMeIleHreM rpada, u Jirboit TOBOPOT BOKPYT KAKOW-JIU-
60 BepIIUHBI rpada OCTABJISIET Ha MECTE TaKXKe U e€ JIMaMeTPAJIBbHO TPOTUBOIIO-
JoxkHyI0 Bepiuny. st (moJty)mpaBuIbHBIX MHOTOIDAHHUKOB TaKoe pa3bneHne
Ha [apbl CTPOUTCSI C TIOMOIIBIO IEHTPAJIBHON CHMMETPUY MHOTOIDAHHUKA.

TEOPEMA 3.4. ILlenb ¢ eQUHUMHBLMU CONPOMUBACHUAMYU MAKOBA, YIMO €€
epap I' ¢ n sepwuramu asasemcs QUAMEMPAALHO cummempuyHoim. TTycmo
K d8YM €€ cocedHUM BEPUIUHAM NOJEEAU HAMPAHCEHUE MAK, YO NO COCOUHA-
owemy ux pebpy noméx mox i. Toeda no duamemparvHo NPOMUBOTLOAOAHCHOMY
pebpy mewém mox i/(n —1).

JIOKABATEJ/IbCTBO. /locTaTo4HO paccMOTpeTh yJ/I00HOE HaM HEHYJIEBOE
3HAYEHUE ¢ U JIJIsi HETO JIOKA3aTh, YTO 110 JUAMETPAJILHO IPOTUBOIIOJIOXKHOMY
pebpy Teuér ToK i/ (n — 1). O6o3HAUNM COCe/IHIEe BEPIIUHBI, K KOTOPBIM TIOIBEJIN
HampsKenue, depe3  u y. [Ipu mokazaTebcTBe TeOpeMbl 3.2 I MTOTEHITHAIA
U = Uy — Uy OBLT HaiiJlen TOK

i:=1dy(zy) = (% + %) (1 — %)

nMenno 3T0 3HaYeHue ¢, He OrPAHUYMBas OOIHOCTH, Mbl B PACCMOTPHUM. IlycTh
Terepb ' 1y’ — BepmuHbI rpada, IMaMeTPaIbHO TPOTHBOIIOJIOXKHBIE T U Y COOT-
BercrBerHo. Tok i, (y'2") obosuaunm depes i'. IIycrs v :=u, — uy. Pacemorpum
Tenepb moTeHnman u + v. [lo kaxgomy u3 pédep xy u y'x’ Gymer Tedb TOK i+ 7.
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Ho u4v=(uz —ug ) — (uy—u,). 3-3a cUMMeTPUYHOCTH ¥ IPABUIBHOCTH Ipada,
IOTEHIMHAT Uy — Uy JACT TOK 1/k 110 pebpy xy, a moTeHmua u, — wu, — 1/1.

Orcrona
1 .1 _ ., +_ (1 1 1 ./
EJF?—Z“_(KFZ)(I n>+z'
Suagur,
(1 1)1 i1
Z‘(EJFT)E A

To ecrb 110 TPOTUBOLOJIOKHOMY pebpy Teuér ToK i/(n — 1) (upuuém ecim
110 pebpy Zy OH TEK OT T K Yy, To 1o pebpy z'y’ ou Gyzxer reus or y' k 2’). O

B wacrHOCTH, U151 MKOCasIpa mostydaercss Tok i/11, nomekasapa —i/19,
pombo/ioiekaspa —i/13, kyba—1i/7.

Cremytonuii pe3yIbTaT IO3BOJISIET J0Ka3aTh TeopeMy 3.2 it Hojee Mupo-
KOTO KJjiacca IpadoB, YeM PacCMOTPEHHBIN paHee.

TEOPEMA 3.5 (teopema Pocrepa [14]). B komeuwnot ssexmpuieckol yenu
C N GEPUUHAMU HA NPOUSEONLHOM CEAZHOM 2pape ¢ NPOU3EONDHBLMU CONPO-
MUBAEHUAMU PEOED GHINOAHEHO
R(zx <+ y)
YT
R(zy)

zy
20e cymma 6EPEMCA MO 6CEM HEOPUEHMUPOSAHHBLM PEOPAM TY INEKMPUMECKOT
YENU.

JIOKABATE/JILCTBO. HamoMmuuM, 4TO MOTEHITUAT U, SBJIACTCS PEIICHUEM
crepyiomeit 3amaan Heiimana: i(z) = (n — 1)/n n i(w) = —1/n npn w # z.
Teopema mosrydaercs u3 Ciaeayroneil MernoYK PABEHCTB:

Z Rg(z,)y) = Z (Zux (zy) — iy, (Jﬁy)) = Z (1% (xy) + iy, (yx)) =
:ZZZ%(W/):ZH;I =n-—1.

Bropoe pasencTBo ciiejryer u3 Toro, uro B Jii06oii nenu i(xy) = —i(yx). Tperbe
PABEHCTBO CJIEAYEeT U3 TOTO, YTO CYMMUPOBATH 110 OPUEHTUPOBAHHBIM PEOpaM

MOYKHO JIByMsI criocobamu. IlepBblii — cyMMUPOBATH 110 HEYIIOPSIIOYEHHON ape
(Hauas10, KOHel) U 06OUM BO3MOXKHBIM HAIIPABJIEHUAM (J1€Basi 9acTh), BTOPOil —
CYMMUPOBATh 0 HAYaJIy, & BHYTPU 3TOIO CyMMUPOBAHUS CYMMUPOBATD 110 KOH-
iy (mpasast 9acTb). YeTBEPTOE PABEHCTBO SIBJISIETCsI CJIEJCTBUEM OIIPEJICJICHHsI
HOTEHIUAA Uy. 151706 PABEHCTBO BBITEKAET M3 TOrO, 94TO B rpade n BEpIIUH.

Ocraoch NOSICHUTD JIMITH [IEePBOe PaBEHCTBO. PaccMOTPUM JiBe COCEHUE
BepmuHbl T 1 Y. Honoxum v = u,; — uy. [lorenmuan u sapigeTcs pemennem
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zajgaqn Hefimana, B KOTOpOil B BepIIMHY & BXOJUT TOK 1, & W3 BEPIIUHBI ¥y
BeIxoauT TOK 1. ITo ompenenenuto 3¢(hHeKTUBHOTO CONPOTUBIEHUST MEXKY Bep-
MIAHAMA £ U Y TTOJIYIUM

u(z) —u(y)

B siokazaresberBe TeopeMbl 3.2 GbLI0 3aMeUeHO, UTO iy (x) = 1. Tlo onpeenernto
TOKa I10 pebpy, nMeem

Rz ¢ y) =

u(z) — u(y) = iu(zy) R(xy).

Ob6beiuHsist 3TO, TOJIyUIaeM
Rz < y) .

Haxowner, o omnpenenenuio u

R(];;(—Z/)w =y, (2Y) — by, (2Yy). O

N3 Teopembr Pocrepa criemyer TeopeMa 3.2 [yt pébepro-mpaH3umueHo2o
rpada ¢ eIMHUIHBIMU CONPOTUBIEHUSIMU — I'pada, s JIIOOBIX JABYX pedbep
KOTOPOT'O CYIIIECTBYET CAMOCOBMEIIEHNE 3TOTr0 rpada, MepeBoisdiiee IepBoe
pebpo Bo BrOpoe (cM. 3asgady 10 ma crp. 63). CTOMT 3aMeTUTH, YTO MMEHHO
B 9TOil obuHOCTH TeopeMa 3.2 Obuia JoKasaHa B crarbe [19]. Kiacc pébep-
HO-TPAH3UTHUBHBIX I'PadOB IHpe, IeM KJIacC IpaBUILHBIX Ipados. IIpocreitmmmit
npuMep pebepHO-TPAH3UTUBHOTO rpada, KOTOPBI He sBJISeTCs TPABUIBHBIM, —
sro rpad Jois (n3BecTHbIi Tak:ke Kak rpad Xosbra, cm. |9, 10, 16] u puc. 4).

Puc. 4. I'pa¢p Hoiinst
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§4. IIOCTAHOBKA 3AIAYU
O JABYMEPHOI KBAJ/IPATHON CETKE

Temeps HacTAJIO BpeMsT 0OpATUTHCSI K OECKOHETHBIM 3JIEKTPUIECKAM IIETISIM.
BameuaresibHOE BBEJEHUE B ITOT mpeiamer mmeercst y 3emansiHa [30]. Hame
U3JI0’KeHIe BO MHOI'OM CJIEJyeT €ro MOJXOY.

Haunnas ¢ aToro MoMeHTa BCe 3JIEKTPpUIECKHUE Ieln OyIyT UMeTh eIuHII-
HBIE COITPOTUBJIEHUST PEOED.

[IpuBenéMm ompeneaeHns MOHATUI, UCIOIL3YEMBIX B (DOPMYJIUPOBKE TEO-
pembr 1.1(B). Pacemorpum 6eckoneunyro keadpammyio cemxy Z2, COCTOSTITYTO
U3 TOYEK C LEJOUUCTEHHBIMUA KOOPAUHATAMU, B KOTOPOI BCE COCEIHIE TOUKH
(TO €CThb TOYKHU Ha PACCTOAHUU 1) COoeIMHEHBbI € JMHUYIHBIMI COIIPOTUBJICHUAMU.

Tt byHKINM U, 38aHHOM B y3/1ax ceTKH Z2, 6ynem obo3nauaTh depes [
onepamop ycpednenua®) 1Mo COCCIHIM BEPIINHAM:
u(m—1,n)+u(m+1,n) +u(m,n—1)+u(m,n—+1)

7 .

Ou(m, n) :=

B cayuae cerkn Z2 JaHHOE paHee olpe/iesIeHie TapMOHIYeCKoH ByHKIHI CTAHO-

BUTCsE TaKUM: (DYHKIIWsI 14 TapMOHUYHA B TOUKe (m, n), eciiu u(m, n) =u(m, n).
Hazosém cmandapmmsim nomeryuanom wa Z° dyuxmumio u: Z2 — R, yio-

BJIETBOPSIIONILYIO CJIEYIONMM akcuoMaM (cpasuute ¢ akcuomamu 1'-2 B §2):

Akcuoma 1" (rpannunoe ycnosue Helimana u cuvmerpust).
i0(0,0)=1, iy(1,0)=—1 u u(0,0) = —u(l,0).
Axcuoma 2" (npasuno rokos Kupxroda).
iy(m,n) =0 upu (m,n)#(0,0),(1,0).

Axcnoma 3" (komedHocTh TENIoBONH MOMHOCTH). (Qy < 0.

Dopmyia j1/Is TOKa Ha ceTKe Z2 uMeeT 0COOEHHO IIPOCTOI BII:
iu(m,n) =4u(m,n) —u(m—1,n) —u(m+1,n) —u(m,n—1) —u(m,n+1).

Takum 0Opas3oM, CTaHIAPTHBIN MOTEHIINAJ — 3TO (DYHKIIAS, TapMOHUYIECKA
BO BCex yamax cetku Z2, kpome Todex (0, 0) m (0, 1), amsa KoTopbix 4, (0, 0) = 1,
in(1,0) = —1. Kpome Toro, TerioBasi MOITHOCTb 3TOH (DyHKIMH KOHEYHA U

u(0,0) = —u(1,0).

3) Yacro paccMarpuBaercs Takxke duckpemmwiti onepamop Jlanaaca A =0 — 1, rue 1
o603HaYaeT TOXKIECTBEHHOE OTODpaskeHue.
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[To anajorun ¢ 9 HEKTUBHBIM COMPOTUBIEHNEM KOHEIHBIX 9JIEKTPUIECKAX
neneii (1) ompeesnM COMPOTHBICHHIE MEXK/Ly COCEIHNME Y3IaMI CeTKH Z2 Kak

u(0,0) — u(1,0)

R((0,0) & (1,0)) == ==

Harmre ompemesierne cTaHmapTHOrO MOTEHUIIAIa TOIUTCS HE s JII000it
OeCKOHETHOM 3IeKTpUUecKoii reru. Hampumep, 1myist 66CKOHETHOTO JIepeBa, y KO-
TOPOTO U3 KarKJI0# BEPITUHBI BLIXOIUT POBHO 3 pebpa, CTaHIapPTHBIN TOTEHIINAT
U COIPOTUBJIEHNE MEXKIy COCEIHMMHU y3JaMU He OIPEIesIsIiOTCS OIHO3HATHO
aHAJJOTMIHBIMI akcrnoMamu. CylecTByeT APYroil MOIX0/ K OIPEIe/IEHN0 10~
TeHIIMAaJIa ¥ COIPOTUBJIEHNsT OECKOHETHBIX JIEKTPUIECKUX IIEIeil C IOMOIIBIO
«HUCYePIIbIBaHUAd» KOHCIHBIMUA ITCIISAMU. HpI/I TaKOM IIO/JIXO/I€ IVIaBHad TPYIHOCTDH
3aKJII09aeTCd B 000CHOBAHNN KOPPEKTHOCTH IIPEIe/IbHOIO mepexoia. 11peomso-
JIeTh €€ HEeIpOoCTO, MMOATOMY MbI TAKOM MOIX0 00CYKIaTh He OyaeM.

Kax ormeuasioch panee, Jijisi COPOTHBJICHUS MEXKJY COCETHUME Y3JIAME
ceTkn Z? ocTaéTcs crpaBenBoil TeopeMa 3.2, ecyiu B Helt 1pobb 1 /M 3aMeHUTH
nyaém. [lpuBeném HEeCKOBKO yOEINTEIbHBIX PACCYKICHUH «Ha (DUZUIECKOM
YPOBHE CTPOTOCTH» , 0OOCHOBBIBAIOIINX ITOT Pe3y/bTaT. Kak Mbl yBUIUM, KaK-
JI0e TaKoe PacCyzKJeHue ONMUPAeTCd Ha TOT WJIN WHON <«OYeBHUIHBIN» (QakT,
JIOKa3aTeJIbCTBO KOTOPOro, Ha CAMOM JeJie, COBCEM He 3JIeMEHTapHO U JIarKe
CJIO2KHEe JI0KA3aTe/IbCTBA OCHOBHOTO PE3YJ/IbTaTa.

PACCY?KAEHUE C CYINEPIIO3ULMEN (cM. cebuiku B [30]). Bymem paccyzx-
JIATh TaK YKe, KaK B JIOKA3aTe/IbCTBE TEOPEMbI 3.2, TOJILKO 3aMeHuM 1/n Hy/1éM.
[Tycrs x := (0,0) u y := (0, 1). Paccmorpum cirepytomue ase curyarnuu. B mep-
BOM CJIydae IOJa UM B y3eJ & €IUHUIHBI TOK, & BO BCE OCTAJILHBIE y3JIbI —
HyJIEBBIE TOKHN (9TO BO3MOYKHO, TaK Kak Ielb Oeckonednasi). VI3 coobparkennit
CHMMETDHH, 10 BCEM YETBLIPEM PEOPAM, BBIXOMANIMM U3 BEPIIUHDLI &, TEKYT OJIH-
HaKOBBIE TOKU. 3HAYIUT, 110 peGpy £y TedéT TokK 1/4. Bo BTOpOM cityuae moja M
€JIMHUYIHBII TOK B y3€JI Y, & B OCTaJbHbIE Y3JIbl — HyJIeBble TOKU. 110 pebpy zy
TeuéT ToK —1/4. Bo3bMéM pasHoCTb 9THX JBYX pacipejesenuii Toka. Temnepb
B y3€JI & eIUHUYHBIN TOK BXOJUT, a U3 y3Ja Yy OH BhIXOnuT. TOK 110 pebpy zy
paBen 1/4 4+ 1/4 = 1/2. 3uauur, pasHOCTh OTEHIMAJIOB MEXKJy T U Y PaBHA
1/2. TTockoyibKY B & BTEKA€T €JMHUYHBIH TOK, CONPOTUBJIEHIE MEXKJY T U Y
pasmo 1/2. O

Kpumuxa paccyostcdenus ¢ cynepnosuyued, [30]. D1o paccyxjeHue HesIBHO
oImpaeTcs Ha cjeiylonme aBa (pakTa. Bo-IIepBbIX, OHO MCIOJIb3YeT CYIIEeCTBO-
Banme @dynxyuu 'puna Ha ceTke Z2, TO ecTh TAKOTO TOTEHIHATA Uz (M, n),
JIJIsI KOTOPOI'O TOK B y3Ji€ £ HEHYJIEBOM, 8 BO BCEX OCTAJbHBIX y3J1aX HYJIEBOM.
Bo-BTOpBIX, OHO MCITOJIB3yeT KOHETHOCTH TEILJIOBOM MOIIHOCTU I Pa3HOCTH
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uz(m, n) — uy(m, n) nByx dynxmumit I'puna (410661 MOXKHO GBIIIO YTBEPIKIATD,
9TO 9Ta PA3HOCTb €CTh CTAaHIAPTHBIH ToTeHIma). [locieanee yrBepxK ieHue
COBCEM HE OUEBH/IHO, TaK Kak cama dbyHkImst [ puHa HeOrpaHUIeHHO BO3PACTAET
Ha OECKOHEYHOCTH U MMeeT OECKOHEUHYIO TEIJIOBYIO MOIIHOCTD.

PACCY}KILEHI/IE C HAJIO2KEHUEM HINHHIL. Paccym;[eHI/Ie C HaJIOXKEHUEM
[IMHBI — 3TO TIONBITKA MCIPABUTH HEJOCTATKH B IIPEIBLIYIIEM PACCYZKJICHUN.
HaJstoxkuMm 1mmny ¢ HyJIeBBIM CONPOTUBJICHUEM Ha TEPUMETD OYeHb OOJIBIIOro
kBagpara [—N, N] x [-N, N]. [Torenruast Ha 6ECKOHEUHOCTH CTPEMSITCS K Hy-
JIIO, TI03TOMY HAJIO?KEHUE INMUHBI MAJIO MOBIUAET Ha 3HAYEHUE NCKOMOI'O COIPO-
TuBsenusi. JlajbHelinme paccyKJIeHUsl TPOBOJSTCS ¢ TOYHOCTBIO JI0 TIOTPEITHO-
CTH, KOTOpast CTPEMUTCA K HY/II0 ¢ poctoM N. Ec/in nCTOYHMK € JMHIIHOTO TOKa
nojkoueH K rouke (0, 0) u mmmne, o u3 Touku (0, 0) B KaxKIbIil U3 YeTHIPEX
COCETHUX y3JI0B Te4YeT TOK, paBHbIil 1/4. Eciii xKe HCTOYHUK €MHIIHOIO TOKA
HOJIKJIIOUEH K 1mnHe u Touke (1, 0), To U3 4eThIpéx coceHuX y3/108 B ToUKy (1, 0)
BTEeKaeT TOK, paBHblii 1/4. 3HauuT, IPK MOJKIIOYEHNH 060UX UCTOYHUKOB TOKA
no pebpy mexiy (0,0) u (1,0) Gyzer Teub TOK 1/2 U pa3sHOCTH MOTEHIUAJIOB
B 9THX TOoUKax Toxke Oymaer pasua 1/2. I[Tockosnbky B (0, 0) BrekaeT eauHUIHbIH
TOK, CONPOTHUBJIEHUE MEXKJLy COCEIHUMU y3JIaMU CeTKU pasHO 1/2. O

Kpumuxka paccyscdenus ¢ nanrosceruem wuns,. Hanorkennas HaMu ITTHA,
cummerpuyHa orHocuTesbHO Touku (0, 0), Ho He Touku (1,0). [losToMy MBI
HEe MOXKEM CJeJIaTh BBIBOJ, YTO BO BTOPOIl CUTyaIlild BCE TOKHU, BHLITCKAIOIIIE
u3 y3ua (1,0), pasabl 1/4. MoxHo mokasarhb, 4ro 31u TOKU 6ju3ku K 1/4 1pu
6osbiiom N, HO JIJIst 9TOr0 TPeOyIOTCsT TOHKME OIEHKH ITOTEHITHAJIa B PACCMaT-
pUBAEMOI 3JIEKTPUYECKOIl eI B y3JIaX, COCEIHUX C IIUHOM.

[IpuBeném Terepb Apyrue paccykJeHus, KOTOPbIE, B OTJIMIHE OT IPEIIbIITY-
IIAX, CPABHUTEJILHO JIENKO JOBOJSATCA JI0 CTPOIOr'o J10Ka3aTe/IbCTBA.

PACCY>KJIEHUE C JIBOUCTBEHHOI SJIEKTPUYECKON IIEIIBIO, [29]. Pac-
CMOTPHUM 080UCMEEHHYIO IAEKMPULECKYIO Uenb, N300PaKEHHYIO HA PUC. 5 ITyHK-
TUPHBIME JIMHUSIMHA. DTO TOXKE KBaJ[paTHasi CeTKa, IM0O3TOMY COIpOTHB/IeHnE R
MeXKIy €€ COCeTHUMH y3JIaMH TaKoe Ke, KakK y mcxomaoi. Ilokaxkem, 4To co-
ITPOTUBRJICHUS JIBOMCTBEHHBIX TIellell JaioT B cymMMe 1 (TOF;La KazKJ10€ U3 9TUX
comnpoTuBenuii pasuo 1/2).

JLy1st 3TOTO yKaXKeM CJIeAYIONIHii CII0co0 IMOCTPOEHUsI CTAHIAPTHOIO ITIOTEHIIN-
aJia Ha JIBOMCTBEHHON IIENN, NCXO/Id U3 CTAHJIAPTHOIO NOTCHIINAJIA Ha UCXOTHON.
ITostoxkuM 3HaYEHUST TOTEHIIMAJIA HA KOHIIAX pebpa JBONCTBEHHON Ienu, repe-
cekarorero pebpo ucxoauoit nenu mexay (0,0) u (0, 1), paabivu (1 — R)/2
u (R —1)/2, coorBercrienno. Ha KaxKJ10M U3 OCTaIbHBIX PEGEP JBOHCTBEHHOI
[N IIOJIOZKUM PA3HOCTb IIOTEHIINAJIOB PABHOI TOKY 4Yepe3 IepPeCceKaloIee
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Puc. 5. /IBoiicTBeHHBIE 3IEKTPHIECKHE TIEITH

ero pebpo MCXOMHOM 1enu (¢ HmoxxoidmuM 3HakoM). HerpyaHo yGeaurbest
(M. 3aziady 8 Ha cTp. 63), 9TO STUM KOPPEKTHO OIIPEIE/ISeTCst HeKOTopas (DyHK-
1l Ha JIBOHCTBEHHOI Ielu, yJaoBjeTBopsiomas akcuomam 1”7-3" ¢ Tounocrbio
110 nopopota Ha 90 rpajycoB. 3HAYHUT, TOCTPOEHHAs (PYHKIMS — CTaHIAPTHBIIM
ITOTEHIINAJI U COIPOTUBJIEHNE TBORCTBEHHON 1enn papHo 1 — R. O

[IpuBenéumoe paccyKJeHrne UCIOIbL3YeT TOJBKO CYIIEeCTBOBAHUE W €TMH-
CTBEHHOCTBb CTaHJIAPTHOTO MMOTEHIHAJa, KOTOpbIe OyayT jgokas3asbl B § 5. Hejo-
CTATOK TOrO PACCY’KICHUA B TOM, UTO OHO HCIOJIB3YeT CHenuduKy ceTkn Z2
U €ro TPY/IHO 0OOOIIUTE Ha JIpyrue OeCKOHeUHbIe MpaBujibHbe Ipadsbl. [ToaTomy
MBI He pas3bupaeM ero moapooHO.

PACCYYK/IEHUE C TIPE/IEJbHBIM MTEPEXO/IOM. CeTka Ha Tope Z3, — 3T0
PaBUJILHBIN rpad, KOTOPBIA «CTPEMUTCH» K CETKE 7?2 IIPU HEOIDaAHUYEHHOM
BO3pacTaHuy 9ucCaa 7. [109TOMY CONMpPOTHBIIEHHE MEXKIY COCETHUMU y3JIaMU
CEeTKH Ha Tope Z%n CTPEMUTCSI C OJIHOM CTOPOHBI, K COINPOTUBJIEHUIO MEXK Y
COCETHUMU Y3JIaMU JIBYMEPHON ceTKH, a ¢ Apyroii —k 1/2; 1o reopeme 3.2. [

NmenHo 310 paccyxkjieHne Mbl pa3depéM MoapoOHO B MOC/IEIYIONINX Hapa-
rpadax.
§ 5. OCHOBHBIE TEOPEMbBI O [TOTEHIIUAJIE
HA KBAJIPATHOW CETKE

VYeraHOBUM OCHOBHBIE CBOICTBA MOTEHIINAJIA HA OECKOHEUHON KBaIpaTHOMN
cerke Z2. Hamm paccy K IeHust SleMeHTapHbI 1 OCHOBBIBAIOTCS HA METOJIE PeJIaK-
canuu (cM., Hatpumep, |5, . 32-34|) u sHEpreTUUECKUX ONEHKAX, BOCXOJISIIIX
k JI. A. JTiocrepuuky [26, §4.2].

TEOPEMA 5.1 (Teopema CyIecTBOBaHUsI CTAHAPTHOIO oTeHnuaxa). Cman-
dapmaoric nomenyuan na Z2 cywecmeyem.

JTOKABATEILCTBO. Nckomast dyukims u: Z2 — R GyaeT mpeiesomM mocie-
JI0BaTEIbHOCTH (PYHKIINI, KOTOPYIO MBI IIOCTPOUM, UCIIOJIL3YS CJIEIYIONTYIO UTe-
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PaIMOHHYTO NPONeaypy (memod pesakcayuu). BoibepeM mocsenoBaTebHOCTD
yanos (my, ng) € Z2\ {(0,0), (1,0)}, e k > 0, nocemaontyto Kaxislii y3er,
kpome (0,0) u (1,0), 6eckoreuaro muoro pas. ITociemoBarenbaocTs GyHKIMIT
{ur}32, 3amaéres HaYAIbHBIME yCIOBHAME

UO(Ov 0) = 17 UO(m> TL) =0 npn (m7 7’L) 7& (Ov 0)7
FpaHI/IquIMI/I yCJIOBI/IﬂMI/I
ug(0,0) =1, uk(1,0)=0 mpuk >0
U PEKypPPEHTHLIM COOTHOIICHUEM
Oug(m,n) upu (m,n) = (mg, ng),
Up1(m,n) = (2)
uk(mv n) npn (m7 n) 7é (mk7 nk)'

JlokaxkeM 10 MHIYKIIUU, YTO IMOCTPOEHHAS TIOCTIEI0BATEIBHOCTD (DyHKITHIT
VJOBJIETBOPSIET HEPABEHCTBAM

ug+1(m, n), (3)
Oug(m, n) (4)

Uk(m, TL) <
Uk(m, n) <

upu Bcex m,n, k. llpu k = 0 stu HepaBencrBa oveBuiHbL. [Ipu mpounssosib-
oM k > 0 mepBoe HEPaABEHCTBO CjedyeT u3 BTOPOro. JlelcTBUTENLHO, MpU
(m,n) = (my, ng) nmeem

g (e, ) < Oug (mg, ng) = g (M, ),
a upu (m, n) # (M, ni) BBIIOJHIETCS PABCHCTBO
up(m, n) = ugy1(m, n).

BHauuT, JIs JJOKA3aTeJbCTBA 1ara WHIYKIMNA JIOCTATOYHO HPOBEPHUTH, YTO
u3 (3)—(4) BbITEKAET HEPABEHCTBO

ugt1(m, n) < Ougy1(m, n).
CuoBa paccMorpuM siBa Bapuanra. Eciu (m, n) = (mg, ng), T0
U1 (Mk, ng) = Dug(my, ng) = Ougr(me, ng),

IIOCKOJIBKY B y3J1ax, coceqHux ¢ (mg, ng), Ha mare k + 1 suauenust pyHxnmm
He MeHsunCh. Econ xe (m, n) # (mg, ng), TO

wp1(m, n) = u(m, n) < Oug(m, n) < gy (m, n).

Tpebyemblie nepasencrsa (3)—(4) 1okazaHbl.



CKBO3b CeTh COINPOTHBJICHUIH 49

Mb! HoJTyduam, 9To B Kaskoit Touke (m, n) € Z2 aucna {uy(m, n)} obpa-
3YIOT HEyOBIBAIOILYIO II0CJIEI0BATEILHOCTD, cojepKalyiocs B orpeske [0, 1].
Buaqant, ug(m,n) CTpeMsaTCsS K 3HAUYEHHIO HEKOTOPOM Ipe/esbHO (DyHKIN
v(m, n). Ilepexons K npejeny B paBeHcTBe (2) (110 TaKOii HO/IIOCIIEI0BATEIBLHO-
CTH UHJIEKCOB k, JIst KOTOPBIX (My, N ) — GUKCHPOBAHHAS TOYKA), HOJLYIaeM,
qr0 v(m, n) ectb rapMoHnYecKast dbyHKIus Bese, Kpome Todek (0,0) u (1, 0).
Uckomas dyHKIUS M0oIydaeTcs JUHEHHBIM TPe0OpPa30BAHUEM:

v(im,n) —v(l —m, —n)
iq,((), 0) - iv(lv O)

u(m, n) :=

31ech
iy(0,0) > v(0,0) —v(1,0) =1 u 1i,(1,0) <v(1,0)—v(0,0) = —1,

[O3TOMY 3HAMEHATE/b HEHYJIEBOIL.

[Mosyuaem, aro dyHkIms u(m, n) ToxKe rapMOHUYECKas Be3Jle, KPOMe TO-
qek (0,0) u (1,0). l'pannuansie ycnosus Heiimana u cuMMeTpust TpOBEPSAIOTCST
HEIoCPeJICTBEHHO.

[TpoBepuM, UTO TEIIOBas MOITHOCTD (Q, KoHeuHa. Ha Kaxk0M 1mare MeTosa
peslakCalui TeIIOBasi MOITHOCTh HE YBEJMYUBAETCS, TaK KaK JJIsi BEPIIUHBI
(m,n) = (Mg, ng) MEHAMYM KBaJIPATHOIO TPEXUJICHA

(we(m+1,n) = )* + (up(m—1,n) = t)*+ (ug(m, n+1) —t)* + (up(m,n—1) —t)*
JIOCTUTAETCS TIPH
t = Oug(m, n) = ugy1(m, n).

ITosTomy TemoBast MOITHOCTD (DYHKIIUK U, OCTAETCsI OrPAHUYIEHHOIL:

Ha mo6om xkBagpare N X N TenoBast MOIIHOCTD /it (DYHKITUH Uy, CTPEMUTCS
K TEIIOBOI MOIITHOCTH (PYHKIIMH v. SHAUUT, (Q,, < 4, a cjie0BaTe/IbHO, TeII0Bast
MOIITHOCTL (), TOXKE€ KOHEYHA!

4Q,
< <8
RN AR .

TEOPEMA 5.2 (TeopeMa €MHCTBEHHOCTH CTAHJIAPTHOrO norenrmasna). Cy-

wecmesyem ne 6osee 001020 CMandapPMHO20 NOMEHUUAa Ha L2 .

JIEMMA 5.3 (jiemma o TemioBoii MomHocTu 1iytn). ITycmov eepwuns,
U Y CoeduHeHd, 8 INEKMPUYECKOT Uent ¢ eQUHUNHBLMU CONPOMUBAEHUAMU
nymém u3 m pébep. Tozda meniosas MOWHOCTIL IMO20 NYMU HE MEHBUIE,

uem (u(z) = u(y))®/m.
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JOKA3ATEJILCTBO. IlycTh myTh U3 & B Y COCTOUT U3 BEPIIUH T = Xg, L1,
..., Ty =1. Torma o HepaseucTBy Kormu — ByHSIKOBCKOT0 TemioBasi MOITHOCTD

IIyTH HE MEHbIIe, YeM
m—1

S (ulwns) — u(z))? > L HW) .

m
k=0

O6ozuauum vepes I1,, npsimoyrosbauk [—n, n+ 1] X [—n, n], a gepes 9I1,, —
ero rpamumny (cMm. puc. 6).

JIOKABATEJIbCTBO TEOPEMBI 5.2. IlycThb ecTh JiBa pa3JnIHbIX CTaHIAPT-
HBIX [OTEHIUAJIA U] U U. PACCMOTPUM WX Pa3HOCTb U := Uy — Ug. st Heé
no-upexknemy u(0,0) = —u(1,0), remwmoBass MOIMHOCTE @y < 2Qy, + 2Qy,
HO-TIPE’KHEMY KOHEUHa, HO 4y, (2) = 0 yxe
BO BCeX y3Jax r cerku. JIokaxkem, 4To Ta-
Kast PyHKIUS U TOKICCTBEHHO paBHa, Hy-
mo. [pennonoxum, aro u(x) < u(y) mis
KaKNX-TO JIBYX COCEJHUX y3JIOB T U Y, Ha-
Ty upumep, x = (0,0) n y = (1, 0). Paccmor-
puM npsimoyrosibHuK 11, (cm. puc. 6). Tax
oIl KaK %, = 0 BHyTpu npsamoyroabauka 11,

[0 TIPUHIUIY MakKcuMyMa (Teopema 2.5)

GE naiiayres ysaet o',y € OIl,, mua xKoro-

z Yy poix u(z’) < u(0,0) u u(1,0) < u(y).
Coequnum x' 1 y' myTéMm, IPOXOAAIIAM

Puc. 6. Ilpsmoyromsankn 11, o rpauute OIl,. On cogep:xur He 6osee

8n + 2 BepIWH, TOITOMY TIO JIEMME O Tell-

JIOBO# MOIITHOCTH TIyTH (JileMMa 5.3) Ha HEM BBIJIEJSICTCS TEIIOBasi MOIIHOCTh

lu(z’) —u(y')|? [u(0,0) —u(1,0)|
HE MeHee W, 9TO HE MeHee h F 9 . HOSTOMy o6ma51 Tell-
JIOBasd MOIITHOCTDb
h . Ju(0, 0) — u(1, 0)[2
Qu > Z:l 8n + 2 )
n—=

TO ecTh Geckoneuna. [loryuennoe NpOTUBOpEUNE JTOKA3BIBAET, YTO HEPABEHCTBO
u(z) <u(y) HeBo3MOXKHO. 3HaUUT, u — KoHCcTaHTa. [lockoubky u(0, 0)=—u(1, 0),
dbyHKIWMs © paBHA HYJIIO TOXKJIECTBEHHO, TO €CTh U] = Ug. O

CHEJICTBUE 5.4. Cmandapmnwiti nomenyuan u wa 72 ydosiemeopsem
Pyrryuonasvromy ypasnenuro u(l —m, —n) = —u(m, n).

JTOKABATEJLCTBO. OueBniHo, uro dyukuus u(m, n) := —u(l —m, —n)
TOKE ABJISICTCS CTAHJIAPTHLIM IIOTEHIMAIOM Ha Z2. 3HAYUT, 10 TeopeMe €JIMH-
crBerHocTH (Teopema 5.2), nosydaem u(l —m, —n) = —u(m, n). O
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JIEMMA 5.5 (temma o moctmzkenun MakcuMyma). /Jlasa abozo n € N wmax-
CuMyM cmandapmmnozo nomenyuaia u 1a Z*, 63amuill no 6cem ysaam, ne ae-
orcawum 6 11,1, docmueaemes na OIL,.

HOKABATEJBCTBO. Ilyers M = sup, ¢y, , u(z). Ilo crencrsuio 5.4 1o-
ayaum M > 0. PaccMoTpuM 4acTh ceTkm Z2 MesKy npsaMoyroabHukamu 11,
u Il ¢ mapamerpamu n < k. dcHo, ¥T0 Mg 70CTATOYHO O6OIBIMNUX k MaKCHMyM
dyuknum u no takoit dburype oyer 6ombine M /2. Io npuxnuny Mmakcumyma 2.5
MaKCUMyM U 110 (PUType JOCTUraeTcs Ha rpaHutie 31o#t ¢purypsl. [Ipemsmonoxum,
9ITO IPU KAaKOM-TO k oH pocturaercst Ha Ollg. Torma u mpu Bcex m > k MakcuMyM
10 yacTu cerkn Z>2 Mexkay upsmoyronsbuukamu 11, u I, mocruraerca ma Oll,,.
ITo cnencreuio 5.4 rpanuna Oll,, comep:kuT ase Touku x’' u y', Takue 4TO
u(z') > M/2, u(y') < —M/2. Coequaum z’' u y' nyrém, npoxogsimum 1o OlL,,.
OH comepkut He Oojiee 8m + 2 BepiuH, mMosToMy 10 Jemme 5.3 Ha Oll,
BBIJIC/IATCS TeIIoBas MOITHOCTD He MenbIine M2 /(8m +2). CyMMupys JaHnbre
OIIEHKH TI0 BCeM M > k, MBI IIOJIy9aeM, 9TO TEIJI0OBasi MOIITHOCTh CTAHIAPTHOTO
noreHnuaga OECKOHEYHA, YTO HMPOTUBOPEYUT OIPEJIETEHUIO. 3HATUT, MAKCH-
MyM U [0 paccMmaTpuBaemoii durype mocruraercst Ha Oll,. CremoBaTesbHO,
U MAKCHUMYM II0 BHEITHOCTH NIPsiMOyToJibHIKA [, ToXKe jtocTuraercs Ha rpanuiie
OII,, 3TOroO MPSIMOYTOTHHUKA.. O

TEOPEMA 5.6 (Teopema 06 yObIBaHMU HOTEHIUAIA HA OECKOHEYHOCTH).
Cmardapmmwidi nomenyuan u na Z> pasHoMepHo CIMpPemumcs K Hyao na bec-
KoHewnocmu, m. e. maxgy, v — 0 npu n — oo.

JOKABATE/ILCTBO. Ilycre M := maxg,, u. Torma mo jgemMme o gocTuzke-
HUM MaKcUMyMa 5.5 max g, v = M > 0 npu kaxaom m < n. Ilo cnencrsuio 5.4
rpanuna 01, comepxxur ase Toukn =’ u y', rakue uro u(z') = M, u(y’') < —M.
Coequuum o’ n y' nyrém, npoxojsanmmM 1o rpanuie. OH cogep:KuT He GoJlee
8m + 2 BepIInH, IO3TOMY 110 JIEMME O TEIJIOBOI MOIIHOCTH IIyTH 5.3 Ha I'DaHUIE
npsaMoyroabauKa, 11, BbIaeaseTcs TerioBas MOIIHOCTB He Metiee 4M? /(8m+2).

Buauut, obIast TerIoBasi MOIHOCTE (), HE MeHee Y 83 SHaguT,
5 -
MQ < nQul )
Z =
m=3 M

D10 o3Hauaer, 9To M CTpEeMUTCS K HYJIO C POCTOM 7, YTO U TpeboBagoCh. [

§ 6. COIIPOTUBJIEHME MEXKJY COCEJHUMM Y3JIAMU CETKU

[Tonmy4yenubie B IpeabIIYIIEM pa3iese Pe3y/IbTATHI BBITOJTHSIIOTCS HE TOJIBKO
ISt ceTKH 72, HO U B 3HAYUTEJILHO Oojiee obmeit curyanun. Jlis 1oKa3aTeb-
crBa TeopeMmbl 1.1(B) Ham noHaso6sTCsl UX aHAJIOIU JJisl CETKU HA TOpe Z%n.
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(—n+1;n—1) (n;n—1)

[ Jen)
o

(—n+1; —n+1) (n; —n+1)

Puc. 7. Ilpsimoyroseruk 11,1 u ero KoHTYp Ha TOpE

[Toarpad, B KOTOPBIH EPEXOUT KOHTYD TPSIMOYTOabHUKa 11,1 1pu cKieiike
[IPOTUBOIIOJIOXKHBIX CTOPOH KBaJjpara ¢ Bepruaamu (n;n), (—n;n), (—n; —n),
(n; —n), 6yaem mo-pexkHeMy obozHadaTh Uepes I, 1 C Z3 | cm. puc. 7. Cman-
dapmmoiti nomenyuan u, wa 73, oUpenesseTcs aHAJOTHIHO CTAHJIAPTHOMY
norennuany Ha Z2. Ero cymecrsoBanne U eJIMHCTBEHHOCTD CJICIYIOT U3 Teope-
MbI 2.6. /17151 HEro BBIMOJTHSIETCS CJIEAYIOMUI aHAJIOr TeopeMbl 5.6.

TEOPEMA 6.1 (Teopema 06 yObiBaHUN HA GECKOHEUHOCTH). 3HAUEHUA CTNAH-
dapmmozo nomenyuana u, na Z3, na nodepage I, _1 pasromepno cmpemamca
K HYA0, MO ecmb maxyy, , Un — 0 npun — oo.

JloKazaTeIbCTBO aHAJOIMYHO J0Ka3aTesIbCTBY TeopeMbl 5.6 U onmpaercs
Ha CJIeJLYIOIII pe3ysibTaT npeablayieii crarbu [5).

TEOPEMA 6.2 (3akoH coxpaHeHust sHeprun). Ecau siexmpuueckas uens
UMEEM POBHO 2 2PAHUNHDIE BEPUIUHDL T U Y, MO BVNOAHEHO PABEHCTEO

Q, = &) —9w)*
Rz < y)
JJOKABATEJILCTBO TEOPEMBI 6.1. Ilycrs M :=max gy, Uy Torma no npus-
Uy MakCUMyMa maxgr,, ¥ = M > 0 npnm kaxkjaoMm m < n. Anajormano
cnencTsuio 5.4 mosmydaem, uro Oll,, comepxut ase Touku ' u 3y, Takme 4TO
uw(z") =M, u(y') < —M. Coepuunm 2’ n y' myréwm, npoxopstmum 1o rpaaute. On
cozepKuT He 6osiee 8m + 2 BepIINH, IO3TOMY 110 JIeMMe 5.3 TeIIoBasi MOIITHOCTbD,
BblJe/lsieMasi Ha TPaHule HPAMOYyrosbHuKa Iy, He Menpute 40 2/(8m + 2).
BHauuT, 001ast TEIJIOBasi MOIIHOCTE (), He MeHee Y e B ITosromy

m=2
M2 g 2
< :
Q|
Z =

m=3 M

— iu(2)?- R(z © ).

O6oznaunm 4epes R, CONPOTHBIEHHE ceTKH 73, Ha TOpe MEXKIy y3JaMu
z =(0,0) uy = (1,0). C ofuOll CTOPOHBI, COIIACHO IIPUHIUILY MAKCUMYMa
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Un () — up(y) = i(zy) <1 (TOK, TeKyImumii o ofHOMY U3 pEOEp, He MPEBOCXOIUT
cymmapHoro toka). C JIpyroit CTOPOHBI, [0 3aKOHY COXpaHeHUsl SHepruu 6.2
JUISE CTAHIAPTHOTO MoTeHImaIa @y, = Ry = up(x) — up(y). Snaunt, @y, <1
u M crpemMuTcst K HYJIIO C POCTOM 7, 9TO ¥ TPebOBAIOCH. O

JIOKA3ATEJILCTBO TEOPEMBI 1.1(B). Ilo mamemy corsamenuto, mpsimo-
yrosbHUK 11,1 MOXKHO paccMaTpuBaTh OJHOBPEMEHHO U KAaK MTOJMHOXKECTBO
ceTkn 72, M KakK IOJMHOKECTBO CETKIH Z%n Ha Tope. PaccmorpuMm Ha 3TOM
IIPSIMOYTOJIBHUKE PA3HOCTD U — U, CTAHJAPTHBIX NOTEHIUAIoB Ha Z2 u 73, .
Ilo cBoficTBaM CTaHJAPTHBIX MOTEHIINAJIOB, 3Ta PA3HOCTDH SBJISETCHA T'apMO-
HUYeCKOI (yHKIMel BHYTpU mpsimoyrosibHuka 11, 1. 3HaunT, Mo mpuHIuIy
MakcuMyMa 2.5, eé MakcuMaJjbHOEe 3HadYeHHne JlocTuraercss Ha rpanure Oll, ;.
ITo Teopemam 5.6 u 6.1 3T0 MAKCUMAJIBLHOE 3HAUEHUE CTPEMUTCH K HYJIIO C PO-
CTOM N, 3HAYUT, U B JIIOOOW BHYTpPEHHEH TOYKe HPAMOYTOJIbHUKA Pa3HOCTh
u — Uy, crpemuTcs K Hyso. B wacraoctn, u(0, 0) = limy, 0 uy (0, 0).

I3 ycnosust HeiiMana ¥ CHMMETPHHU CJIEJLyeT, YTO CONPOTUBJICHUE CETKH 7>
mex ity yanamu (0,0) u (1, 0) pasmo

~ u(0,0) —u(1,0)

a COIIPOTHUBJICHUE CETKN Z%n Ha TOpE MeXKJ1y TEMU 2Ke y3J/laMHu paBHO

1, (0,0) —up(1,0)
Fn = iu, (0,0)

= 2u, (0, 0).

Tlosp3ysich MOKa3aHHON CXOAMMOCTBIO JJIsi 9TUX BBIPAXKEHUI U TeopeMoit 3.2,
10JIy4aeM

. .1 1 1
R= lim R, =1 -(1--):-. O
nl—%lo " nl—golo 2 4n2 2
OrmernMm oxuo creacrue dhopmyiasr R = 2u(0, 0), ycTaHOBIEHHON B 9TOM
JI0Ka3aTe/ILCTBE.

CJIEJICTBUE 6.3. 3nauenue cmandapmmozo nomernuuaira na Z° 6 navase
Koopdunam pasro 1/4.

§ 7. IVCKPETHASA TEOPEMA JINYBUJI/IA

Creyromee yTBepzKIeHIE, KOTOPOEe HAM Hy2KHO JIJIsT JIOKA3aTeIbCTBA OCHOB-
HOIl TEOpeMBbl, ABJISeTCS JUCKPETHLIM aHAJI0IOM TeopeMbl JIMyBULIsA U3 KOM-
IJIEKCHOTO aHAJIN3a. DTO He TOJBKO KPACHBLIN (haKT, HO U YI0OHbIH HHCTPYMEHT
JUIST U3yUYeHnst rapMoHudeckux dynknumii. Jluckpernas Teopema JImyBuiuis
u3BecTHA 110 Kpaitueii mepe ¢ 1930-x rogoB, cm. pabory Kamysa (8], a rakxe
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Xeitnpoponna [15]. Ba pasiauyHbIX J0Ka3aTeIbCTBA YCUIEHHON Bepcun Toii
TeopeMbl Ha ceTke Z" (cm. 3amedanue 7.4) MoryT ObITh Haiijenbl y Jdaddu-
Ha [12] (cm. Teopemy 5 m crexcrBue u3 neé) u Uro — Makkuna [17, c. 124].
Huckpernast Teopema JInyBusiss MHOIOKPATHO OOCYKJAJIaCh Ha CTPAHUIAX
«Maremarnueckoro IIpocsemienusi» (cMm. Takxke [6]).

TEOPEMA 7.1 (nuckpernas Teopema JInysuis). Ozpanuriennan 2apmoru-
weckasn na cemxe 72 GyHKUUA ABAACMCA KOHCMAHMOT.

[TpuBeném nBa pa3HbLIX J0KA3aTEILCTBA.

[TEPBOE JOKABATEJ/ILCTBO TEOPEMBI 7.1 (cMm. [8]). Pacemorpum dyHK-
805151
Azu(m,n) =u(m+1,n) —u(m,n) u Ayu(m,n)=u(m,n+1)—u(m,n),

KOTOpBIE TaK»Ke OYy/JyT OrPAaHUYEHHBIMH M rapMoHmdeckumu. llyctb byHK-
must Agu(m, n) He paBHA HYJIIO TOXKeCTBeHHO. [lepexo/isi mpu HeoGXOAUMOCTH
OT DYHKIUH % K —U, MOXKHO CIUTATH, YTO

M= sup |u(m,n)|= sup u(m,n)>0.
(m,n) €Z? (m,n) €Z?

st mo6oro e>0 MoxkHO HaiiTi ToUKy (m, n), mis koropoit u(m,n) > M —e.
V3 rapmonnanoctn GOyHKIUE U CIEYET, 9TO B KaXKJIOW U3 COCETHUX ¢ (m, n)
TOYeK 3HadeHus (PYHKOUM U He MeHblne, yeM M — 3¢, a B KaxKJIOil U3 TOYeK,
B KOTODBIE U3 (M, n) MOXKHO J0iiTu 110 pébpam 3a k 1maros, — He MeHbIIe, YeM
M — 3F¢. Buadenne € MOKeT GBITH BHIOPAHO CKOJIb YIOIHO MAJIBIM, [IOSTOMY
MOYKHO HaiiTh 06J1aCTh CKOJIb YTOIAHO GOJILIIOTO pa3Mepa, B KOTOPOi 3HAYeHUS
bynxmun v we menbmie, uem M /2. B wacTnocTn, na cerke Z? MOYKHO HalTH
kBajpar N X N cKoJb yroJHo 60JibIioro pasmepa Takoii, aro Ayu(m, n) > M /2
JUISE BCEX TOYEK 3TOro kpajpara. U3 sroro ciemyer, uro dyukims u(m, n)
BO3PACTET IPHU JABUXKEHUU BHYTPH KBaJipara napaJjuiesbao ocu Ox 1o Kpaiineit
mepe Ha M - N/2. Ho sTo nporuBopednt orpanudenHocta u(m, n).

[Tporusopeune nokaswiBaet, 9ro Ayu(m, n) = 0. AHATOTUIHO IPOBEPSIETCs,
aro Ayu(m, n) = 0. 3Ha4nT, U — HOCTOSIHHAS BYHKITHS. O

HeocTaTKOM 3TOT0 JI0Ka3aTeIbCTBA, SBJISETCs TO, YTO OHO CYIIECTBEHHO HC-
nosib3yer crnenuduky KpajaparHoii cerku. Criejiyroniee paccyzKIeHue IPOXOIuT
JIUIs MIMPOKOT'O KJIAacca CeTOK Ha IJIOCKOCTH, a TaKyKe HMO3BOJISIeT YCTAHOBUTh
6ostee cubHBL daxT. OHO HCIOJIb3yeT JeMMy, JOKA3AHHYIO B IpeIbLayIieit
crarbe [5, pasen 3.2].

JIEMMA 7.2 (1emMma o conporuBiieHnu kBajpata). Conpomusaenue mestc-
dy uenmpom u eparuyets K6adpammoti CEMmKY Pasmepom 2n X 2n cmpemumcs
K OECKOHEYHOCMY NPU HEOPAHUYEHHOM B03DACTNAHUL M.
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BTOPOE JJOKABATEJ/ILCTBO TEOPEMBI 7.1. IIpemosnoxum HpoTHBHOE:
mycTh u(m, n) — orpaHTdeHHAs rapMOHIYecKas (DyHKIIN Ha ceTKe Z2, KOTopast
HE ABJISETCA KOHCTAHTOW. Torma HaimayTcs JBa COCEIHMX y3Ja, B KOTOPBIX
naHHag QyHKIOUsS NPUHUMAET PasHble 3Hadenus. [ IpocToThl OyaeM CUUTATh,
aro u(0, 0) =0, u(1, 0) >0 (upubapiieHne KOHCTAHTHI COXPAHIET TAPMOHUIHOCTD
u orpannvyeHHocTh (yukiun). Torma

M= sup {u(m,n)} >0.
(m,n) €Z?
OmnpeesuM ocie10BaTeIbHOCTD (DYHKIHI {u) } KaK MoCIe0BaTeIbHOCTD 10~
TeHIIUaJIOB Ha KJIETYATbIX IIPAMOYTOJIbHUKaX Hk C 'PaHUYIHBIMU YCJIOBUAMMA
Hupuxire

up(0,0) =0, ug(m, n)‘( M.

m,n) € Ol =
Torma, coracHo MPUHIMIY MakcuMmyMa 2.5, B si060it Touke (m, n) € Il Oymer
BBINOJIHATHCS OIeHKa u(m, n) < uk(m, n).

ITo semme o conpoTuBIIeHHN KBapaTa 7.2 IMOJIyIaeM, 9TO COIPOTUBJIEHIE
mexkay yaiom (0,0) u rpanureit kiaerdaroro npsmMoyrosibauka Il crpemurcst
K GeckoHeunoctu ¢ pocroM k. Tak kak pasHocts norernuasos mexiy (0, 0)
u rpanureil pukcuposana u pasua M, Brekatomuii B a1y 1enb depes yzen (0, 0)
TOK CTPEMUTCSI K HYJIFO. SHAYUT, TOK, TeKYIIN 10 KayKJIOMYy U3 peédep, BBIXOIsI-
IIUX U3 HadaJIa KOOPJMHAT, CTPEMUTCH K HYJIIO ¢ pocToM k. Clie1oBaTesIbHO, JJIsT
Jr000T0 € > 0 MOXKHO TaK BhIOpaTh 3HAUYEHNE k, YTOOBI BBIMOJIHSIINCH OIEHKN
u(1,0) < ug(1,0) < e. Ho sro mporusopeunT npennosoxkennio u(1,0) > 0.
Buauut, u(m, n) — nocrosiaasi GOyHKIHsI. O

CJIEJCTBUE 7.3. Ecau dynruyus na cemue Z2 oepanuriena u y0oeaemeopsi-
em akxcuomam 1" u 2" (no ne obasamesvrno 3"), mo ona cosnadaem co cman-
dapmmvim nomenyuaiom na 7.

WNubiMu cjioBaMu, B OIPEJIE/IEHIH CTAHIAPTHOTO ITOTEHITHATIA U HA 72 BMecTO
KOHEYHOCTH TEIIOBOI MOIITHOCTH MOYKHO TpebOBaTh BBIIOJIHEHHA O0J1ee cJ1aboro
YCJIOBUSI — OPPAHUYEHHOCTH (PYHKIIAN .

HOKABATEJIBLCTBO. Ilycts v — orpannyennass OyHKIWS, yI0BIETBOPSIIO-
mas akcomam 17 u 2. Tlycrs u — cranmapTHbi noTenmas Ha Z2. Tormna GyHK-
ISl U — U OTPAHMYCHHA ¥ FAPMOHMYHA BO BCeX y3/ax cerku Z2. I1o auckperHoii
Teopeme JlmyBuiis u — v ectb KoHcTanTa. Ho, kKak u 06e pyHKIIN © 1 v, PyHK-
IHst u — v yI0BJIeTBOpsier yeaouio cummerpun (u — v)(0,0) = —(u — v)(1, 0),
3HAYUT, PYHKIMS U — U TOXKJIECTBEHHO PaBHA HYJIIO U ¥ COBIAIAET C U. O

3AMEYAHUE 7.4. Bropoe noka3arejibCTBO JUCKPETHON TeopeMbl JImyBuLis

YCTaHaBJ/IMBa€T Ha CaMOM JieJie 0oJiee CUIILHOE yTBEP2KAECHUE: BCAKaA Cl)yHKHI/IH,
TrapMOHHNYECKasd Ha CEeTKe Z2 u OorpaHMveHHad CHU3Y, ABJIAETCA KOHCTAHTOI.
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SAMEYAHUE 7.5. Bropoe 10Ka3aTebcTBO TEOPEMBI O3BOJISIET MOJIY IHTD
elé OJIHO yCHJIEHHE JIMCKPETHOrO aHajora TeopeMbl JInyBuiLIst: orpaHnveHHast
bymknms, rapmonmaeckas wa muozkectse Z2 \ {(0,0)}, sABigeTcs KOHCTAHTOH.

HeiicrBurenibHO, OCIE TOrO KakK Mbl IIEPEMECTUIIN HAYAJIO KOOD/MHAT B BbI-
OpaHHYI0 HAMH TOYKY, FADMOHHYIHOCTH (DYHKI[UN B Hadajle KOODJANHAT HUKAK
HE HCII0JIb30BaIaCk. [109TOMY, OBTODSIst PACCY?KICHUS U3 JI0KA3aTEIbCTBA JHC-
KpeTHO! TeopeMbl JInyBusuist (MeHsisi, eciu noTpebyercsi, 3HaK JaHHON (yHK-
1N, OJIy9IaeM, 9TO 3HadeHus JaHHoi dyHkimun B Toukax (0, +1) u (1, 0)
JIOJIZKHBI COBIIAJIATh CO 3HAYEHHEM B HadaJsle KOODJMHAT, TO eCThb (DYHKIUSsI
JoJZKHA OBITH rapMoHndeckoii u B Touke (0, 0).

TakuMm 06pa3oM, y HEHOCTOSIHHON OrpaHUYIeHHO (DYHKINE TapMOHUYIHOCTD
JIOJIZKHA HapyIIAThCS 110 KpailHeil Mepe B JIByX TOUKaX, KAK 9TO U IPOMCXOHUT
B CJIydae CTaHJAPTHOIO IOTEHIHAJIA.

§ 8. CJIVUANHBIE BJIVYKIAHUA

B upeapiaymeit crarbe [5] Mbl mogapobHo obcyauim 3aa4dy 0 BO3pAIleHUun
caydaitHoro oy aanus. [loctanoBka 3a1a4u O CaydaitHOM OJIy2KIaHUN BOCXO-
mur K [Tnpcony (cm. [22]). Paseit (cm. [25]), orBeuas va Boupoc IIupcona, cpasy
3aMETHUJI, 9TO CAyUYaiHbIe OJIYKIAHAS MOYKHO AHAJM3UPOBATH METOJAMU FapMO-
HUYECKOIO aHaIu3a. 3a/ada O BO3BPALIEHUH CJIyIaiiHOro OJIy KIaHUs 110 CeTKe
IPOM3BOJILHON pasmepHocTH Oblta pemntena [loita [24]. [lokasaTeabCTBO € UCIOIb-
30BaHUEM JIEKTPUYECKHUX IIeNeil, O-BUIUMOMY, IpuHa IesKuT Han-Buibsvcy.

IIpuBeEM MaTEeMATHUECKOE OIPEIeICHIE CITy IaitHOTO O/Ty?KIaHus Ha ceTKe Z2,
0 KOTOPOM HJIET pedb B TeopeMe 1.1(A) (MOTHBHPOBKa 9TOrO onpe/ieieHnst Oblia
JaHa B Hadaste npeaplayiieii craren [5]). Tpaexmopuet mymasl T + 1 Haz’0BéEM
yropsizioueHHbIil Habop 1"+ 1 y3710B KBaJIpaATHON CETKH, IIPHYEM Y3JIbl, COCEIHIE
B HAbOPe, SIBJIAIOTCS COCEJTHUMU U B ceTKe. [loaooicenuem B MOMEHT t Ha30BEM t-ii
y3es1 B aToM Habope. Cayuatinoim Oaystcoanuem, CTapTyomuM B y3ie (mg, no),
HA30BEM OTODOpaKeHUe, KOTOPoe KaxKIoi cTpoke s jyinabl 1’ 3 cumBosios ‘L7, ‘R’
‘U, ‘D’ comocTaB/isieT TpaeKTopuio JIuHbl 1"+ 1 10 CJIeMyIonuM IpaBUIaM:

1) Iomoxenme B Mmoment 1 —sto y3en (mg, ng).

2) Eciu (m, n) —nosoxkenne B MoMmeHT ¢, rye 1 < t < T', T0O 10JI02KEeHUE
B MOMEHT t + 1 —3T0:

(m+1,n), ecomy # (0,0),(1,0) u t-it cumBos B cTpoKe s pased ‘R’
(m—1,n), ecauy # (0,0),(1,0) u t-it cumBos B cTpoke S pasen ‘L’
(m,n+1), ecauy # (0,0),(1,0) u t-it cumsos B crpoke s pasen ‘U’
(m,n — 1), ecan y # (0, 0), (1,0) u t-it cumBoJl B cTpoke s paBeH ‘D’
(m ecrn y = (0,0) wmm y = (1,0)
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Beposmmuocmuio Pr(m, n) toro, 4ro ciydaiinoe G/1yKaHue, CTapTyolee
u3 ysua (m,n), 3a T maros gocrurter ysua (0,0) panbine, gem ysia (1,0),
HA30BEM JIOJIIO CTPOK S JTMHBL 1’ JIJIT KOTOPBIX COOTBETCTBYIOMIASA TPAEKTOPHSI
sakanuusaercst y3ioMm (0, 0). Ilpemen sroit BepositHocTu npu T — 00 HA30-
BéM eepoamnocmuro P(m,n) toro, uro ciayuaiinoe GiyzKaHue, CTapTyoliee
u3 y3siaa (m, n), gocruraer yaina (0,0) panbite, deMm y3sia (1, 0). B wacrrocrn,
P(0,0) =1, P(1,0) = 0.

TEOPEMA 8.1 (reopema cytectBoBanusi). Beposammuocmv P(m,n) cywe-
cmeyem, mo ecmv 0aa Kastcdozo y3aa (m,n) nocaedosamesvrocms Pr(m,n)
umeem npedea npu T — 0o.

[TEPBOE NOKABATEJBCTBO. O6Go3Haunm uepes ny(m, n) KOJIUIECTBO IIy-
Teit nymnel T Ha ceTke Z2, KOTOpbIe HAYMHAIOTCA B y3je (1M, n), TPOXOIAT
gepe3 yzea (0,0) u nmonamator B y3en (0,0) me mosxke, uem B yzea (1,0).
fcHo, 9TO ecam Takoil MyTh AAWHBI 1 MPOJO/KUTHL Ha 1 Imar JirobbiM us 4
BO3MOXKHBIX CIIOCODOB, TO MOJIYIUTCSA TaKoh myTh Aauubl 1 + 1. JelicTBuTE/IHHO,
[IpU JIFOOOM TIPOJIOJI?KEHUH Iy TH OH HO-TIPE2KHEMY OY/IET IMPOXOJUTD Yepe3 y3e
(0,0) u monacte B y3esa (1,0) cmoxker Tonbko nosxe, yeM B (0, 0). Snaqwur,
nr4+1(m, n) = 4np(m, n). Ilo onpenenenuio

nT-‘rl(mv ’/l) nT(mv ’fl)
PT+1(m’ n) = AT+1 = AT

= Pp(m,n).

[Tosywaem, 910 B Kaxk 10l ToUKe (1M, n) MOC/Ie0BaTe/IbHOCTD Pr(m, n) MOHOTOH-
HO BO3pacTaeT U OIPDAHHYEHA CBEPXY €IMHUIEH. SHAUNT, OHA UMeeT Ipejea. L[]

[TpuBeaém Takzke HADPOCOK JPYTroOro J0KA3aTebCTBA TEOPEMBI CYIIECTBO-
BaHUsI, TIOXOXKErO HA JIOKA3aTEeIbCTBO TeopeMbl 5.1 (BaXKHOE OTJINYME COCTOUT
B TOM, YTO B PEKKYDPEHTOM COOTHOIeHun Jyisi Pr(m, n) oneparop ycpeiHenust
[PUMEHSIETCS KO BCEM Y3JIaM OJ[HOBDEMEHHO, a He IOCJIeJI0BATEIHHO).

BTOPOE JOKA3ATEJILCTBO. Ilo omnpenenennto ciaydaiiHoro OJ1yzK1aHms
nocJieoBaTeIbHOCTL byHKIWmit Pp(m, n) IOJIHOCTBIO XapaKTEePU3yeTcs CJeLy-
IOIMIMM CBOICTBaMMU:

1) (nawaavrwe yeaosus) Po(0,0) =1, Py(m,n) =0 upu (m,n) # (0, 0);
2) (epanuunwve yeaosun) Pr(0,0) =1, Pr(1,0) =0umpuT'=0, 1, 2, ...;
3) (pexyppenmmoe coommowerue)

Prii(m,n) =0Pr(m,n) upu (m,n) # (0,0), (1,0). (5)

W3 sTux CBOWCTB ciiedyer, 9TO B KayKJIOM y3Jsie (1m,n) CeTKN 3HAYCHUS
Pr(m,n) o6pasyror HeyObIBAIOIILY O OC/IEI0BATEIbHOCTh, OTPAHUYEHHYIO CBED-
xy emquHuneir. /s mnokazarenbcTBa JOCTATOYHO IIPOBECTH UHIYKIIAIO 10 Tapa-
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merpy 1 mpu (m, n) # (0, 0), (1,0) nmeem
Pri1(m,n) = OPp(m,n) > OPr_1(m,n) = Pr(m,n).

BHaunuT, BO BCEX y3J1ax CeTKU CYIIEeCTBYeT pejest limy_, o Pr(m, n) u dynknuns
P(m, n) onpejiesieHa KOPPEKTHO. O

Bepositnocts P(m, n) objajaer MHOIMMHU CBOWCTBAME CTAHJIAPTHOIO IIO-
TenImaga Ha Z2.

JIEMMA 8.2. Qynxuusa P(m,n) oepanuuena, 2apmonusna 60 6cer Y3iax,
kpome mouex (0,0) u (1,0), u ydosaemeopsem GyYHKUUOHANBHOMY YPAGHEHUIO
Pim,n)=1—-P(1 —m, —n).

Jlnst moka3aTebCTBa JJEMMBI 8.2 HaM MTOHaI00UTCS CIIEIYTOINIee YTBEPXK IeHNIE,
KOTOPOE SIBJISIETCS OJHUM M3 BApUAHTOB TeopeMbl Iloiia, JoKa3aHHON B IPEIbLIY-
meit crarbe [5]. [jist Hero Mbl NPUBEIEM AJBTEPHATHBHOE JI0KA3ATEIbCTBO.

JIEMMA 8.3. Cayuatinoe 6ayoicdarue, cmapmyrouwee 68 npoussosbHOM YA€
cemxu Z2, ¢ eeposammocmuio 1 docmuenem navana £0opounam.

JIOKABATEJIbCTBO JIEMMBI 8.3. ITycte Q7(m,n) — BEpOSITHOCTH TOTO,
9TO CiydaiiHoe OJIyzKIaHue, cTapTyoiiee B y3iae (m,n), JOCTUTHET Hadaja
koopmHaT He 6osiee yeMm 3a T maros. B wacraocru, Qr(0,0) = 1 ms joboro
T > 0. Ilo onpenesrennio, B KayK10M y3ie (m, n), OTIMIHOM OT Hadasia KOOPIU-
HAT, IOCJIE0BATEBHOCTD { Q7 (m, n)} 77, He yObIBaeT, HAXOAUTCS B IPEIETax
oT 0 10 1 m yJIoBJIeTBOpsieT YPABHEHUIO

Qr+1(m,n) = 0Q7(m, n). (6)

Buaunt, cymecrsyer dyHkIiwsa Q(m, n) = limp_,o Qr(m, n) — BeposTHOCTH
[ONACTh B HAYAJIO KOOPJUHAT, HaunHas u3 Touku (m, n). [Ipu srom Q(0, 0) = 1.
[Tepexonst B pasenctse (6) K npejesy npu 1T’ — 00, nojydaeM, 410 byHKIus ¢
rapMOHMYHA BO BCEX y3/aX ceTK: Z° 3a MCKJIOYEHHEM, GBITH MOYKET, Hada-
aa koopuHat. CorsiacHo 3amedanuto 7.5 dyHKIws (Q(m,n) paBHa eJIuHUIE
TOKJIECTBEHHO. ]

JIOKA3ATEJIbCTBO JIEMMBI 8.2. 3uavenust dyukuu P(m, n) jekar Mex-
JIy HYJIEM M eIUHUIEH, TTOCKOIbKY aHAJOTHIHBIM CBOHCTBOM 06JIagaeT KaxKast
u3 byukuit Pr(m, n). lnsg nokazareabcrBa rapMonnaHocTH MyHKIMA P(m, n)
JIOCTATOYHO TIepeiiTh K npejieny B paseHcrse (5).

st BBIBOJIa (DYHKIIMOHAJIBLHOTO YPABHEHUST 3aMETUM, UTO II0 COOOPAXKEH!-
sim cummMerpun Besimania P(1 — m, —n) paBHa BEPOSTHOCTH TOTO, YTO CJLydaii-
Hoe OJIy»KIaHne, cTapTyiomee u3 yaia (m, n), gocruraer y3ia (1, 0) pambire,
geMm yaia (0, 0). [Tosromy P(m,n)+ P(1 — m, —n) paBHO BEpOSITHOCTH TOIO,
9TO cuydaiiHoe GJyKaHue, crapryiollee u3 ysia (m, n), JOCTUIHET XOTsl Obl
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oxmoro u3 y3708 (0, 0) mwiu (1, 0). Coracuo emme 8.3 HOCTIEIHSIS BEPOSTHOCTD
TOXK/ICCTBEHHO PaBHa ejuHuIe, to ecrb P(m,n) + P(1 —m, —n) = 1. O

CHENCTBUE 8.4 (dbusndeckas HHTEPIPETAIUS BEPOSTHOCTU JIOCTUIKEHHUS ).
Bepoamnocms P(m, n) ceazana co cmandapmmvim nomenyuaiom pasercmseom

w(m,n) = 5 (P(m,n) - 5), (7)

6 wacmmnocmu, ip(0,0) = 2.

JOKABATEJILCTBO. Paccmorpum yHKIIMIO

v(m,n) = %(P(m, n) — %)

IIo memme 8.2 oHA orpaHWYeHa U YIOBJIETBOPSET PABEHCTBAM
0(0,0) = —v(1,0) =5 1 y(0,0) = —iy(1,0),

aHAJIOTMIHBLIM cBoiicTBam 1”7-2" crampmaprhnoro morenmuana uw. 3aMeTHM, 9TO
iv(0,0) = —iy(1, 0) # 0, HOCKOJIbKY B IPOTUBHOM CJIydae v Oblia Obl HEIIOCTOSTH-
noit byuxmueit (v(0,0) = —v(1,0) =1/2), rapMOHITIECKOiT BO BCEX y3/IaX CETKH
72, 9T0 HPOTHBOPEYMIIO GBI JHCKPETHOI TeopeMe JIMyBH/LIS. 3HAYHT, MOXK-
HO paccMorpersb dyHKImo v(m, n)/i,(0,0). Ona orpanuyena, yJI0BI€TBOPSIET
yeaosusim 172" u 1o ciepersuio 7.3 coBnaiaeT co CTaHAAPTHBIM IIOTEHIAIOM,

TO €CTb
v(m, n) 1

_ _ _1
wm,n) = 76,0) ~ 750,0) (P, =3).
[Moncrapiss B a1y dopmyiy (m,n)=(0,0) u noas3ysics pasercrsamu P(0,0)=1,
u(0,0) =1/4 (cneacrsue 6.3), naxomum 3uadenue ip(0,0) = 2, 4r0 1 IPUBOAUT
K YTBEPKIEHUIO CJICJICTBUSI. O

BAMEYAHUE 8.5. OTMeTnM, 94To [IpH JI0Ka3aTeIbeTBe paBeHcTBa (7) HeJlb3st
OBLJIO HEITOCPEICTBEHHO BOCIIOIb30BATHCS TEOPEMOIl €IMHCTBEHHOCTH 5.2, T0-
ckoNbKy i dyukimn P akcnoma 3" (KOHEIHOCTD TEIIOBOI MOIHOCTH) Allpy-
OpH MOXKET He BBIIOJHATHCSI. PacCcyKIeHUsSIMH U3 BTOPOIO JIOKA3aTEIbCTBA
TeopeMbl 8.1 B JEHCTBUTENBHOCTH MOXKHO IOJIYIUTh KOHEYHOCTDH TEILIOBOiT
MoIHOCTH s dyukun P, omHako 310 Tpedyer 60jiee CI0KHBIX COOOPAXKEHUT.

JIOKA3ATEJILCTBO TEOPEMBI 1.1(A). BepositnocTs Bo3Bparenust B Ha-

JaJI0 KOOpJAWHAaT, 110 OIIPpEAEJICHUIO, €CTh

P(1,0) + P(~1,0) + P(0.1) + P(0,~1) _  ip(0,0)

4 4
[Mogcrasisist B 9170 pasencTso 3uadene i p(0, 0) =2 u3 ciaencrsus 8.4, HPUXOAUM
K YTBEPXKJIECHUIO TEOPEMBI. O
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Tabauya 1
Suauenns ¢pyuknuu I'puna G(m, n)

n -2 -1 0 1 2

8 4 1 4 4 1 8

=2 37 T2 2= T3 3
1 4_1 2 1 2 4_1
T 2 s 2 T s 2
4 1 1 4
0 2 4 ! 0 ! 22
1 4_1 2 1 2 4_1
T 2 ™ 2 T ™ 2

8 4 1 4 4 1 8

2 3 7732 2-7 T3 3

SAMEYAHME 8.6. IIpuseénnoe nokasarenbcrso Teopembl 1.1(A) Ha nep-
BBl B3IUIA MOXKET IIOKA3aThCA CJIMIIKOM IpocThiM. OIHAKO ClIedyeT ydecTh,
4TO, IPUMEHSA CIEJCTBHE 8.4, Mbl OIMPAEMCS Ha TEOPEMbl €IMHCTBEHHOCTH
U CyHIECTBOBAHUS CTaHIAPTHOrO MOTEHIHUAJA, JUCKPETHLI aHAJIOr TeOpPeMbI
Jlnysusist u reopemy 1.1(B).

§9. OVHKIUA 'PUHA

B sTom pazmene Mbl puBeiéM 6e3 T0Ka3aTEILCTB HEKOTOPBIE (DAKTHI O Hec-
KOHEYHOI KBaJIPaTHO CeTKe eIMHUYHBIX COIpOoTUBIeHuil. [lenTpaabnyio poJb
B JlajIbHeleM pacckase Oy/ier urparb gynkyus I'puna G(m, n), KoTopas ompe-
JIeIAeTCs KaK CONPOTUBIICHHE MEKIy y3aamu cerkn Z2 ¢ xoopaumaramu (0, 0)
u (m,n), cm. 3agady 1. (Ormernm, dro Jyist 6osiee CIOXKHBIX CETOK (DYHKIUSI
[puna onpesessercs: mo-1pyromy. )

Suauvenns gpyukimu ['puna G(m, 7) MOXKHO BBIUUC/IHUTD 110 hopmyqie [28]

G(m // 1 — cos( wmaz) cos7(r7my) dx dy.
T 42 Y Y
2

Onn 6b1n BrepBble Haifijenbl Makkpn n Yumiom [20] (cM. Takzke KHury [23,

crp. 372]), a ux aHAJIOIU JJIsl TPEYTOJILHON U MIeCTUYroIbHON ceToK — ATKuH-

conom u Ban CrenseiikoMm |7]. 3uadenus upu [m|, |n| < 2 mausr B Tabi. 1.
Hawuboustee ipoctas dopmysia mojydaercs s JUArOHAJIbHBIX 3HATEHUIMA

Glnm) = 2(14 5+ + 5 ). (8)

ITo uum u 1o 3nadvenuo G(1,0) = 1/2, naitnennomy B Teopeme 1.1(B), ocrass-
Hble 3HAYEHMsI BOCCTAHABJIMBAIOTCS UCXO/s U3 rapMoHUYHOCTH G BHE HadaJa
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koopiuHaT (cM. Hizke) u pasencrsa G(m, n) = G(n, m). Unrepecno, 1ro B 3a-
Jlade 0 HAXOXKJIEHUU COIPOTUBJICHMI, KaK M B 3aJa49€e O CIy4YaiiHOM OJIy»KIaHIH,
HabJTIO/IaeTCsl ACHMIITOTHYECKAs] M30TPONHOCTh ceTkn Z2. B namnom ciydae
OHA IPOABJILETCS B TOM, YTO IPH OOJBIINX 3HAUYEHUAX 7 = v/m? + n? 3nadenus
G(m, n) 3aBUCAT TTIABHBIM 00PA30M JIMIIIb OT PACCTOSIHUS JI0 HAUasIa KOOPINHAT
(em. [11,28]):

G(m,n):%(21nr+ln8—|—2’y)+0(%2>, r — 00, 9)

r7le vy — IOCTOsiHHAA Dilepa.
Oyukrus 'puna G(m, n) 0HO3HAYHO (€ TOYHOCTHIO JIO TIOCTOSTHHOI'O MHO-
JKUTEJIST) OIPEIETISACTCS CIIEAYIONIMI CBOHCTBAMI.

1. G(0,0) = 0.
2" G(m,n) rapMOHMYHA BO BCEX y3/aX CETKH, KPOME Hada/Ia KOODIUHAT.

3" G(m,n) =0O(nr).

YkazaHHBIE CBOMCTBA MTO3BOJISIIOT BBIYHC/ISITH 3HAYEHUS CTAHIAPTHOIO 110-
TeHIIHaIa, NCXO/sl n3 3HadeHnil pyHknun I'puna. CTaHIapTHBIA TOTEHIMAT HA
JBYMEPHOI CeTKe MOXKHO 3aJ1aTh POPMYJIOif

u(m, n) = %G(l —m,n)— %G(m, n).

Heitcreurensno, o ceoiictBy 2" mosydaem, uro %G(l —m,n) — %G(m, n)—
rapmonndeckasi Bre y3508 (0, 0) u (1, 0) dbyuknus. V13 pasencrsa (9) ciemyer,
9TO OHA CTPEMUTCs K HyJI0 Ha Geckoneunocru. Tak kak G(1,0) = 1/2, nouy-
gaeM, 410 i (0, 0) = —2. BHauuT, o AuCKpeTHOi Teopeme Jlumysmuis 7.1 ona
COBIIAJAET CO CTAHIAPTHBIM HMOTEHINAIOM. B 9acTHOCTH, 3TO IO3BOJIAET HANTH
TIepBble 3HAYeHNs CTaHIapPTHOTO TIoTeHnuaia Ha Z2 (cv. Tabi. 2).

Tabanya 2
SHavenus craHgapTHOrO noteHuaia u(m,n)
n N -3 —2 -1 0 1 2 3 4
11 128 1 2 1 5 415 4 1, 2 1, 2 11 128
2| T T |47 3| A 3| T4 k|4 w| 43| 4T3 | T L 15
41 | 197 7,17 1 111 1 1 1 7 17 41 197
Vit | "atse| aTx | "atx|a 7| 17 | 1 30 | 1 3r
o | 63_148 113 10| 3 2 1 1) .3,2| 13,10] 63,148
4 3 4 s 4 7 4 4 4 4 ™ 4 3
41 97 7,17 11 1,11 1 1 1 717 41 97
LTIt | TatEr | TatE | Titw i x| 1% | 43 | 4 3
11 128 1 2 1 2 5 415 4 1 2 1 2 11, 128
B W -l R R =l R il e R bl R Rl B Rl W -7
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Tabauya 3
Yucra /lemanya
n m 0 1 2 3 4 5 6
0 1 1 1 1 1 1 1
1 1 3 5 7 9 11 13
2 1 5 13 25 41 61 85
3 1 7 25 63 129 231 377
4 1 9 41 129 321 681 1289

Emé oqus yiro60nbITHEIN (haKT 3aKII0YAETCs B TOM, UTO CJlaraeMble B IPHU-
BEJICHHON TabunIle, He COJEprKallie Yucia 7, —3TO, ¢ TOYHOCTHIO J0 3HAKA
u Jenenus Ha 4, uncia denanya D(m, n) (em. [27] u Tabu. 3), KoTopble onpe-
JEJISIOTCST KaK IUCIIO Iy Teil U3 Havasa KOOPAUHAT B TOUKY (1M, M), COCTOSIIIX
u3 BexTopos (1,0), (0,1) u (1, 1). DT uncia Jerko HAXOJATCS M3 HAYATIBHOIO
yeaioBust D(0,0) = 1 u peKyppeHTHOTO0 COOTHOIIIEHMsI

D(m,n)=D(m—1,n)+D(m,n—1)+D(m—1,n—1).

Bce stu pesyibrarhl JOKA3LIBAIOTCS OOBIYHO C ITOMOINBIO psinoB Pypbe.
Criocob s1eMeHTapHOro Bhruncaenust 3uadennii yuknun ['puna G(m, n) npu
(m,n) #(0,0), (0,£1), (£1, 0) Heu3BecTeH (ec/u He CUNTATH HECKOJIBKO UCKYC-
CTBEHHOH <«3JIEMEHTAPU3AINIY , KOTJ[a TPUOJINKEHHOE PEeIlleHre CTPOUTCS C I10-
MOIIIBIO «3JIEMEHTAPHBIX» KOHEYHBIX psiioB Pyphbe, a TOUHOE PEIICHUE MOJTyIa-
eTcst myTEM IpPeJIeIBHOrO mepexosia). B cieayomux 3a1adax NPUBOIATCS HEKO-
Topble cBoiicTBa byHKIMu ['prHa, KOTOpbIE yIaETCs JOKA3aTh JIEMEHTAPHO.

SAJIAYU

O603HaYNM HYEPE3 Uy, 1y - Z? — R dyHKIMIO, KOTOpAsi OIIPEIE/ISeTCs aHAJIO-
THYHO CTAaHJAPTHOMY HOTeHmHaty Ha Z2 ¢ samenoit yama (1,0) ma (m, n).

1. s smo6oro yzia (m,n) OYyHKIMS U, Z2 — R cymecTsyer u eun-
CTBEHHA. B 9acTHOCTH, KOPPEKTHO OIPEIEICHO CONPOMUGAEHUE MEXKIY y3IIaAME
(0,0) u (m,n):

(0,0) — wm,n(m, n)
i4(0,0)

2. C nmomommpio dopmyist (8), crp. 60, u croiictsa 2, crp. 61, naiinure
suadennst Gyaknun G(m,n) npu m =5u 0 < n < 5.

3. C nomorpio Tabsuibl 3Hadennii dyukuun G(m, n) Haliure 3HAYCHUSI
dbynkimn ug 1 (m, n) (-2 < m,n < 3).

G(m,n):= i
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4. C momomtpio dhopmysibl (8) obbsicHUTE, MOYeMy B TabJl. 2 ciaraeMble,
HE COoJlepIKaIlue JUCja 7, ¢ TOYHOCTBIO J0 JIeJIeHUsl Ha 4 U 3HaKa COBIAIAIT
¢ ynciaavu lenanya n3 tabu. 3. Kak OyyT BeIpakarbcst depes uncia Jleramnya
aHAJIOTWYHBIE cJlaraemble u3 Tabi. 17

5. O6bscuure cosnajenne 4ucesn suna u(n,n) n u(n,n + 1) npu n > 1
(cm. Tabur. 2).

6. Ilpemmosroxkmm, 9TO JIOOBIE IBE BEPIIUHBI £ U Y rpada MOKHO ITOMEHSITD
MeCTaMé HEKOTOPBIM camocoBMerierneM storo rpada. Torma R(x «» y) =
= 2(uz(y) — ua(x)).

7. Hokaxkure cBoiicto 2" dynknun ['puna, nmoab3ysch npeablLymeil 3a-
nadeit i ceTKu 73, Ha TOpe U Mepexojis K IPeiesTy Ipu 1 — 0.

8. ITposepbTe KOPPEKTHOCTHL nocTpoenns n akcnombl 173" nia dyuxnun,
[IOCTPOEHHOM B «PaCCy?KIE€HUU C JIBONCTBEHHBIME IElsiMu» u3 § 4.

9. OcraHeTcs JIu CIPpaBEIJINBOM TeopeMa 3.2, €CJIN ILIOCKOCTh, ¢ HAPUCOBaH-
HOIT Ha Hell ceTkoii, cBepHyTh B muHAp? (Kak HyKHO cBOpaYMBaTh IIJIOCKOCTD,
9T00OBI Tpad HA IUIHHIPE OBLT TPABHJILHBIM?)

10. BoiBeguTe Teopemy 3.2 u3 TeopeMbl Pocrepa.

11. BeiBegure Teopemy 3.2 uz meopemv, Kupxreoda o depesvax: COIPO-
TUBJIEHAE MEXKJIy COCEIHMMU BEPIITUHAMU B CBSI3HOM KOHEYHOM rpade paBHO
BEPOSITHOCTU TOTO, UTO CJIy4aiiHO BBIOpAHHOE OCTOBHOE JIEPEBO ITOro rpada
COJIEPKUT PeOPO, COEINHSIONIEe BHIOPAHHBIE BEPIITHHBI.

12. IlycTb UCTOYHUK €IUHUIHOTO TOKA IOJICOCIUHCH K IBYM y3JaM HEKO-
TOPOI KOHEIHOH 3/1eKTpudeckoii memu. Torma TOK, TPOTEKAIOIINI 110 JTI000MY
pebpy 3Toit 1eru, He MPEeBOCXOIUT €UHUIIHI.

13. JlokaxkuTe, 9TO NMPABUILHBIN rpad peOEPHO-TPAH3UTUBEH.

14. Hoxaxxure, uto rpad loiuis He siBIseTCsi TPABUIbHBIM.

15. IlycThb y KOHEYHOrO CBsI3HOTO rpada 3pHEKTUBHBIE COPOTUB/IEHUS MEXK-
Jly JIIOOBIMU COCETHIMU BEPIIMHAMU PABHBL. fIBJIsieTcst jin 3TOT rpad pédbepHo-
TPAH3UTUBHBIM !

Emgé noBoJbHO MHOTO MHTEPECHBIX 33/1ad MOXKHO HaiiTh B KHUre [2].
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[TPEAVC/IOBUE

Ouenb 9acTo cepbé3Has MaTeMaTHIECKast IIPODJIEMA €CTh, B KOHETHOM CUETE,
npobJieMa, KJIaCCU(UKAIME TE€X WA UHBIX 00BHEKTOB, a IVIaBHAsA TPY/IHOCTD
OOBITHO 3aK/II0YAETCA B N300PETeHNN aeKBATHOTO S3bIKA, aJeKBATHBIX TEPMU-
HOB, B KOTODPBIX 3Ta KJaccudUKaIus TOJKHA OBITH HdaHa. B TO »Ke Bpems
y/ladHas CUCTEeMa TEPMHUHOB OOBIYHO IIO3BOJISIET MPOJIBUHYTHCS B PEIICHUN
[TOCTABJICHHBIX 332 TOPa3]0 JAJIbIIe, YeM IIPEeII0/Iarajioch. Apaainmm npu-
MEPOM 3/IeCh SABJIAIOTCs JuarpaMMbl JIbIHKUHA — OHU KJIACCUMDUIUPYIOT, TOXKa-
JIyit, He OJIUH decAmox MATEMATHIECKUX KOHCTPYKIIANA: TpoCThie aJrebpsl Jlu,
[POCTBIE aJredpanviecKue IPYIIibl, OCODEHHOCTH BOJTHOBBIX (DPOHTOB, KOJTIAHBI
KOHEYHOI'O TUlIia...

B camom mupokoM cMbICie KOMOMHATOPUKA U €CTh HAOOp Pa3sHOOOPA3HBIX
METOJIOB, IIPUCIOCOOIECHHBIX I KJIACCUMPUKAIINA MATEMATUIECKIX 00bHEKTOB
To# mym mHoit mpupoasl. CtaTyc KOMOMHATOPUKN KaK €IUHON HAyKW O CHUX
IIOP BBI3BIBAET CAMbIE OKUBJIEHHBIE JINCKYCCUM, HO CUCTEMATUYECKOE UCIIOIb30-
BaHUE KOMOMHATOPHBIX METOJIOB B aJjirebpe, reOMeTPHUH, aHAJIM3€e OYE€Hb YacTO
[IPUBOJIAT K NEPBOKJIACCHBIM PE3Y/IbTaTaM.

Yucna coueranunii u pa3MeIIeHuil AB/IAIOTCS KOMOMHATOPHON KJ/IACCUKOIL;
C M3yYEHUsI UX CBOWCTB IMMOYTH BCET/IA HAYMHAETCS 3HAKOMCTBO C KOMOWHA-
Topukoii. MI3BecTHO OrpoMHOE KOJMYIECTBO TOXKJIECTB, CBSI3BIBAIOIINX MEXKITY
coboil uncsia codeTaHUil W pa3MeNmIeHril W O0JIaJaIoNNX KaK H3SIITHBIMEU aJl-
redpan<ecKuMu JI0Ka3aTeIbCTBAMU, TAK U SIPKO KOMOMHATOPHON TPAKTOBKOM.
[Toxamnyit, ogun u3 Hambosee 3PEPEKTHBIX MOAXOI0B K M3YIEHUIO ITHPOKOTO
KJIacCa TAKUX TOXKJECTB IPUBEJIEH B KHuUre [16].

OkasbIBaeTcst, 9TH aDCOTIOTHO KJIACCUYIECKUE OOBEKTHI JIOMYCKAT 9pe3-
BBIYAHHO MHPOKOe 0600IeHne. A MMEHHO, UX MOYXKHO pPacCMaTpUBaTh KakK
3HAYEeHUs HEKOTOPBIX MHOTOYJIEHOB OT MEPEMEHHON ¢ ¢ 1esbiMu Koadduru-
€HTaMU B TOYKe ¢ = 1. DTU MHOTOUJIEHBI HA3BIBAIOTCH KEAHMOGHLMU YUCAAMU
couemanutl U pasmeu,eruti COOTBETCTBEHHO. TepMUH O0bICHIETCS CXOICTBOM

MatemaTtudeckoe npoceelyeHne, cep. 3, Bbin. 18, 2014(66-111)
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¢ KBAHTOBOII MEXaHUKOI, Tyie 6yKBOii ¢ uacto oboznadaior uucio e (h— mocro-
staHas [1naHka): HeKoTopbie (POPMYJIbI KJIACCUYECKOH MEXaHUKU MOIYT ObITh
[IOJIyY€eHbl IIPe/IeJIbHBIM 1epexojiom rpu h — 0, To ects 1ipu ¢ — 1.

BoJtee Toro, BBISCHUIOCH, UYTO BCe KJIACCHYECKHE KOMOWMHATOPHBIE TOXKJIE-
CTBa TOXKE JIOIIYCKAIOT CBOU KBAHTOBBIE AHAJIOTH, KOTOpPble Ipu ¢ = 1 1peBpa-
IIAIOTCH B UCXOIHLIE, TAK YTO «OOLIYHAA» KOMOMHATOPUKA MOMKET PACCMATPH-
BaTbCsl KAK OYE€Hb YaCTHBIN ciIydail «KBaHTOBOI». ECTh y KBAHTOBBIX AHAJIOIOB
U 9ACTO KOMOMHATOPHAS MHTEPIPETAINs, KOTopas 1pu ¢ = 1 J1aéT ucxoHoe
KOMOMHATOPHOE OIMpEIe/IeHNe KIACCHIECKUX TUCEJT COYCTAHU U Pa3MENeHIA.
Ho u 310 emgé ne Bcé. Ha camom jiejie, KBAaHTOBbIE YHUCJIA COYETAHUN U pa3-
MEIIeHN JIOIYCKAIT COBEPIIEHHO HEOXKMJIAHHYIO NeOMETPUIECKYI0 TPAKTOBKY
B TEPMHUHAX BEKTOPHBIX IIPOCTPAHCTB HAJ[ KOHEYHBIMU OJISIMU, & UMEHHO, OHU
[IEPEYUCIISTIOT OIIpEeIeSIEHHBIE KOH(DUTYPAIUHU TTOIIIPOCTPAHCTB.

Hesb 3T0# cTATHU — U3JI0KUTH HAYAJIbHDBIE IOHATUS U PE3YIIHTATHI TEOPHUH
KBAHTOBBIX aHAJIOIOB. B mepBoM maparpade Mbl HAIIOMUHAEM OIPeIeIeHUs
YUCesT COYETAHUI U Pa3MeIIeHuil, BHIBOIUM SABHYIO (DOPMYJILY JIJI HUX U JIOKa-
3BIBAEM T€ TOXKJIECTBA, KOTOPbIE TIOTOM OyjleM KBAHTOBATH (B TOM YHC/IE, KOHEU-
HO, TpeyroibHuk [lackasst u 6unom Herorona). Bropoit naparpad comepur
OTIpe/ieJIeHNs] KBAHTOBBIX YHCEJI COUYETAHUN M Pa3MEINIeHnil, UX dJIEMEHTapHbIC
CBOICTBa ¥ KBAHTOBBIE AHAJIOI'M TOXKJIECTB, JIOKA3aHHBIX B rmaparpade 1.

Tpernit naparpad MocBAIIEH KOMOMHATOPHON MHTEPIPETAIINA KBAHTOBBIX
aHAJIOTOB. A IMEHHO, MBI TIOKa3bIBaeM, 9TO KBAHTOBOE UUCJIO COUETAHUN U3 N
10 k MOXKHO IPEJICTABUTHL KaK CYMMY OJIHOYJIEHOB BHJIa ¢ B KaKOH-TO cTelie-
HU, IPUIEM KaXKJIbIil OHOWIEH COOTBETCTBYET HEYIIOPSIOUEHHOH BBIOOPKE k
peMeToB u3 n npeameroB. Takum obpazom, npu ¢ = 1 MbI UMeeM KJacCude-
CKOe KOMOMHATOPHOE OIPEJIe/IEHNEe Jucesl codeTanuil. Anasiorudanast (popmysia
JIOKA3bIBAETCs U JIJII KBAHTOBBIX YUCEJT PA3MEIEHHIA.

B dgerBéprom maparpade Mbl BeCcbMa KPAaTKO HAIIOMUHAEM 0Oa30BBbIE CBe-
JIEHUsT U3 JIMHEHHOW aJiredphl: OnpeesieHus M0Jisl, BEKTOPHOTO IIPOCTPAHCTBA,
JIMHEIHO 3aBUCUMbBIX U HE3aBUCHUMBIX BEKTOPOB, Da3mca U pa3MEpPHOCTHU IIPO-
crpaHcTBa. BCE 9TO HYKHO JUUIsT KJIIOUEBOIO, ISITOro maparpada, B KOTOPOM
JIOKA3aHO, YTO KBAHTOBBIE aHAJIOTH MEPEUYUCIioT duiaru (IEemoIKu HOIpo-
cTpaHcTB (PUKCUPOBAHHBIX PAa3MEPHOCTEl) B KOHETHOMEDPHBIX BEKTOPHBIX 1IPO-
CTPAaHCTBAaX HaJl KOHEYHBIM IIOJIEM U3 ¢ 9JeMeHTOB. BoJjiee Toro, okasniBaeTcs,
YTO KBAHTOBBIE TOXKJIECTBA, MOJIyYEeHHbIE paHEe UUCTO aJiredpandecKu, MOTYT
OBITH TIepeIOKA3aHBI C UCTOIBL30BAHNEM 9TOH TeOMETPUIECKON MHTEPIPeTAITII!

B mecrom maparpade MBI HPUBOJIUM €IE OJUH, TEOPETUKO-I'PYIIIOBOIA
B3IVIsiJ[ HA KBAHTOBBIE YHCJ/Ia codeTaHuil u pasmeriennii. [locie 6picTporo na-
[MOMWHAHUST BayKHEHINX OMPEIeJIEHUIl U3 TEOPUN T'PYIIIT MbI OIIPEJIEJIsieM TPYyII-
Iy HEBBIPOXKJIEHHBIX MATPUI[ U JOKA3BIBAEM, YTO KBAHTOBBIE AHAJIOI'H — 9TO
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B Tounoctu uuuekcsl GLy, (F,) mo mapabosmaeckuM moarpynmnamM (HOArpyimam
6JI0YHO-TPEYTOJIBHBIX MATPUIL) CHEeNUuaIbLHOro Bujaa. Ha camom jeste, mocie
FeOMETPUIECKON MHTEPIPETAIINE B 9TOM HET yKe HHYIErO yANBATEILHOTO WU
3araJiogHoro. [lpuausa B TOM, 94TO 9TH HAPAOOJIUIECKIE TTOATPYIIIIbI SIBJISTIOTCS
crabuauzaropamu (JIaroB CIeUaJIbHOINO BUJIA IPU €CTECTBEHHOM JIeHCTBUI
[TOJTHOM JIMHEHHO#M IPyIIIbI Ha MHOXKECTBE Beex JiaroB JaHHoro tuia. Oobsc-
HEHUIO 3TOTr0 PaKTa U MOCBSIIEH MMOCIEIHNN, ceabMoil maparpad.

Tenepb ckazkeM 0 TOM, 9€ro B 3Toif crarbe Hem. Jlejao B TOM, 9T0 KBAHTOBBIE
aHAJIOTM — OYEHBb CcojlepyKaTejibHasi Teopusl, KOTopasi ceiffdac OBICTPO pa3sBUBa-
eTcsl U MMeeT MacCy KPACHBBIX IMPHUJIOXKEHHI, paccKa3aTh O KOTOPBIX Yy Hac
He OBLJI0 HUKAKOW BO3MOYKHOCTHU. BO-IIEPBBIX, C MOMOIIBI0 KBAHTOBBIX TUCET
COYETAHUN W pa3MeIIeHnii MOTYT OBITH JJOKA3AHbBI BIIOJIHE KJIACCHIECKHAE TOXK-
JecTBa, u3BecTHbIe emé Jdiepy u Laycey. [logapobHO 3TOT actekT pasdupaercs,
HanpumMmep, B KHure 7|, HOCBAINEHHON KBAHTOBOII BEpCHM MaTEMATHUECKOTO
aHaJIN3a.

Bo-BTOpBIX, KBAHTOBBIE AHAJIOTU SIBJIAIOTCS MOIIHBIM BBIYUC/IATE/THHBIM
CpeJ/ICTBOM IIpH paboTe € TaK Ha3bIBAEMBIMU KEAHMOGHLMU 2PYNNaMU. ITH
00'BEKTHI, JIEXKAIIIEe Ha CTHIKE MATEMATUKU W TEOPETHIECKON (DU3UKHU, BOSHUKJIH
B 1980-¢ roasr B paborax B.T. Hpundenbra u M. Jlkumb0 u ObICTPO cTAH
OYeHb IOIMYJISIPHBIMUA KaK CPeIu aJredpancToB, TaK W CPEJH CIEUaJNCTOB
110 KBAaHTOBOI Teopun 1moJisd. I'pybo roBopsi, KBAHTOBBIE I'PYIIIILI — 9TO CIEeInudu-
JecKue «IedopMaliny KJIaCCHIeCKMX KOHEUTHOMEPHBIX aredp JIu, kK npumepy
asre6pst sl, (C). IMoxpobHocTn MOKHO HaiiTi B KHure [15].

Ilanee, cymecTByeT Macca KBaAaHTOBBIX aHAJIOIOB JIPYTUX 3aMedaTe/IbHBIX
KOMOMHATOPHBIX 00beKTOB — uncen Ctupsuira, uncesn besra, aucen Karaa-
Ha... MBI He MOXKEM [IEPEUHCIATD 31€Ch JIeCITKIA CTaTel, OCBSIIEHHBIX BECHMa,
KPAaCHUBBIM TOKJIECTBAM, CBSI3BIBAIOIINM KBAHTOBBIE BEPCHUU ITUX OOBEKTOB.
Warepecyromuiics 9uTaTeb MOXKET BOUTD B JII0DOI IOMCKOBOI CHCTEME 3aIIPOC
Bpojie g-Catalan numbers W IOCMOTPETH, CKOJBKO CCBLIOK OYIET IOJIYYIEHO
B oTBeT. pyroit BapuaHT — clejiaTh TaKoii ke 3aIpoc Ha crpannie MexayHa-
POJHOTO MaTeMAaTUIeCKOro apxmusa http://front.math.ucdavis.edu.

Haxomnerr, mazke Te CIOKeThbI, O KOTOPBIX HIAET PEYb B CTATbe, Yallle BCEro
JTaJIeKO He MCYEPIIbIBAIOTCS U3JI0?KEHHBIM 371eCh MaTepuajioM. Tak, Mbl He IIpu-
BOJIMM I€OMETPUIECKOI0 JO0KA3aTe/bCTBa (POPMYJIbI TpeyroJbHnKa Ilackasrs:
OHO XOTsI U HE CJIUIIKOM CJIOXKHO, TpeOyeT ornpeaenenns adpOUHHONO IPOCTPaH-
crBa u abduHHBIX WI0CKOCTel, M. [7|. VIHTepnperanus KBAHTOBBIX aHAJIOIOB
B TepMHUHAX MapabOIMIeCKUX HMOJAIPYII JHaET BO3MOXKHOCTH HOJIYUIATH JAJIEKO
uye o6o0IeHnst Beeit 9Toit Teopu, ecin 6pars BMecTo rpymmnsl GLy, (Fy)
JpYTHe PelyKTUBHbIE MATPUYHBIE I'PYIIBI HAJI KOHEYHBIMU MIOJIAMHI — K IPHU-
mepy SO, (Fq) mmr Spy, (Fy). Brpodem, MbI U CTPeMUIIICH HE CTOJIBKO JaTh
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[OJTHBIN 0030p TeopUU KBAHTOBBIX aHAJIOIOB, CKOJIBKO U3JIOXKUTH HECKOJIBKO
JPKHUX U BMECTE C TEM IIPOCTBIX CIO2KETOB, CIIOCOOHBIX 3aMHTEPECOBATH TPOJIBU-
HYTOT'O CTapIIeK/JIACCHUKA WJIM CTY/IEHTa MJIAJIIINX KYDPCOB.

Crarbst mpejicTaBjser coboil 0O9eHb PACITUPEHHYIO BEPCUIO JIEKITUH, TPOIH-
TarHON MHOIT Ha Mamgom mexmare MI'Y 11 Host6pss 2006 roma. S 61aromapio
Anekcanypa Bacuibesnda CrimBaka 3a MpUIJIAIIIEHEE TPOYECTh ITY JIEKITUIO.
¢ ouens npusHarenen Baamumupy lorenko, koTopslit Ha jeTHeil mkose «Co-
BpeMeHHas Maremarukay B ybre B 2005 rojly BIE€pBBIE MO3HAKOMUJ MEHS
C KBAHTOBBIMHU aHaJIOI'aMU 4YHUCeJI COUYeTaHUil 1 paSMeH_[eHI/IIU/I.

4 6naronapen BuraguciaBy JpyKuHuny, KOTOPBIi, Oy/Iydu TOrIA ITKOJIbHU-
KOM, PaccKa3aJj MHe IPUIYMAHHOE UM I'€OMETPUYECKOE T0KA3aATEILCTBO TEOPEe-
Mbl 5.8. 91 Takike BbIpazkaro Giarogaprocts VBany JlumaeBy, KoTopslil (Toxke
Oy/Lyun MIKOJTHLHUKOM) 00PATH/I MOE BHUMAHKME HA KOMOUHATOPHYIO UHTEPIIPe-
TAIMIO 9uces pa3Merrennii (npesyroxkenne 3.2).

Muorue u3 chopMyJIMPOBaHHBIX B TEKCTE YIIPaXKHEHU pa3bupauch Ha
y4e0HO-MCCIeI0BATEIECKOM CeMUHape, KOTOPbIM s1 pykooama B 2010 romy,
Ha Kadeape aarebpbl u reomerpuu CaMapcKoro rocyJIlapCcTBEHHOI'O YHUBEP-
cuTeTa. DTO IMOMOIJIO MCIPABUTHL HEKOTOPLIE OIMIMOKM M, sl HaJIeloCh, IIOPOit
YIIYUIIATD CIocob majoxkenusi. ¥ Beipakaio npusnaresabHOCTb Cepreio Bpon-
nukoBy, Kcennun Barkunoit, Imurpuo Enuceey, Enene Kykapunoii, Ilasty
Hukynuny, @énopy YepeBaTeHKO U JPYTUM yIaCTHUKAM CEMHUHAPA.

Otnenpuas 6imaromapaocts — Muxanny IlanoBy, aymecabie TEXnudeckue
[MO3HAHUS KOTOPOI'O CUJIBHO CIIOCOOCTBOBAJIH YJIyUIIEHUIO ODOPMIIEHUS TEKCTA.

§1. KJIACCUYECKASI KOMBUHATOPUKA

Yuratesb, CKOpee BCEro, y2Ke CTAJIKUBAJICS C dJIEMEHTAPHBIMI KOMOUHATOP-
HBIMHM IMOHATHAME U pakTamu. TeMm He MeHee, MbI CIMTaeM HY>KHBIM HAIIOMHUTH
HEKOTOPBIEe 6a30BbBIE BEIN — XOTS OBI JIJISI TOTO, YTOOBI 3adUKCHPOBATH 0003HA-
vennd. [Iycrs n — moboe 1etoe HeoTpHUIATEIbHOE YUCI0, a8 k — IPOU3BOJILHOE
nejioe uucjo ot 0 10 n.

Yucno pasmeuwserutds u3 n no k—3T0 KOJUIECTBO CTPOK JINHBI k, 3aI10J1-
HEHHBLIX YucjaMu or 1 no n. Apyrumu cjioBamMu, 9TO KOJUYECTBO CIIOCOOOB
BeIOpaTh k MpPEIMETOB M3 N Pa3HbIX IPEIMETOB, HPUIEM BarkKeH IOPAIOK,
B KOTOPOM 3TH IPEJIMEThl BhiOupaioTcs. JlelicTBUTEILHO, eCain 3aHyYMEPOBATH
IIpeaMeThl 9ucjaaMu OT 1 10 M W 3aTeM 3alnChbiBaTbh B CTPOKY HOMEpPA BBIOU-
paeMBbIX IIPEJIMETOB, TO Mbl KaK Pa3 IOJIy4YUM CTPOKY JJINHBI K, 3aII0JTHEHHYIO
qucaamu oT 1 10 n. Obo3HavaeTCs IUCI0 pa3MeIeHuii u3 n 1o k depes (n)g.

Hekoropoe cMmyIienne Mo:KeT BBI3BATH 9TO omupejeenue npu n = 0 mim
k = 0. Ilpunsro cunrars, 9ro (n)g = 1 aus Beex n, Bkiovast 0. O6bsicHeHne
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TaKOBO: €CTh POBHO OJIUH CIOCOO B3STh HYJIb MPEIMETOB — He B3ATh HUYETrO.
Taxzke hopMaIbHO moJaratoT, 9ro (n); = 0 npu k > n: HeJb3s BEIOPATH JECITh
npeameros u3 nari! Yacro smecto (n)y, mumyT vepes A¥ | no mbr mpemounTaem
yKa3aHHOE BbIIlle 0603HAYEHNE; OHO ceffdac CTAaHOBUTCS BCE HOJiee MOy ISPHDBIM.

D10 ompeeneHwe He JAET BO3SMOXKHOCTH OBICTPO TOCYUTATH, Y€MY DPABHO,
Hanpumep, (2013)500. Boobmie, st 106010 KOMOGUHATOPHOIO OOBEKTA ecTe-
CTBEHHBIN BOIIPOC — KaK €ro «IIOCUYNTaThy. VIHOTIA, 1T HEKOTOPBIX OOHEKTOB,
MoJTyYeHre SIBHON (bOPMYJIBI — OYeHb HEIPOCTAasl 3aJ1a49a, HO JJIS IUCEST Pa3Me-
MIEHUH 9TO COBCEM HE CJIOXKHO.

HeiictBurenbHo, (n); = n— MOXKHO B3sTb JII000ii peamer, (n)y = n(n — 1),
TaK Kak IIePBbIil IIPEJIMET MOXKHO BBIOPATH 1 criocobamu (B3sTh J11000ii), a eciiu
IIEPBBIN [IpEIMET y2Ke BBIOpaH, TO BTOPOM MOXKHO BBIOpAaTh 1o — 1 CIIOCODOM —
B34Tb JII060# U3 OCTABIINXCS. AHAJIOTHYHO

ng=n-n—1)-n—=2)-...-(n—k+1)
JUtst JII060ro k. 3amMeTuM, UTO eCJin JJisi JTI000T0 HATYPAJIbHOTO 1M 0003HAYUTH
m!=1-2-...-m (anraerca «d3m daxkropuas») u mogoxutb 0! = 1, To
() = n-(n—1)-...-n—k+1)-(n—k)-(n—k—-1)-...-1  pl
"k = n—Fk) - (n—k_1)-...-1 BRCEIE

VYIPAXKHEHUE 1.1. i) dokaxkure, uto n - (n)y = (n)gr1 + k- (n)k.
ii) ITokaxkure, 1To

O)m+DVm+...+(n—=1), = (n)m+1

m+1

Yuceno covemanuti ud n no k—3To KOIUIECTBO CIIOCOO0OB BhIOpaTh k mpe-
METOB U3 7 Pa3HbIX [IPEIMETOB, €CIM HaM He BayKeH IOPsIIOK, B KOTOPOM OHH
BeIOUpatoTcst. ObozHaueHNe: Z

Kax u st gucenr pasmerennii, (8) =1, ubo ecTh TOJHKO OIMH CIIOCOO

n
B34Tb HYJIb IIPEIMETOB — HE B3ATh HUYErO; KPOME TOrO, ( k) =0 upu k > n.

YacTo [/Is IcesT coueTanuii uenosb3yercs obosHauenue CF.

n n
= = ]_
(n) ( 0 ) ’
TaK KaK €CTb OJuH cI110co6 BbI6paTb n IIpeaMeToB U3 N IPeJIMETOB — B34AThb BCE.

Hamee,
(5= ()

B camom geste, ectb poBHO 71 CI0COO0OB BBIOpATH OJWH IIPEIMET U3 M: B3SITh
mioboit. Ho BeiOpaTh n — 1 mpeamer u3 n IpeaMeToB — 3TO TO K€ caMoe, ITO

[TousiTHO, 9TO
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He BBIOpATh OIWH, OTKY/Ia U MoJiydaeM Tpedyemoe paBeHCTBO. Boobire,

(Z) - <nffk)

Jy1st Jtio6oro k, Tak Kak BbIOpaTh k IIPEIMETOB — 9TO TO KE CaMoe, YTO He Bbl-
6paTte n — k ocTaBIIIXCS.

Yucna codeTanunit ToyKe HECJIOXKHO IMOCUYUTATH SIBHO. JleliCTBUTEIBLHO, MBI
y2Ke 3HaeM, CKOJIbKO CIIOCOO0B BLIOpPATH k IPEIMETOB U3 N MPEIMETOB, €CJIN
HaM BaKeH IOPSJOK — 3TO KaK Pas3 YUC/I0 pasMelleHuii uz n mo k. Pasabie
pa3MelleHrsI MOI'yT 3aJlaBaTh OJHO U TO YK€ COYETaHUE, €CJIU OHU OTJIMYAIOT-
sl JIMIIb TOPSIIKOM CJIeIOBaHUsl BHIOPAHHBIX IIpeaMeToB. TodHee, ecu y HaC
€CcTh KaKoe-TO (PUKCHPOBAHHOE pa3MEIleHne, TO OHO OYIET 3a/1aBaTh TAKOe YKe
coueTaHne, KaK U BCE, KOTOPhIE IOJIYUIAIOTCS U3 Hero Jiroboi IepecTaHOBKOI
BBIOpaHHBIX IpeaMeToB. Ilycrs, Hanpumep, n =5, k = 3. Ha pucynke nokasaso,
KaKre pasMeIeHnss COOTBETCTBYIOT OMHUM M TeM K€ COUeTaAHUSIM.

(5)3 = 60 pasmerenuii u3 5 no 3

020 000 000 00 000 DO VB0 |0 BOO
0G0 000 001|003 000 08D VOB OB |BOS
200|000 D00 B00 000 B8 B0 BO0|OB0
200 D00 OO0 DOV B0V B0V GO
00000 01 003 00 OB 0B OOB|I0BS
000000 008 008 008 B30 080 0eV|0ed
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0® |00 60|60 |66 | 80|60 |60

(g = 10 coueranuii u3 5 1o 3

) EYEISIS
0 | SOCOES
® OBOS
%
S
O
(]

®

Ho ectb Beero k! cioco6os nepectaButh k BHIODAHHBIX PA3HBIX HPEIMETOB
(mouemy?), Tak 4TO

n (n) n-(n—1)-...-(n—k+1) n!
(k): e k! T RHn—k) (1)

O6parum BHUMAHUE, YTO U3 3TON (HOPMYJIBI TOXKE CPa3y MOJIyIaeTCsi PABEHCTBO

(Z) = (nﬁk> (mouemy?).

YIPAYKHEHUE 1.2 (rpeyrosnpuuk [lackams). 1) JokaxknTe, aTo [y151 1106010
n > 1 u nja aoboro k or 1 non —1

()= () + (o)



72 M. B. Uruarpes

ii) Jokaxkure o1y dopmysy emé pas, He npuberasi K siBHOI dopmysie st
qUCesl COUeTAHWHN, a WCIOJIb3ysl JIUIIh WX [ME€PBOHAYAJIBHOE KOMOMHATOPHOE
OTIpeJie/IeHNE.

Dra dopMmyia Ha3bIBaeTCs (popMysoil TpeyrosbanKa lackass mo ciremyro-
UM TpUYrHAM. BynemM cTpouThb 6€CKOHEUHDBIN TPEeYrOJbHUK U3 UHCEs IO Ta-
KOMY IIpaBUJIy: B CAMOIl BEepXHe!l CTPOKEe IIOCTaBUM €JUHUILY, B CJICIYIOIeil —
JIBe eIMHUIBI. B KaxkJoil ciieryromeil cTpoke OyieT Ha OJHO YUUCJIO DOJIbIIe,
YeM B IPEJbIIyINeil; Yuca OyaeM pacroiaraTb CAMMETPUIHO OTHOCUTEIBHO
cepenuubl cTpoKu. 1o KpasiM OyeM CTaBUTh €IMHUIIBI, & KAaXKJI0€e IUCI0, KPOME
KpaiiHux, OyJIeT paBHO CyMMe ABYX CTOANUX HaJ HuM. HecKoJIbKO mepBbIX
CTPOK TPEYTOJIbHUKA BBIIVIAIAT TaK:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 ) 10 10 ) 1

SaHyMepyeM CTPOKU 3TOTO TPEYroJIbHUKA HEOTPUIIATETbHBIMU TEJTBIMU IHAC/Ia-
MU CBEpXY BHU3, TOTJA B N-if cTpoke Oyzer n + 1 94mcio; 3aHyMepyeM uX ClIeBa
Hampaso gucjaamu or 0 o n. KpaitHue duciia paBHBI €IUHUIE; JIJIs JIIOOOTO
n > 0 u jro60ro k ot 0 10 n IUCTI0, CTOSIIEEe B 9TOM TPEYTOJbHUKE B N-1i CTPOKE
Ha k-i1 mo3unum, paBHO YUCy coderaHuit u3 n no k. K npumepy, 5 ) = 10.
DTOT GECKOHETHBIN TPEYrOJBbHUK HA3BIBAETCsT TPEYTOJbHUKOM llackalist.

YIPAYKHEHME 1.3 (6unom Herorona). lokazkure, aro gt n > 0
(x+y)" = <8>x"y0 + (?)x"flyl + (g’)x”dgf +...+ (Z)xoy".
YKA3AHUE. Mcnosb3yiite KOMOUHATOPHOE OLpE/IeIeHNe THCE COYCTAHMUIL.

[Tpu mebosbiux n dopmyna 6unoma HpioTona HazbiBaeTcs «OOpPMYyIoif
COKPAIIEHHOI'O YMHOXKEHU» ; K IIPUMEPY, [IPU N = 2 OHA IVIACUT, 9TO

)= ()" + (D)o + (3)e'9 =" 2w 07

Bwmecre ¢ Tpeyrosbaukom [lackasisi 970 maét JOBOJIBLHO OBICTPBIN AJrOPUTM
BO3BEJIEHNUS B CTEIEHD; HAIIPUMED,

(z +y)° = 2° + 5zty + 1023y? + 102%y> + ay* + ¢°.

W3-3a BaxxkHocTu 6unoMma Hpiorona dmciia codeTaHuii MHODIA HA3bIBAIOT JIaKe
buHOMHUAIBHBIMEI KO3d burimerTamMu. MbI cefigac pacCMOTPUM 9HCTO ajaredpa-
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HYECKOe JT0KA3aTeNIbCTBO, UCIIOb3YyIoIee Juih dhopmyiay (1) u TpeyroibHuk
ITackamiss —3T0 HYKHO OyZleT HAM B CJIEAYIONIeM maparpade.

YTBEPXK/JIEHUE 1.4. Dopmyaa bduroma Hvromona eepra.

JOKABATEJILCTBO. Ucnonb3yem nuayKIimio 1mo n. basa unaykinuu n = 0
oYeBHIHA: JIFOOOH MHOIOYIEH B HYJIEBOW CTENeHNW PaBeH eIUHUIE, TaK 9TO
dopmyita npuauMaer Bua 1 = 1. Ecim 310 KaxkeTcst «TPIOKOM», TO MOXKHO
craproBarh ¢ n = 1, rme dpopMysa ToKe OYEBUIHA: L + Y = T + Y.

[Tpenmosioxkum Tenepsb, 9To Juist N — 1 dpopmysia yxke gokasana. Torma

(z+y)"=(z+y) (z+y)" =(r+y)x
(") “y°+(” Dt (G01) ) =
:(n51>x y _|_< 11>xn st +< })xlyn 1y
() (7 e s (1
=+ (") (")) T
NERIREE R

Ocraérest ncnoJib30BaTh TpeyroibHuk llackasts. O

YIIPAXKHEHUE 1.5. 1) ITokaxwure, ato

(B)+ (1) ++ (1) =2

ii) Jlokazkure 3TO, MUCIOJIBb3Yysi TOJBKO KOMOWHATODHOE OIpEJe/eHUe [i-
cest couerannii. [lonckaska: CKOJILKO BCETO CYIIECTBYET ITOCEI0BATEILHOCTEN
U3 IJIIOCOB U MUHYCOB JIJTUHBI 17

iii) ITposepwre, aTO

(5)- )+ (1) () -0

iv) V6eaurech B BEDHOCTU PABEHCTBA

1-(?)+2-(g)+...+n-(2):n-Q”—l.

v) Jokaxkure, 4ro

() () + () G2+ (G)(5) = ("3"),
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Koneuno, Bcé 510 TOIBKO Bepxylka aiicoepra. Kombunaropuka pa3BuBa-
eTCsl HEBEPOSITHO OBICTPO M MMEET OTPOMHOE KOJUIECTBO 3P (DEKTHBIX MPUJIO-
JKEHUI B COBPEMEHHOM ayirebpe, reOMeTpUH, aHaan3e, Teopun rpadoB U B Psjie
JIpyrux obJiacTeil COBpeMeHHON MaTeMaTuKu. Y HaC HeT HUKAKON BO3MOXKHOCTH
UBJIOKUTD 3/1€Ch JTaKe BCE dJIEMEHTaPHbIE 1 aO0COTIOTHO KJIACCUIECKNE CBEIEHNUST
npo umcsia coderanuit u pasmernenuil. (Tax, Mbl COBEPIIEHHO HE KacaeMcst
Kpacuseilleil u o4eHb [IOJIe3HOI MHTeplIpeTalul B TepMUHaX IIyTell Ha KJleT-
gaToii 6ymare.) OTpaHHINMCs JIUITH CCBLIKAMHI Ha HECKOJIBKO yUIeOHUKOB. DJe-
MeHTapHble KOMOUHATOPHBIE METO/[bI YETKO U3J102KeHbl B KHure [1]. Tlosiesnoe
0bcy K IeHne aJITOPUTMUIECKIX aCIeKTOB OCHOBHBIX KOMOMHATOPHBIX HMOHATHI
conepkutcst B [13]. MBI ropsiio peKOMeHJIyeM BCeM 8eAukosentyto KHury [3],
B KOTOPOIl KOMOMHATOPHUKA IMIPEICTAET IPE3BBIYANHO 3PDEKTUBHBIM OPYIHEM
PEIIeHUsT CAaMBIX PA3HOOOPA3HBIX aJIreOpanvecKuX U reOMEeTPUIECKUX MPOOJIeM.

Ha 6oJtee BbicOKOM ypoBHE KOMOMHATOPHBIE ACTIEKTHI aare0phl OCBEIAIOTCS
B dbyHIaMeHTaIBLHOM yuebHuKe [14] — pasymeercst, He npejHa3HAYCHHOM JIJIst
[IEPBOr0 3HAKOMCTBa C mpeameTroM. OTIeIbHOIO BOCXUINEHUS 3aCJIy>KUBAET
IJIaBa PO «KaTaJaHoBY HO0JIE3HL» , B KOTOPO cOOpaHO HECKOJILKO COMmeH MHTEp-
Iperanuii 3HaMEHUTHIX duces KaTajiaHa; cM. 110 9TOMY MOBOJYy TaKXKe CTATHIO
[5, 6]. Hakowerr, oueHb TOHSTHOE 1 OBICTPOE BBEJCHUE B TEOPUIO MIPOM3BOISIINX
dbyuxumit npuseeno B [11]. Bee 9Tu KHUIM MbI HEIPEMEHHO COBETYEM IIPOYECTh
(mycTh He cpasy!) TeM, KTO JeHCTBUTEJBHO XOUYET OBJIAJIETH COBPEMEHHBIMU
KOM6HHaTOprIMI/I n aJIT'OPUTMHUYICCKUMU METOJaMM.

§ 2. KBAHTOBBIE AHAJIOTU

[Tepeiiném K ompeeIeHIIO HHTEPECYIONUX HAC 00beKTOB. TepMUH «KBaHTO-
BBIil» IefiCTBUTENILHO CBSI3aH C KBAHTOBOI du3mkoit. Jlemo B ToMm, UTO B Kitac-
CUYIECKOI MEeXaHUKe MOYKET CYIECTBOBATH JII0Dast, CKOJIb YTOJIHO MaJiast TIOPITUST
suepruu. Hamporus, ¢ TOUKHM 3peHnsi KBAHTOBOW TEOPHUU, IJIEKTPOH HA JIAH-
HOIl JIjTMHE BOJIHBI HE MOXKET U3JIy4YaTh SHEPIUU MOPIUSAMEI, KOTOPbIE MEHbIIE
M3BECTHOW KOHCTAHTBI, KOTOPas 0b03HAYaeTCss A U HA3LIBACTCS MOCMOAHHOU
Inanxka. B psiae dopMyi yao6HO HCIONB30BATh 0603HAYEHNE ¢ = €.

YacTp KJ1acCHYecKoil MEXaHUKH MOXKeT ObITH I0JIy4YeHa U3 KBAHTOBOM «IIpe-
JIeJIbHBIM TiepexoioMs» 1pu i — 0; upu srom ¢ — 1. Takum ob6pazom, B mepBom
IPpUOJIMKEHNN KBAHTOBBI 00bEKT MOXKHO IMTIOHUMATD KaK HEKYIO «IePOPMAITITIO»
KJIACCUYECKOTO 00BEKTa, TAK 3aBUCHIILYIO OT [apaMeTpa ¢, YTO IPU ¢ = 1 MbI
[OJTy9aeM MCXO/HbBIN KJIACCUIEeCKUN OOBEKT.

Bce sTn HeBHATHBIE 00bSICHEHNSI MBI Ceiidac HAIIOJHUM BIIOJIHE ITPO3pad-
HBIM CMBICJIOM B KOHKPETHBIX CJIydasX. BoJjiblile MbI HE CTAHEM BIABATHCS
B IIPUYNHBI UCIIOJIB30BaHU A «KBaHTOBOM» TEPMUHOJIOTNN, KpaTKNne KOMMEHTa-
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PHUE 110 TIOBOJy CBSI3W KBAHTOBON KOMOWMHATOPUKH C TUIYOOKUMH Pa3IeaMu
COBPEMEHHOI TeopeTuvIeckoll (hU3UKU MPUBEIEHBI B TIPEIUCIOBUN.

ONPEIEJEHUE 2.1. Keanmosvim ananozom HATYPAJILHOIO YUCIa 1 Ha3bI-
BaeTCs MHOTOYJIEH OT TIEPEMEHHON ¢ BUJIA

n]=14+q+¢+...+¢"1.

CHHOHMMBI: KBaHTOBOE HYHCJIO T, ¢-aHAJOr 4ucyia n. Vcnoiap3yloTcs Takxke
obosHaueHust Ny U [n]g, HO y HAC ¢ Beerga OyAeT IPOCTO MePEMEHHOIl, TaK 4To
MBI He OyjieM yKasblBaTh ero B obosHadenusx. [Tomoxum rakxke [0] = 1.

Ormernm, 9ro [n] =n npu ¢ =1, To ecThb 1-aHAIOr paBeH OOBITHOMY IHCILY N.
MHuorowren [n] MOXKHO mpeJicTaBUTh B GoJiee KOMIAKTHOI dopme:

_a-t
[n] - q— 1°
Tak»ke ero Jierko BbUUCAUTH Jyist Heboabimux n: [1] = 1, [2] = 1 + ¢, u Tak

najiee. Ternepb — KJIIOUEBOM MOMEHT: MBI MOYKEM «HUMUTUPOBATB» OIpEIeTICHUE
00bI9HOrO (haKTOpHUAJIa, UCIOIB3YsI KBAHTOBBIE UUC/Ia BMECTO OOBIUHBIX.

ONPEJEJIEHUE 2.2. Ilycrs n — mr060e HaTypaabHOe Jucyao. Kearmosvim
Paxmopuanom HA3BIBAETCS MHOTOYWIEH OT IIEPEMEHHON ¢ BUIA

]! =1[1]-[2] ... [n].
CHHOHUMBI: KBaHTOBBI anasor daxropuaia, ¢-bakropuaia. PopMaabHO OIpe-
nemnm [0]! = 1.

[Touepkuém, uro, Boobie rosops, [n!] # [n]!. K npumepy, [3!] = [6] — mHOTrO-
“wWIeH nsToil cremenu, B To Bpems Kak [3|! = [1] - [2] - [3] — mmOrowIen Bcero
JINIIb TPETheil CTEeIICHU.

YIPAXKHEHUE 2.3. 1) st kKakux unces a u b 6yjier BEPHO PABEHCTBO
la] - 8] = [ab)?
ii) okaxkure, 94T0 JIs1 JIEOOBIX N, k
[n] = [k + ¢* - [0 — K] = [0 — K] + "~ - ],

Ob6paruTe BHUMaHHUE Ha IMTOCEIHION (opmynay. fcHo, uro npu ¢ = 1 oHa
[IPEBPAIIAETCS B JIBA OYEBUIHBIX DABEHCTBA:

n=k+(n—k)=n-k)+k.

HpI/I 9TOM KBaHTOBafAd (bOpMyJIa OTJIMYAETCS OT KJIACCHYECKOI ,ILO6ELBJI€HI/I€M
«KBAaHTOBBIX IIOIIPaBOK» — CTelleHen ¢ — K HEKOTOPBIM CJiara€MbIM.
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ONPEAEJEHUE 2.4. [T n >0, 0 <k < n K6aHMOBBM YUCAOM PA3MEWEHUT
u3 n no k Ha3bIBaeTCA MHOT'OYJIEH OT IIEPEMEHHON ¢ BUJIA

[n]!

[n]k:[n]-[n—1]~...~[n—k+1]:m.

OHpe,ZLe.HI/IM TaKXKe K6AHMOBOE YUCAO CoOvemarutl u3 n no k Kak 9acTHOE ABYX
MHOT'OYJICEHOB BHJ1a

[&]! k]! &) — &)1

[Z]_[n]k_[n}-[n—l]-...-[n—k—i—l]: [n]!

IToka HENOHSITHO, JNEJIUTCS JU YUCIUTEb Ha 3HAMEHATeIb, TO €CThb $B-
JdeTcd A KBAHTOBOE YHCJIO COYETAHUIT HACTOAIAM MHOTOYJICHOM C IEJIBIMHA
ko3 punnrenramu. BupodyeMm, eciin M3HAYAIBLHO ONPEIEIATH OOBIYHOE YHCJIO
coueranuii popmysoit (1), To OKa3aTh, UTO ITO IEJ0E YUCII0, TOXKE HE TaK-TO
npocro. OTMETHM IIOKa, 9TO IpH ¢ = 1 KBaHTOBBIE YUCJIA COYETAHUN U Pas-
MeIIeHN TpeBpaIaoTca B oObraHbe. KpoMe TOro, BHITOTHAIOTCSA OUEBUIHBIE

5)-1-
[Z}:[nﬁk]

CobcrBenno, magoc KBAHTOBON HAYKHU 3aKJ/IFOYAETCHA B CJIEYIOIIEM: TEIEePb,
KorJJa MBI OIIpeJeJINJIN KBaAaHTOBbIE aHAJIOT'U KJIaCCUICCKUX KOM6I/IH&TOprIX 06’])—
€KTOB, OKa3bIBAETCsI, UTO 6CE€ KIACCHIECKNE TOXKIECTBA JOMYCKAIOT KBAHTOBBIE
amajioru! Jlpyrumu ciioBamMu, Jjist KJIACCHIECKOTO TOXKJIECTBA BCETJIa MOYKHO
MPUIYMATh TOXKJIECTBO C KBAHTOBBLIMHU YHCJIAMHU COYETAHWI W Pa3MEIIEHHIH,
KOTOPOE OTJIMIAETCS OT OOBITHOTO KBAHTOBBIME ITOITPABKAMU U IIPEBPAIIAETCS
B 00BIYHOE IIpH HoacTaHOBKe ¢ = 1. TakuMm oOpas3oM, BCsl KIACCHIECKass KOMOH-
HATOPUKA, UMEIOIIAs JIEJI0 C YUCJIAMHU COUCTAHUN U pa3MEIIeHU, BKIIFOIAETCS

paBE€HCTBa

u, mmpe, Jjisi jiroboro k

B I'DAHANO3HYIO IIPOrPpaAMMy KBAHTOBON KOMOMHATOPUKM KAK OYEHb JaCTHBIN
caydait. Iepeiiiém K KOHKpeTHBIM (haKTaM.

YIPAYKHEHUE 2.5. 1) JlokaxkuTe KBaHTOBbIH aHAJOr (DOPMYJIBI U3 YIIParK-
menus 1.1 (i): i}
(] - [nlk = nfks1 +¢" 7 - [K] - [0y

ii) (KBanrossrit Tpeyronsauk [Tackasst.) Jokazkure, 1o jyist joboro k or 1

KR A R et B K R

mon—1



KBanroBas KomMbuHATODHKA 77

CHIEACTBUE 2.6. Keanmosoe 4ucio couemaHutl AGAAECMCA MHO20UAECHOM
om nepemMenHoti q ¢ UCAMU KOIPOUUUEHMAMU.

JIOKABATEJILCTBO. BoiTekaer u3 hopMyJibl j1jisi KBAHTOBOI'O TPEYTOJILHUKA,
ITackamns. 0l

YT1o0bI KBAHTOBATH BTOPOE BaXKHEMIIIEe TOXKJIECTBO C YUCJAMEI COYETAHUIA
u pasmertenuit — bunom HbioTona, — Tpebyercs erié mapa orpejiesienuii.

ONPEJEJIEHUE 2.7. Oupeenm n-10 K8aHMOosY CMeneHsb Kak MHOTOUJIEH
C TMETBIME KO(DPUITHEHTAMI OT TIEPEMEHHBIX T, ¥, ¢ BUIA

e +yl" = (e +y) (@+ay) @+y) ... (x+¢"y)
(obpaTure BauMmanue, uTo [x + y|" # [y + x|"). Homoxum dopmasbho
[ +y)° =1

YIIPAYKHEHUE 2.8 (xBauToBbli 6utnom Hbiorona). Ilokaxkure, aro mis
aoboro n > 0

&+ y]" = qo-(—l)/z{g}xnyo +q1~0/2|:711}mn—1y1 n q2-1/2|:721}1:n—2y2 i

_i__“_’_qk-(k—l)/Q[Z}xn—kyk_'_...+qn.(n—1)/2[2:|x0yn.

YKA3AHUE. [eiicTByliTe, KaK B I0KA3aTEILCTBE YTBEPKIeHUS 1.4.

Ectb 1 npyroit criocob kBarnToBaTh OunoM HbioTona, cBsI3aHHBIN emié ¢ of-
HOl (hyHIAMEHTAJIBLHON Heeil KBAHTOBOW (DU3UKHU — Ujieeil HEKOMMY TATHBHO-
cru (noxpobHOCTH CM. B mocijenHeM maparpade). A uMeHHO, Oy/eM CuYnuTaTh,
YTO T U Y — 9TO HE OOBIYHBIEC TIEPEMEHHBIE, CBSI3aHHbIE COOTHOIICHUEM LY = Y,
a «OyKBbI» B «ajdaBuUTE» HEKOEIO HOBOI'O «3BIKa», CJIOBA KOTOPOT'O 3aIIUCAHBI
stuvu 6yksamu. Torna 22y = oy u yr? = yrr — 5T0, KOHEUHO, Pa3HbIe CJIOBA.

Bynem mpesmnonararh, 4To rpaMMaTHYECKUE TIPABUJIA 9TOIO «SI3bIKA» 03~
BOJISIIOT B JIIOOOM CJIOBE J[BE OS] UJyIIHe OYKBBI YT 3aMEHUTHh Ha OYKBBI
ZY, HO IIPH 3TOM <«YMHOXKHTh» CJIOBO Ha ¢, TO €CTh IIPOCTO IPUIIACATDH IIePE]T
ciioBoM OYKBY ¢. Eciu canrars, 910 6YKBY ¢ MOYKHO CBOOOIHO «IIPOTACKUBATD»
gepe3 Bce OCTajbHbIE OYKBBI, TO KPATKO 3TO IPABUJIO MOXKHO BBIPA3UTH TaK:

YT = qry.
Hampumep,
y2ad = ¢Ba3y2.
Mo2KHO OIpPENENIUTD «CJIOKEHNE> U «YMHOXKEHHe» CJIOB OoJjiee Wi MeHee

oueBUIHBIMU (DOPMAJIbHBIMU TIPABUJIAMHU (BJIABATHCSI B JIETAJU Mbl Celvac
He craneMm). K npuwmepy,

(+y)l=@+y) @+y) =2 +oy+yz+y> =2+ (1 +qzy + v
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VIPAKHEHUE 2.9 (kBanToBbIil 6uroMm HbloTOHA, HEKOMMYyTaTHBHAS BEp-
cust). JIokaxKure, 9TO MIPU TAKOM OIIPEJICTIEHUN

(x+y)" = Kﬂx”yo + [ﬂm"ilyl 4+ ..+ [Z]xoy".

Takum obpazom, MOXKHO 0OOUTHCH Jlazke 0€3 KBAHTOBBIX IOIIPABOK, €CJIM II0-
2KepPTBOBATb KOMMYTaTUBHOCTHIO YMHOXKCHUSA [I€PEMEHHBIX.

§ 3. KOMBUHATOPHASI UHTEPIIPETALIMS

MBI TOJIBKO 9TO BUJEIH, YTO JBa BayKHEHIINX TOXKIECTBA — TPEYTOJIbHUK
[Tackasist u 6unom HbroTona — momycKaroT u3simHbie KBAHTOBbIE TIepedopMyJin-
poBku. HempusaTHbIM MOMEHTOM SIBJISIETCSI TO, YTO KBAHTOBBIE UMCJIa COUETAHUI
U PasMeIeHnil [TOKa OIPEJIEISTIOTCA UUCTO AJIredpandecku, B TO BPeMsl KakK
B KJIACCUYECKON CUTyallu YMCjIa COUYeTaHUN 1 Pa3MEIIeHUN IIePEUYUCIAI0T HEKO-
Topble 00beKThI. Kak MbI cefiuac yBUJIUM, KBAHTOBBIM aHAJIOIAM TOXKE MOXKHO
JIaTh BECbMa U3AINIHYI0 KOMOMHATOPHYIO TPAKTOBKY, KOTOPasi B KAKOM-TO CMBIC-
Jie SIBJISIETCS KBAHTOBAHUEM KJIACCHIECKOTO KOMOMHATOPHOI'O OIPEJIEICHUS.

Ob6oznaanm gepes A, MHOXKECTBO k-3JIEMEHTHBIX HOIMHOMKECTB MHOMKE-
crBa {1,2,...,n}; TakuM 00pa3oM, IPOCTO IO ONpeJeseHuo, |A, k| = "
st kazkoro nojmuoxkectsa S C {1,2, ..., n} Gyxem uepe3 w(S) obosnavarsb
CyMMYy YHCeJI, BXOASIIIX B 3TO ITOAMHOXKeCcTBO. Hampumep,

w({2,4,51) =11, w() = 0.

[TPEMJIOXKEHUE 3.1. Umeem mecmo dopmyaa

{]= > e

SE.An,k

JIOKA3ATEJIbCTBO. Bynem jokaseiBaTh hopMmysty wHyKImei mo n. basa
nHAyKimn n = ( IpoBepseTcss TPUBUAJIBHO: IPU €IUHCTBEHHOM BO3MOXKHOM
suavennn k = 0 dopmyna umeer Bug 1 = 1, tak kak w(2) = 0. [Ipeamonoxum,
aro i n — 1 dopmyna yxe jgoxazana. Ilpu k = 0 ona odeBumIHO BepHA
(u6o mmeer Bux 1 = 1), TaK 9TO JAJbIIE MOXKHO CIMTATH, 9TO k > 0.

Pazobném Bce noamuozkecTsa us Aj, j Ha ase dacti, A n Asz. B nepsyio
IIOMECTUM Te, B KOTOPBIX COIEPIKUTCS 1, a BO BTOPYIO — Te, B KOTOPBLIX 7
He comepxkutcda. Hampumep, npu n = 4, kK = 2 3T 9aCTU yCTPOEHDbI TaK:

Al = {{17 4} ) {27 4}7 {3’ 4}}7
A2 = {{17 2}7 {la 3}7 {27 3}}
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Bropas gacts mycra npu k = n; B 9TOM citydae GpopMysia MPOBEPsIeTC 0IeHb
o n
serko. eiicrBurensHo, ipu k = n JieBasi 9acTb (OPMYJIBI PaBHA nl =1

a TpaBasi YacTh paBHA

w({1,...,n})— "t 0_1

q =q =

Wrak, majbiie MOXKHO cauTaTh, 9T0 k < n.

Ecaun u3 moboro mommuoxkectBa S w3 A BBIKHHYTH 7, TO TOJIYIUTCS
(k — 1)-ssementHoe mogmuozkectBo S’ Muoxkecrsa {1, ..., n—1}. fcro, uro 310
3a7a€T B3aMMHO OJHO3HAYHOE COOTBETCTBHE MexKIy A1 1 Ap_q k—1, IpUIEM
w(S) = w(S") + n. C apyroit cropoHsl, MHO)KeCTBO Ay MPOCTO coBHAjAET
¢ Ap—1, k. Takum o6pasom, IpaBast 9acTh JOKA3bIBAEMOIO PABEHCTBA HMEET B

D A e PTG b s S e

SeEAnp SeA SeAs
N k(kt1)  k(k+1)
= Z qw(S -5 Z qw(S) =5
S'eAn_1, k-1 SeAn_1,k

3ameTnM, 9TO
k(k+1)  k(k—1)

5 =35tk

IIO3TOMY

w(S’)+n— k(k+1)

5 _ qn—k . qw(S/)—ik(kQ_l) ]

q

SHB}H/IT, npaBad 9aCTb JOKa3bIBa€MOI'O PaBE€HCTBa IIE€PEIUCBIBACTCA B BUIE

_ n_k(k=1) _k(k+1)
qn k Z qw(S) T 4 Z qw(S) 7

S’ €An_1, k-1 SEAn_1,k

Tlo mpemmonoKeHnIo UHIYKITUH, [IEPBOE U BTOPOE CJaraeMble PaBHBI COOTBET-
n—kln—1 n—1
CTBEHHO ( E_1|H e s 3aBepIieHnsT MOKa3aTeIbCTBa OCTAJIOCh

HWCII0JIb30BaTh KBAHTOBBIN TPEYTOJIbHUK ITackaJs. ]

n
Ob6paTtuM BHUMaHWE, ITO IPHU ¢ = 1 JieBast 9acTh OyIeT paBHA IPOCTO ( k)
B T0 ke Bpems mpaBast 4acTh OyjeT UMeTh BHI,

D "= 1=[Anl
Ank An k

— M MBI BUJMM, 9TO 9TO KOMOMHATOPHOE OIpeJIeIeHre Iicesl codeTanuii!
I[Tycrs, manee, By, j — MHOXKECTBO CTPOK [JIHHBI k, 3AIIOTHEHHBIX THCJIAMI

or 1 10 n, To ectb, B wacruHocry, B, x| = (n)g. Ja xaxmgoit crpokun T, 3a-

HOJIHeHHO# yucstamu ot 1 110 n, GyxeM depes w(T) 0603HAUATH CyMMY YHCEJl
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B Heit, a depe3 N (T') — konmvectBo nusepcuii B 7. Hanomunm, aro uneepcued
B cTpoke 1" Ha3bIBaeTCsd Takasd Iapa uuces ¢, j, BCTpedaloliascs B Hell, ITo
1 > j, HO TIPX 9TOM YHCJIO ¢ TOsiBJIAeTCs B 1 paHbie, geM quciio j. K mpumepy,
noJHbI criucok uaBepcuit B crpoke T = (3,4, 1,5, 2) Boirisgaur tak: (3, 1),

(3,2), (4,1), (4,2), (5,2), nostomy N(T) = 5.
[TPEJIJIOXKEHUE 3.2. Hmeem mecmo gopmyaa

o= >0 quENO-EER,
TEBn,k

JIOKABATEJILCTBO. OusiTh ucnosb3yeM UHIyKIuo 1o n (6asa n = 0 ove-
BuzHa). [Ipennosnoxkum, aro dhopmyra yxe nokaszana s n — 1. Kak u B mpo-
IIJIOM JJOKa3aTe/bCTBe, IOJIe/INM Bce CTpoKH u3 B, . Ha jase gactu, By u Bo.
B nepBy1o wacTh momecTuM Te, B KOTOPBIX BCTPEUIACTCS THCIIO 11, & BO BTOPYIO —
Te, B KOTOPBIX OHO He BcTpedaercd. K npumepy, upu n = 3, k = 2 31t 9actu
OyIyT BBITJISAIETD TaK:

By = {{17 3}7 {37 1}’ {27 3}7 {37 2}}7 By = {{17 2}7 {2, 1}}

[Ipu k = n BO BTOpOIt YacTy HET HU OJIHONM CTPOKHU, HO 9TO HUKAK HE OTPA3UTCSI
Ha XOJIe pacCyKJIeHui.

Ecan w3 mo6oit crpokn w3 By yaaanTh 9uUCIO N, TO TOJYIUTCS CTPOKA
u3 By_1, p—1. Obo3naummM 1osryueHnoe orodpazkenue Iepes

T 'Bl — Bn—l,k—l-

fcno, uro TakuM 06pa3sOoM MOKHO IIOJIyUUTh J1I00YI0 CTPOKY 13 By 1 f—1.

Bouee Toro, mycts T” — kakas-To (pUKCUpOBaHHAsA CTPOKa JIIUHBI k — 1.
Kakwe cTrpoku nepexojisiT B Heé 1101 JeiicTBreM orobpazkeHus r? Mbl MOXKeM
J106aBUThL M Iepe1 Beeil cTpokoii 17, 1mociie mepBoro eé cuMBoJIa, II0CIe BTOPOro,
U TaK Jiajiee, BIUIOTH JIO MOCJEeIHENl BO3MOXKHOCTH — JOOABUTH N IIOCJIE BCeil
crpoku T'. Buaunt, ecth Beero k crpok T mmunbl k takux, uro r(T) = T
O6oznauum ux 1y, 11, ..., Tr_1 B 3aBUCUMOCTHU OT TOIO, [IOCJIE KAKOM ITO3UIUN
crpoku T" nobasmsercs n.

3aMeTuM, YTO CyMMa UHCe B JIOOOH W3 3TUX CTPOK Ha 1 OOJIbIINE, dYeM
B crpoke 1. Kpome Toro, B ctpoke Ty Ha k — 1 nHBepCuio 60JIbIIE, 9eM B CTPOKE
T’, noTOMY 4TO 4MCJIO 1 06pa3yeT MHBEPCHIO C JIIOOBIM YHUCJIOM, ULYIUM HOCJIe
nero. B crpoke 17 na k — 2 unsepcun GoJible, 4eM B cTpoke 1" 10 TeM ke
npuarHaM (YUCI0 n He 00pasyeT WHBEPCHIO HHU C OJHUM YHCIOM, WJLYIIHM
pasblie Hero). Paccyzkias aHaJIOMMIHO, MO IUM, 9TO

T QDN TN D) | quTO+NT) ol +N (Tee)

Te 'Bl
r(T)=T"
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_ qw(T’)+n+N(T’)+(k71) + qw(T’)+n+N(T’)+(k72) 4.+ qw(T’)+n+N(T’)+0 _

=q"- (qkfl _’_qku +oF1)- qw(T’)+N(T’) =q"- [k] . qw(T’)+N(T’)'

Ocramock 3aMeTUTh, 9T0 By —3T0 B TOUHOCTH MHOXKECTBO By, 1 1. C yué-
TOM CIEJAHHBIX BBIIIE 3aMEUYAHNN U IIPEIIIOIOKEeHN NHIAYKINNA IPaBas JacTh
JIOKA3LIBACMOI'0 PABCHCTBA MIEPEIUCLIBACTCA B BHJIC

Z g+ (T)- LiLARS

TEanyk
= 3 gE@ANTZEEE S AN
TeB TecBs
_ k(k+1) _ k(k+1)
=q 5 Z qw(T)—i-N(T) + Z qw(T)+N(T) 5 —

TeB, TEBn 1.k

 k(k—1)+2k w
¢ 2 < >« (T”N(T)> +[n -1k =

T"€Bp-1,k-1 ~TEBy, r(T)=T"

Lk kD) n (T :
T €Bp_1, k-1

_ ’ r_ k(k—1)
AR D DA (R
T"€Bn_1, k-1

= q" Mkl — 1 + [0 — 1 =
=[n— 11 (" "k + [n = k]) = [n][n — L = [0,

910 U TPebOBAJIOCH JIOKa3aTh. IIpe/nociie/iHee paBeHCTBO BLITEKACT U3 yIIPaK-
menust 2.5 (ii). O

§ 4. BEKTOPHBIE IPOCTPAHCTBA HAJI KOHEUHBIMU I1OJISIMU

Kak MbI 1032k€ yBUIMM, KBAHTOBBIE YNC/IA COYUETAHUI U PA3MEIIEHUN IOy C-
KaloT OYeHb KPACUBYIO U IIOJIE3HYIO 2C0MEMPUYECKYI0 UHTEPIIPETAIUIO IIPH 1Ipa-
BWJIBHOM TTOHUMAaHUU TEPMUHA «T€OMETPUIECKasi». DTa NHTEPIPETAIS T03BO-
JIeT JIOKa3bIBaTh KBAHTOBBIE AHAJIOI'M KJIACCUYECKUX TOXKJECTB C IIOMOIIbIO 1101~
cuéTa TeX WM UHBIX KOH(MUIYPAIUi TOAIPOCTPAHCTB B BEKTOPHBIX ITPOCTPaH-
CTBax HaJl KOHEYHBIMU II0JIAMU, K OIPEJEJICHUIO KOTOPBIX MBI U IIEPEXOUM.

ONPEJEJIEHUE 4.1. Ilosem Ha3bIBaeTCsl IPOU3BOJIBHOE HEITYCTOE MHOMKE-
crBo F BMecTe ¢ ABYMST OUHAPHOIMU ONEPAUUAMU, YIOBIETBOPSIIONIUMEI HEKO-
TOpPBIM ycaoBusiM. Kaxknas OuHapHas omepalius —3T0 orobpaxkenue u3 F x F
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B F. Jlpyrumu cjioBaMu, 3TO IPaBUJIO, KOTOPOE KaXKI0H YIIOPSIIOUEeHHOH mape
9j1eMeHTOB (, y) u3 F craBuT B COOTBETCTBUE KAKONU-TO HOBBIi 3j1eMeHT u3 F.
Bynem obo3snavyarh 9TOT 3JIEMEHT 4Yepe3 ¥ + Yy JJjis epBOil oneparuu u de-
pe3 xy — it Bropoii. Bor cBoiicTBa, KOTOPBIM JIOJKHBI YAOBIETBOPSITH 3TU
OUMHAapHBIE OITEPAIIH:

1) (x4+y)+z=2+ (y+ 2) nis mobbIX z,y, z € F;

2) cymecryet ssement 0 € F rakoii, uro 0 + z = x jyis aroboro x € F;
3) ms moboro x € F cymecrsyer snement —x € F rakoit, uro « + (—x) =0;
4) x4y =y+ x nus mobbIx x,y € F;

5) (xy)z = x(yz) a1 m00bIX T, Y, 2 € IF;

6) cymecrByer sement 1 # 0 takoii, uro la = x s soboro x € F;

7) ans moboro x # 0 cymectsyer saement -+ € F Taxoif, urto zx ! = 1;
8) xy = yx mus aobbix z,y € F,

9) z(y + 2) = zy + xz Jyis 06LIX x, Y, z € F.

CkoOKM 0003HAYAIOT MTOPSiIOK BBIITOJTHEHUS OI€PAIIAN — CHAYAJIA, BBIIOJIHS-
eTcs peficTeue B ckobKax. [lepBas OnHapHAast onepalins HA3BIBACTCI CAONCEHUEM,
a BTOpast — ymuooscenuem. llepBoe n sgToe CBOMCTBA HABBIBAIOT ACCOUUGMUGBHO-
CMBI0 CIIOXKEHUsT U YMHOXKEHUsSI COOTBETCTBEHHO; 3ieMeHThI O 1 1 Ha3bIBAIOTCsI
HyAém 1 edunuyel cooTBeTcTBeHHO. st moboro x € F smemenTs — u 27t
HA3BIBAIOTCS NPOMUBONONONCHOIM T 00PAMMHHLM K T COOTBETCTBEHHO.

YHOPAXKHEHUE 4.2. Jlokaxkure, uro Ox = 0 u (—1)z = —z mis ar060ro
xeF.

I[TPUMEP 4.3. i) MHOXkecTBO palmoHaJ bHbIX drces (Q m MHOXKECTBO Be-
mecTBeHHbIX ynces R spisitorcst mosisimu. OOpaTuM BHUMAHHE, UTO CTPOrOe
olIpejieJIeHNe STUX MHOYKECTB BeCbMa HETPUBUAJIBHO; HHTEPECYIOIErOCsT INTa-
TeJIst OTChIIAEM K KHUre [4].

ii) Paccmorpum mpoussosibHOE mpocToe 4uciao p. st mao6oro nesoro a
6yaeMm depe3 a mod p 0bo3HAYATH OCTATOK OT AejeHust a Ha p. [lycrb

F,={0,1,...,p—1}.
Bseném Ha 3TOM MHOXKECTBE OMHAPHLIE OLEPALAN CJIEAYIOIIUM IPABUIOM:
r+y=x+y mod p, ry =xy mod p.

VYHIPAYKHEHUE 4.4. i) Jlokaxkure, 9r0 9TH GHHADHBIE ONEPAIIIH [IPEBPAIIa-
ot [F), B moste.
ii) Iocrpoiire Tabsumpl ymuokenust st Fs u Fr.

Takum obpazoM, moJis He 00sSI3aHBI COCTOSITDH M3 OECKOHEYHOI'O YHCIa 3JIe-
MenToB, Kak Q u R. BoJjiee ToHKUII BOIIPOC — CKOJILKO 3JIEMEHTOB MOXKET ObITh
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B KoHedHOM moJie? OKa3bIBaeTCsl, YNC/IO DJIEMEHTOB B HEM BCEIJIa SIBJISETCS
CTeNeHbIo mpocToro uncia |10, . 5, § 2, mpe/ioKenue 2|, HO MBI JJIst TPOCTOTHI
OTPAHUINMCH CJTyIaeM, KOTJIa KOJMIECTBO SJIEMEHTORB TOJIsI — IIPOCTOE YHUCJIO.

VYTPAXKHEHUE 4.5. Bpenure Ha MHOXKECTBE U3 YETBHIPEX DJIEMEHTOB JIBE
OmHAPHBIE OIEPAINN, KOTOPBIE IIPEBPATAT €ro B IOJIe.

ONPEAEJEHUE 4.6. Ilycts F — smr060e moste. JJoroBopuMcsi Ha3bBaTh €ro
9JIEMEHTBI YUCAGMU. BEKTOPHBIM IIPOCTPAHCTBOM HaJl mojieM [F Has3bIBaeTCst
HEIyCTOe MHOXKEeCTBO V' BMecTe ¢ 0TOOparKeHUsIMU

VXV -=V:(Z,79)—T+7,
FxV—=V: (o)~ aZ.

Onn Ha3BIBAIOTCA COOTBETCTBECHHO CAONCEHUEM N YMHOHCEHUEM HA HUCAA T
JOJIZKHBI Y/IOBJIETBOPATDH CJICYIOITUM CBoOIicTBaM:

1) (Z+9)+z=Z+ (§+ z) st obbIX T, §, Z € V;

2) cymecrsyer 0 € V rakoit, uto T + 0 = T as moboro T € V;

3) mis moboro T € V cymecrsyer —T € V, mis koroporo T + (—%) = 0;
) T+Y =7+ T g mobeix T,y € V;
)
)
)

4
5) a(BT) = (af)Z mis mwobbix T € V) a, f € T,
6) (a«+ p)T = aZ + BT niug mobbix T € V), a, B € F;

J

a(Z+7) = af + af mis mobbix T, 5 € V, a € TF;
8) 1z = Z gzt moboro T € V.

MpbI 6yjieM HA3BIBATH JIEMEHTHI MHOXKECTBA V' 8eKMOopamu U IUCATH HAJL HUMUI
9épTOYKU, ITOOBI OTINYaTh UX OT yucesa us mojs F. Bexrop 0 maswiBaeTcs
Hyaesvim. jist jir060ro T € V' BEKTOP —T HA3BIBACTCS NPOMUBONOAONCHHIM K .

VYTIPAYKHEHUE 4.7. okaxure, uro 0 = 0 u (—1)T = —F mia 060ro
BekTOpa T € V.

[TPuMEP 4.8. i) Ilycts F =R, V — MHOKeCTBO 0OBIYHBIX (2e0mempuuecku)
BEKTOPOB Ha TJIoCKoCTH F2 mimm B mpocrpancTse E2, OTIOXKEHHBIX OT KaKOfi-TO
dukcupoBanuoit Touku O. ClioXKeHre U YMHOXKEHIE Ha YUCTIa OIPeIeISTFOTCSI
TaK e, KaK B IKOJBHOM KypCe T€OMETPHH.

ii) ITycrs F — sro6oe moite,

T
V=F'=¢z=|: |, z;€F

Tn

— N-MEPHOE KOOPOUHATNHOE NPOCMPAHCMEGO, TO €CTh ITPOCTO MHOXKECTBO YIIOPSI-
JIOUEHHBIX HADOPOB U3 1 9j1eMeHTOB 10Jist . CjiozkeHrne BEKTOPOB U Y MHOXKEHUE
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Ha 9HCJIa OIIPEeIe/IAI0TCA ITOKOOD/INHATHO:

T+ Y ATy
T+y= | Ar= |, TpeV, el
Tpn + Yn Ay,

iii) MHOKeCTBO MHOTOWIEHOB OT lIepeMeHHoit & ¢ koadduimentamu u3 mos F
SIBJISIETCST BEKTOPHBIM IIPOCTPAHCTBOM; OHO obozHauaercst F[z]. Ciioxenne MHOTO-
YJIEHOB M YMHOXKCHHUE UX HA YHCJIA, OLPEIeIIAIOTCS O9eBUIHBIM 00pas3oM. MoxKHO
TaKYKe PACCMOTPETH IIPOCTPAHCTBO [y, [2] MHOrOUJIEHOB CTelleHN He BBIIIE N.

iv) PaccMoTpuM MHOXKECTBO k6adpammvix mampuy, — TabJIull pasmepa n X 1,
3aII0JIHEHHBIX YMCJIAMH U3 10JId F:

a1,1 a1,n
V:Matn(IE‘): A= , am-EIF‘

Gn,1 <o QGnon

Ono asiaercsa BEKTOPHBIM IIPOCTPAHCTBOM OTHOCHTEJ/ILHO ITO3JIEMEHTHOI'O CJIO-
2KCHHA U YMHO2KCHH S Ha dUCJIa.

BekTopsl U1, ..., U, € V Ha3BIBAIOTCS AUHETHO HE3ABUCUMbBLMU, ECJIA U3 TO-
ro, 9T0 101+ . .+, U, =0 11 KaKux-T0 (1, . . . Oy € IF, citemyer, 90 Bee oy paB-
HBI HyJII0. B IIPOTHUBHOM CjIydae BEKTOPBI HA3BIBAIOTCA AUHETHO 3A6UCUMDBLMU.

ITPUMEP 4.9. OuH BEKTOP SIBJISETCS JIMHEHHO 3aBUCUMBIM TOLIA M TOJIBKO
TOorja, Korja oH HyJsieBoil. /IBa BekTOpa OyayT JIMHEHHO 3aBUCUMBIMH B TOM
U TOJILKO B TOM CJIy4ae, KOIJa OHHM IPOIOPINOHAILHDI, TO €CTh OIUH ITOJIYYaeTCsl
U3 JIPYroro yMHOYXKEHUEM Ha Kakoe-To 1ucjio u3 mnouist F. Eciu V' —sro mpoctpan-
CTBO T€OMETPUYECKIX BEKTOPOB Ha IJIOCKOCTH 2, TO 9TO PABHOCH/ILHO KOJLIHHE-
apHOCTH BEKTOPOB. JI100ble TpU BeKTOPa Ha IJIOCKOCTH JIMHEHO 3aBUCHMBI (I10Ue-
My?). Ecim ske V — IIpOCTpanHCTBO reoMeTpHHYecKuX BeKTopos B £2, To Tpu Bek-
Topa OyIyT JIMHEHO HE3ABUCUMBIME TOTJIA M TOJILKO TOT/IA, KOTJIA OHU HE JIeXKAT
B OJTHOM IIJIOCKOCTH, & YeThIPEe BEKTOPA JIMHEHHO 3aBUCHMBI Beera (mouemy?).

HaGop Jinneiino HE3aBUCHUMBIX BEKTOPOB € = {€1, ..., €,} C V HasbiBaercs
bazucom B V, ecnn ma1000it BEKTOP MOXKHO OJHO3HATHO IPEICTABUTH B BH/IE
JIMTHEWHON KOMOWHAIINY BEKTOPOB U3 €, TO €CThb JjIs JIIoboro T € V' cymecTByioT
€JINHCTBEHHbIE X1, ..., Ty € F Takue, 970 T = T1€] + ... + Tnp€,; UUCTA T;
HA3BIBAIOTCH Koopdunamamu BeKTopa T B 6a3uce e. Eciu B V' cyimecTByeT X0Th
oJInH OA3UC, COCTOAIIUN U3 KOHETHOIO YUC/IA BEKTOPOB, TO BCe DA3UCHI COCTOSAT
U3 OJHOTO M TOTO ¥Ke 4ucja BeKTopoB |9, ri. 1, § 2|, koropoe o6o3HauaeTcst
dim V' u HazbBaeTcs pasmeprocmuvio V; caMo MPOCTPAHCTBO V HA3BIBACTCS
B 9TOM CJIyUIae KOHEUYHOMEDHBLM.
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Mo2KHO HOKa3aTh, YTO PA3MEPHOCTH PaBHA KOJUUIECTBY BEKTOPOB B JIIOOOM
MaKCHUMaJIbHOM I10 BKJIIOYEHUIO JIMHEHHO HEe3aBUCUMOM HabOpe BEKTOPOB u3 V,
npuaéM J1r000it Takoit Habop sBisiercs 6aszucom V. (Tepmun «MakcnMmabHBII
10 BKJIIOYEHUIO» O3HAYAET, YTO caM HabOp COCTOMT U3 JIUHEHHO HE3aBUCHUMBIX
BEKTOPOB, & IIpK JOOABJIEHUN K HEMY JII000r0 BeKTOpa n3 V' CTaHOBUTCS JIMHEHHO
3aBuCUMBbIM. ) TakiM 06pa3oM, pa3MEPHOCTD IIPOCTPAHCTBA — TO MAKCUMAJIBLHO
BO3MO>KHO€ KOJIMYECTBO JIMHENHO HE3aBUCUMBIX BEKTOPOB B HeM

[TPuMEP 4.10. BekTopbl €;, y KOTOPBIX HA i-M MECT€ CTOUT €IMHUIIA,
a OCTaJIbHBbIE KOODIMHATHI PaBHBI HYJO, oOpasyior 6asmc F", HasbiBaeMblii
cmandapmuvim. Takum obpasom, dim F” =n. Marpunet Ej ;, y KOTOpbIX (4, j)-if
9JIEMEHT PABEH €JIMHUIIE, & OCTAJIbHBIE — HYJIIO (OHU HA3BIBAIOTCS MAMPULHHLMU
eduruyamu), obpasyror 6asuc Mat, (F); Tem cambiv, dim Mat,, (F) = n?. B mpo-
crpanctse Fy[z] ectb emenennoti 6asuc {1, x, 22, ..., 2"}, nosromy dim F,,[z] =
=n+ 1. Hanporus, B npocrpancrse F|x] Hesb3st 10CTpOUTH 6A31UC U3 KOHEUHOTO
YUCJIa BEKTOPOB, TO €CTh 3TO MPOCTPAHCTBO OECKOHEYHOMEPHO. JlaJblne MbI
Be3Jie Oy/leM paccMaTpUBATh TOJLKO KOHEYHOMEPHBIE IPOCTPAHCTBA.

Hemnycroe nonmuoxkecrso U C V' Ha3bIBaeTCSI NOONPOCMPAHCME0OM, €CIIA OHO
3aMKHYTO OTHOCHTEJIHHO ONEPAIlil CIOJKEHHsI M YMHOYKEHUsI Ha YUCJIA, TO €CTh
TH+yeUmuarx €U mia mobsix T,y € U, a € F. JIroboe moarpocTpancTBo caMmo
SIBJISI€TCSl BEKTOPHBIM IIPOCTPAHCTBOM OTHOCHUTEIBHO TeX K€ Olepalluii, 4To
u V. Jlunetinot oborowrkoti mabopa sekropos S = {ay, ..., a,} C V Ha3biBaeTcst
MHUHMMAJIbHOE 110 PA3MEPHOCTH MOAIPOCTPAHCTBO (S), cojepzkaiiee S; ipyrumu
CJIOBaMU, 9TO MHOXKECTBO BCEX JIMHEHHBIX KOMOMHANN BEKTOPOB u3 S:

(S) ={auai + ... + anan, a; € F}.

ToBopsaT Takke, uTO JTMHEHHAST 000IOUKA HAMAHYMG HA BEKTOPBL 1, - . . , Gy -
Nnmeer mecto meopema o donoanenuu do basuca |9, ri. 1, § 2, reopema 3(ii)]:
6asuc aoboro moanpocTpancTea U C V' Bcerma MOXKHO JTOMOJHATH T0 Oasmca
Bcero npoctpancTBa V. B wacraoctu, dim U < dim V. Ormerum, 9rto eciu
dimU =dimV, o U =V.

3/ech MBI IIPEPHIBAEM IIEPEUUCTIEHUE HATAIbHBIX (DAKTOB U3 TEOPUU BEK-
TOPHBIX TPOCTPaHCTB. Mbl He OyIeM OIpene/sdTh JUHEHHBIE OTOOPAXKEHUs
U OIEPATOPBI, HOTOMY YTO OHM HAM HUTJEe He Oy/yT HyKHBI siBHO. [lo cyTn,
reoMeTpuYecKast MHTePIpPeTalns ¢-aHAJOTOB KBAHTOBBIX TOXKJIECTB OCHOBAHA
Ha TOM HpocToM akTe, 4TO B JIOOOM N-MEPHOM IIPOCTPAHCTBE HAJ[ MOJIEM
F = I, u3 g a1meMenToB poBHO @' BEKTOPOB — 3TO CPa3y BbITEKaeT U3 Olpe/jie-
Jiennsi 0asuca u pa3zMepHOCTU. Mbl yBHIUM, 9TO KBAHTOBbIE AHAJIOTH PABHBI
KOJIMYECTBY MOJIIPOCTPAHCTB OIPEIE/IEHHON pa3MepHOCTH, YIOBIETBOPSIONINX
TeM MJIM UHBIM JOMOJHUTEILHBIM YCJIOBHUSIM.
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§ 5. TEOMETPUYECKAS MHTEPIIPETAILMS

C 9TOro MOMeHTa 1 JIO KOHIIa CTATBU MBI OyJIeEM pACCMATPUBATH BEKTOPHBIE
IIPOCTPAHCTBA, TOJBKO HaJl KOHeYHBIM TosieM F = F, u3 ¢ snemenTtos. CHavama
MBI JIOKazKEM IPOCTYIO, HO O4Y€Hb IIOJIE3HYIO JIEMMY, KOTOpas OyJeT He pa3
HCIIOJIb30BaHa JlaJIbIIIe.

JIEMMA 5.1. B n-meprom npocmparcmee nad Fy cywecmeyem

@ -1 (" —q) @ —¢) .. (" -
Ha50p08 u3 k /LUH@'IIHO HE3ABUCUMDIT BEKMOPOE.

JOKABATEJIBLCTBO. IlepBblit BEKTOP MOXKHO BBIOpATH JIIOOBIM, KpOME HY-
JIEBOT'O, TO €CTH JIJIsi HEro ecTh ¢'* — 1 BapuanToB. BTOpOil BEKTOP MOXKHO B34Th
JIFOOBIM, JIUIIL ObI OH HE JIeXKaJl B OJITHOMEPHOM TOJIIPOCTPAHCTBE, HATIHYTOM
Ha TEPBBII BEKTOP, TO €CTh JIJIsi BTOPOIO BEKTOpa €CTh ¢ — ¢ BapUAHTOB.
AHAJIOTUYHO TPETUil BEKTODP MOXKET OBbITh JIFOOBIM BEKTOPOM, HE JIEXKAIIIM
B JIBYMEPHOM IOJIIIPOCTPAHCTBE, HATAHYTOM Ha IIePBbIE JIBA BEKTOPA, TO €CTh
JUIsL HEro ecThb ¢ — g2 BADMAHTOB, U TaK JAJICe. O

o n
TEOPEMA 5.2. Keanmosoe wucao covemanud [ k] coenadaem ¢ Kosude-
cmeom k-meprolx nodnpocmpancms 6 n-meprom npocmpancmee 1ad noaem I .
JHOKA3BATEJIBCTBO. JItoboe k-MepHOE TTOAIPOCTPAHCTBO OJHOZHAYHO OIIpe-
JIeJIsIeTCsl CBOUM 6a3MCOM, COCTOSIIIUM K3 k JIMHEHHO HE3aBHCHUMBIX BEKTOPOB.

ITo TobKO YTO MOKA3AHHOM JIeMMe, KOJIUIEeCTBO TaKUX OA3UCOB PABHO

@ =1 (" —q) (" —q*) ... - (¢" —¢").

C apyroii cTOpOHBI, pa3Hble 0A3UCHI MOTYT 3aJaBaTh OIHO M TO K€ IOIIPO-
cTpaHcTBO. TouHee, YTOOBI MOy IUTH YUCTIO MTOAIIPOCTPAHCTB, HYKHO IOJEIUTh
3aINCAHHOE BBINIE BhIPasKeHNE HA KOJUIECTBO 0a31MCOB B k-MEPHOM MIPOCTPAH-
CTBE, KOTOPOE 110 TOH 2Ke caMOi JieMMe PaBHO

-1 ("—a) @~ ...- (" —d"M.

OxkonvaTeIbHO, BCETO k-MEPHBIX TOAIPOCTPAHCTB B N-MEPHOM MTPOCTPaH-
cTBe OyJeT
n k—1

(-1 -a)-@"—-¢) .. (" —d) _
(¢"—1)- (" —q)-(¢"—¢*) ... (¢* —¢*?)
2

@ -D (@t - )
(@"=1)-q- ("1 =1)-¢*- ("2 =1)-...-¢" (¢ 1)
(@ =1 ("' =1 (-1 (" 1)

(" =1)- ("' =1)-(¢"?=1)-...-(¢—1)
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qn_l qn—l_l qn—2_1 qrb—k:+1_1
. q—l. qg—1 ' q—1 q—1
- qk_l qk—l_l qk—2_1 q—l -
-1 ¢-1 ~—¢q-1 "~ q-1
o n]n=1]-n=2]-...-[n—k+1] [n]! _[n}
o [&]! Kl n—k)Y KD
9TO U TPebOBAJIOCH HOKA3ATh. O

MuoKecTBO k-MEPHBIX IOAIIPOCTPAHCTB B N-MEPHOM IIPOCTPAHCTBE V Ha
nosem [F gacro obosnauaercss Gri (V) u HasbiBaercst epaccmanuarom. Takum
00pa3oM, MbI TOJBKO UTO JOKA3AJH, ITO

Gr(E)| = [ 7]

YTo06b!I 1aTh aHAJOTHIHYIO TPAKTOBKY KBAHTOBBIM YUHCJIAM Pa3MEIIeHUil,
HaM HY?KHO OyJIeT eIé oJHO BarkHefilliee TOHsITHE U3 JIMHEHHON ajareOphl.

ONnPEAEJEHUE 5.3. Ilycrs 0 < di < do < ... < d, < n. Paazom muna
d = (dy,da,...,d,) B upoctpancTBe V Ha3bIBAETCH IENOYKA BIOKEHHBIX JIPYT
B Jpyra IOAIIPOCTPAHCTB

UycUyc...cU,

B V Takux, 9TO
dimU; =dy, dimU;=ds, ..., dimU, =d,.

@uar tuna (1,2, ...,n — 1) HazsiBaeTcss noanvim. Byjgem ob6o3HaUaTH MHOXKE-
ctBO Beex (uraros Tumna d depe3 F;(V'); MHOKeCTBO HOTHBIX (BJ1aroB 0603HATNM
gepe3 F(V).

[TPEAJIOXKEHUE 5.4. 1) Koauuecm8o noinvlr haazo8 6 n-mepHom npo-
cmpancmese nad Fq pasno [n]l. ii) Koauuecmso ¢aazos muna (1,2,..., k)
8 n-meprom npocmparcmee nad Fy pasro [n]y.

JIOKA3ATEJIbCTBO. IlepBblil IYHKT SBJISETCS YACTHBIM CJIYIAaeM BTOPOTO
(mpu k = n — 1), Tak 4To JI0KaXkKeM cpa3y BTOPOi IYHKT. 11cjio crocoboB BbI-
6parh mocsemHee k-MepHOE TOAIIPOCTPAHCTBO dyiara paBHO Z 110 JTOKA3aHHOM
BbIllle TeopeMe. B HEM Mbl MOzkeM BbIOpaTh (k — 1)-MepHOE IOIPOCTPAHCTBO

[ 1 ﬁ 1] = k] cocobamu. B srom (k — 1)-MepHOM MOAIIPOCTPAHCTBE €CTh BCEIO

[2 _ 1] = [k — 1] moampocTpaHcTB pasMepHocTH k — 2, 1 Tak jajee. B koneuHoM

2
cuére yncsio crnocobos BeIOparh dutar Tuna (1,2, ..., k) Oymer paBHo
n _ (]! I U
[k} '[k]'[k—l]‘-‘-'[l]—m'[’f}!—m—[n]k,

9T0 U TPebOBAIOCH TOKA3ATh. O
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Takum o6pasoM, ecsin V — n-MepHOe IPOCTPAHCTBO HaJ HojeM F, u3 g aie-
mentoB u d = (1,2, ..., k), To

[FWI = [l [Fa(V)] = [0l

Bcé 310 MOXKHO e11é HEMHOXKKO 00OOIIUTD.

ONPEAEJIEHUE 5.5. Ilycte 0 < i1 <l < ... <l L1 +1la+ ... + 1. =n.
Keanmosvim MYADTNUHOMUANOHDLM %‘09§ﬁ¢U’U”U€HTTLOM Ha3bIBaeTCd OTHOIIIECHUE
JIBYX MHOTOUJIEHOB C TeJBIMIA KO3 PUIMEeHTaMI OT IIEPEMEHHOI ¢ BUIA

[117.7.1.,ZJ - ﬁ

O6parum BHUMaHME, YTO, KAK U B CJIydae ¢ KBAHTOBBIMU YUCJIAMH COYETAHUM,
3apaHee HEMOHITHO, OyIeT JIM 3TO BBIPAXKEHUE MHOTOYJEHOM OT ¢, TO €CTh
HOJIEJIUTCA JI YUCJIUTEIIb Ha 3HAMEHATE/Ib.

YTIPAXKHEHUE 5.6. Jlokaxkure, 9TO KBAHTOBBII MY/JIbTHHOMUAJIBHBIN KO-
s dunment [ . n , lr] paBeH KomdecTBY (DJIaroB B N-MEPHOM IIPOCTPAHCTBE
uaJ noseM Fy, nmetormnx tum (1,0 +1lo, ..., 1 + ...+ l,_1). IIpoBepsbre, uTo
9TOT KO3(MPUIMEHT NEACTBUTENLHO SBJIACTCA MHOIOWICHOM OT ¢ C ILEJIBbIMU
KO3 buImeHTaMm.

Mpbr nepexoquM K KyJIbMUHAIANA 9TOTO Hnaparpada — reoMeTpUIecKOMY 10~
Ka3aTeIbCTBY KBAHTOBBIX aHAJIOTOB TOXKIECTB, PACCMOTPEHHBIX B naparpade 1.
CraugaJjia JOKazKeM MeOMeTPUYeCKM KBaHTOBBII aHaJIOr TOXKIECTBA U3 YIIPaXK-
uenus 1.1 (i), copmynupoBanmbiit panee B yupaxkuennu 2.5 (i).

TEOPEMA 5.7. [asa aobwix n > 0, 0 < k < n evinoanaemces moitcoecmeso
] - [n]k = [lksr + a7 - [K] - [0y

JIOKABATEJBCTBO. Ilycts V — n-mepHoe mpocTpancTBo HaJl nojem Fg.
[Tocuanraem kommaectso map suga (L, F'), tae L — oxmnoMepHOe OIIPOCTPAH-

creoB V,a F—dnarB V tuna (n—k,n—k+1,...,n—1). C oquoil cCTOPOHBHI,
n
COIJIACHO TEOPeMe 5.2, OTHOMEPHOE MPOCTPAHCTBO L MOXKHO BLIODATH 1= [n]

crocobamu. [lo ynpazkuenuto 5.6, dar F' MOXKHO BeIOpaTh

n—=Fk1,...,n—1 [n—k]!~[1]!-._..[1]!:[n]k

[ n [n]!

criocobamu. Takum obpaszom, uncio nap (L, F') pasro [n] - [n]g, To ecTb sreBoit
9aCTHU JI0KA3bIBAEMOI'O TOXKJIECTBA.
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C apyroit CTOPOHBI, MOCYUTAEM OTAEIBHO KomdecTBo Tex nap (L, F), B Ko-
TOPBIX OJHOMEPHOE MPOCTPAHCTBO L comepxkurcst B (n — k)-MepHOM HOIIPO-
crpancrie duara F! Cam duar MoxKHO BBIOpaTh [n]; criocobamu, a oJHOMEPHOe
HOJIIPOCTPAHCTBO B €ro (n — k)-MEpHOM HOJIIPOCTPAHCTBE n; = [n — k|
criocobamu. 3HaunT, KoamdectBo nap (L, F') ykazaHHOTO BHIA PaBHO

[n = k] - [nlk = [0k,

TO €CTh NMEPBOMY CJIAraéMOMY B IIPABON YaCTH JOKa3bIBAEMOI'O TOXKJICCTBA.
Haiiném renepb kosmdectBo tex nap (L, F'), B KOTOPBIX IIPOCTPAHCTBO L
comepxkurest B (n — k + 1)-mepHom, HO He B (n — k)-MEpHOM HOJIIPOCTPAHCTBE
daara F. Ono 6yer pasro ([n —k + 1] — [n — k]) - [n]g. Ananornaso gucio map
(L, F), B koropeix L conepxkurcs B (n — k + 1)-meprowm, Ho ne B (n — k + 1)-Mep-
HoM nozupocrpancrse duara F, pasno ([n — k + 2] — [n — k +1]) - [n]g, u Tax
Jasiee. 3HAYNT, ¢ yuéToM yrupaxkuenus 2.3 (ii), aucso nap (L, F') pasasercs

k1 +(n—k+1]—[n—k])- g+ (n—k+2] = [n—k+1]) - [n]p+...+
+([n] = [n—=1]) - [n]g = [D)ks1+ (n— [n—k]) - [0] = []os1 + "% [K] - [0,

TO €CTh B TOYHOCTH HpaBOfI HJaCTHU JOKa3bIBacMOI'O TOXKIECTBa. ]

KsanTyem Temepb TOXKIeCTBO u3 ynpakaenus 1.5 (V), KoTopoe, Oymy«n
3alMCAHHBIM C UCIOJIb30BAHUEM 3HAKA CYMMbl, TPUHUMAET BU]T

() (1) = (")

1=

TEOPEMA 5.8. Hmeem mecmo moosicdecmeo

k
S [ 2] [7) = [71)

JOKABATENLCTBO. Ilycts V — (m + n)-mepnoe mpocrpancrso Haz F,.
ITo Teopeme 5.2, KOJIMIECTBO k-MEPHBIX MOAIIPOCTPAHCTB B HEM PaBHO [m 2_ n] ,
TO €CTh IIPABOIl YACTU JOKA3BIBAEMOTO TOXKJIECTBA.

SadukcupyeM Terepb Kakoe-To m-MepHoe nogmupocrparcrso U B V. Ilycrb
W — npoussosbioe k-mepnoe nopocTpanctso npocrpancrsa V. Torga ero me-
pecedenne W ¢ U Toxe OyeT NoIpOCTPaHCTBOM (nposeppre!) pazmepHocTH 1,
e 0 < @ < m. ognpoctparcrso W MoxkHO BBIOpaTh B TpocTpancTBe U BCero

crrocobamu. Ilycts oHoO y2ke BbiOpano. Beibepem u 3adukcupyeMm B HEM Ka-
Koit-HuOy b Oaszuc. JlonoHuM ero BeKTopamu 1, . . ., Uk J10 basuca k-mMepHoro
npocrpancrsa W tak, urooer W NU = W.
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[TepBoIit BEKTOp MOYKHO BBIODATH JIIOOBIM, He JieyKaruM B U, 9T0 MOXKHO
caenarb ¢ — @™ cnocobamu. BTopoit BeKTOp MOKeT GLITh JIIOObIM, He Jie-
)kamuM B (m + 1)-MepHOM HOAIIpOCTpaHCTBe, HATAHYTOM Ha U M BEKTOp U1.
Bnaunt, Beero ectb ¢ — ¢t BapuanToB JyIs BekTOpA T, W TAK JalIee.
[Tosrywaem, 9TO BEKTOPHI V1, . . ., Vk_; MOXKHO BBIOpATH

m-+n m—l—k—i—l)

m—&—niqm)‘(qm—&—niqm—l—l)_.”_(q —q

(q

crrocobaMu.

Kax Mbl yke He pa3 Buje/n, HEKOTOPbIE U3 TAKUX HAOOPOB OyIyT 3aja-
BaThb OJIHO W TO YK€ TMOAIPOCTpancTBO W. A MMEHHO, KOJTMIeCTBO k-MEpPHBIX
IIO/IIPOCTPAHCTB, Tlepeceuenue KOTopeix ¢ U ecTh Qpukcuposanuoe i-MepHoe
nognpoctpancTso W, paBHo

(qm—i-n _ qm) . (qm—i-n _ qm+1) R (qm+n _ qm—i-k—i—l)
(@ =q)-(¢F —q)- ... (" =)
qm+(m+1)+‘ A (mtk—i-1) | (qn _ 1) . (qnfl _ 1) R (qn7k+i+1 _ 1)
- gD+ k=i (k=1 1) (gh—i-1 — 1) . ... (¢ —1)
Tk — ] —il

[Tosyuaem, uTo 00IEE KOJMMIECTBO k-MEDHBIX IIOJIIPOCTPAHCTB B V, Tie-
pecedeHue KOTOPBIX ¢ momnpocTpancTBoM U umeer pa3MepHOCTb ¢, PABHO
g(m—ik—i).. kzﬁz . T} CkaaJipiBasi 31U BbIpakerust 1o Bcem ¢ ot 0 10 k,
MOJTY MM JIEBYIO YaCTh JIOKA3bIBAEMOTO TOXKJIECTBA. O

§6. ['PVIIIIBI MATPUILL

Kak un B maparpade 4, MBI He MOXKeM 3]1eCh, KOHETHO, JaTh XOTh CKOJIb-HIU-
Oy/1ib ITOJTHOE BBEJIEHUE B TEOPUIO IPYIIIT — II03TOMY OIPDAHUYUBAEMCS JIUIIb TEMU
OIIPEJCCHUSIMA U IIPUMEPAMU, KOTOPBIE HY2KHBI OYIyT HAM JAJIbIIE, OTChLIAs
3aMHTEPECOBAHHOIO YUTATE/IsI K IIPeKPAcHbIM Kuuram |2, 8, 10].

ONPEAEJEHUE 6.1. ['pynna —s1o Henycroe mHOXkecTBO G BMecTe ¢ OU-
HApHOIT ontepanueit z,y € G — x oy € (G, yIOBIETBOPSIONIEH CJIETYIONUM TPEM
CBOHICTBaAM.

1) (xoy)oz=u=xo(yoz) as mobbx x,y, 2 € G
2) cymecrByer e € G Takoii, uro x 0 e = e o & = x i Jioboro r € G,
3) mus moboro x € G cymectByer T € G Takoii, 9T0 L 0T =T o0 T = e.

[TepBoe cBOICTBO, KaK BCETa, HA3BIBACTCS ACCOUUAMUSHOCTIbI0 ONHAPHOMN
ollepalin. JJIEMEHT € HA3LIBACTCI HEeUMmpPasvoHbiM, & SJIEMEHT T — 00pamHolLm
K 9JIEMEHTY I.
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YIOPAXKHEHUE 6.2. /lokakuTe, 9TO HEUTPAJIbHBIN 3JIeMEHT POBHO OJIWH.
TToxaxkure TakKe, YTO I JTIOOOTO JIEMEHTA €CTh POBHO OJUH OOPATHHII.

[TPuMEP 6.3. 1) JTro6oe nmose F siisiercst rpynmnoil OTHOCHTENBHO OllepaIui
ciioxkennsi. MuoxkecTBO F* HEHYyJIEBBIX 9JIEMEHTOB I10JIsT TAKZKE 0Opa3yer IpyIiy
OTHOCHTEJIBHO OIIePaIii YMHOXKEHNS.

ii) JIro6oe BEKTOpHOE IPOCTPAHCTBO SBJISETCSI TPYIIION OTHOCUTEIBHO CJIO-
JKEHHs] BEKTOPOB.

iii) Iesble uncsa o6pas3yoT IPYIILy OTHOCHTEJIHLHO ONEPAIUH CJI0KEHUs, HO
He 00pa3yioT IPYNILy OTHOCUTEIBHO OIEPAINN YMHOKEHHUS.

Hawm morpebyercsi onpeesinTs eimé ofHy Ipylily — Ipyiiny marpuil. Bygem
HA3BIBATH MAMPUUET N-20 NOPAJKG KBAJIPATHYIO TaOJIUIKY pasMepa 1 X n, 3a-
HOJTHEHHY IO 9UCIaMI U3 KaKoro-To dbukcuposanHoro noss F. (MoxHo pacemar-
pHUBaTh TAKXKe U MPSIMOYTOJIbHbIE, HO HE 00sI3aTeIbHO KBAJPATHbIE MATPUIIBL. )
MHOKeCcTBO BCcex MaTpPHIL N-TO HOpsiJiKa ¢ djieMeHTamMu u3 F o6o3HaunM yepes
Mat,, (F). Bynem uepes a; ; obosnauars (i, j)-it smemenT maTpuipl A, To ecThb
YUCJIO, CTOMAINEE B 9TOW MaTPHIIE B i-if CTPOKE U B j-M CTOJIOIIE.

Omnpenennm npousseenne marpur; A, B € Mat,, (F) npasmwiom C = AB, e

n
Cij = E i kb
k=1

YHOPAXKHEHUE 6.4. [lokaxkuTe, 9TO YMHOXKEHIE MATPUIL aCCOIUATUBHO, TO
ects uT0 (AB)C = A(BC) mya mobeix A, B, C € Mat,(F). IIposepsre, uT0
eJIMHIIHAS MATPUILA

1 0 0

0 1 0
E =

0 0 ... 1

ABJIAETCA HeﬁTpaJII)HI)IM 9JIEMEHTOM.

Onpedeaumenem Marpunbl A HasblBaeTcst 1ncio, obosnadaemoe det A, Ko-
TOpPOE BBIYHCJISIETCs 110 CJIeayromeMy npasuwiy. Ecim n = 1, To det A = aq1,
a JuIst J1oboro n = 2

det A = (—1)i+1 S a1 Mi,l +...+ (—I)H_n “ Qg Mi,n'

31ech @ — Ipou3BOJILHOE YHCIO OT 1 110 n, a 4epes M; ; obosHadaeTcs onpeie/i-
TesIb MaTPHIEL (n — 1)-T0 mopsiika, moJydaronieiicst n3 MaTpurbl A BHIYEpKUBa-
HUEM i-ii CTPOKU U j-r0 cTOJIONA (OH HA3BBIBACTCS 0ONOAHUMENLHBIM MUHOPOM ).
Ora PpopMysa JJIsT BEIYUCIEHNUST OIPEISIUTEsT TacTO HA3hIBAETCS (POPMYJION
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pasiodcerus no cmpore. BepHa TakxKe aHasoruvdHast (popMyJia padsonceHUus
no cmoabuyy: st a10boro j oT 1 10 n

det A= (—1)""7 cay ;- Myj+...+ (=1)""7 - ay ;- M.

Onpenenurenb MATPUIBI A 0003HAYAIOT €IIE TaK:

(1171 1.2 N ain

a1 a22 az.n
det A=|" ’

an,1 Gn,2 . An,n

I[TPUMEP 6.5. g n = 2 u n = 3 COOTBETCTBEHHO

a1,1  ar2| _ 1+1 1+2 _
=(—1)"" a1 - Mg+ (1) -a12- M2 =a11022 —a12a21,

a2,1 Aa22

a1 ai2 a3 5
_ 1+1 1+
a1 Q22 A23| = (1) cary - My +(—1) car - Mio+
a3 asz2 ass
143 _
+(=1)" a3 M3 =
=a1, - (ag2a33 —aszazz) —ai2- (ag1a33 —azzasq) +

+a13-(az,1a32 — a22a31) = 1,102,203 3 + G1,202,3031 +

+ a1,3a2,103,2 — 41,302,231 — (1,202,103,3 — A1,102,303,2.

Ecnu onpenemuresis MaTpuilsl A paBeH HYJIIO, TO OHA HA3BIBAETCS BbLPOAHC-
dennotll (a ecam He PaBEH HYIIO — Hesbiposicdertotll). MHOKECTBO BCeX HEBBI-
POYKJIEHHBIX MATPHI] N-I'0 TOPsiJiKa ¢ dj1eMeHTaMu u3 moJjist F Oyjem obo3HaYATH
gepe3 GL,, (IF). Camoe riaBHOe CBOICTBO OnpeienTelist, KOTOpOe HaM IOTpedyeT-
Cs1, — 9TO TO, YTO MATPUIIA ABJIETCH HEBLIPOXKICHHON TOrIa U TOJILKO TOrIa, KO-
raa eé CTOJNIOIBI SIBJISIIOTCS JINHETHO He3aBUCHMBIMHA (JPYTHME CJIOBaMHI, 00pasy-

1ot 6a3uc) B mpocrpancrse F” (8, rur. 3, § 3, ciezcrsue us reopemst 1. Kpowme Toro,
OpeJIESINTENb TPON3BEICHNS MATPUI], pABEH IMPOU3BEJIECHUIO OIIPeIe/TATENENH:

det(AB) = det A - det B

(cm., ¥ pumepy, [8, 1. 3, §2, reopema 3|).

YIIPAYKHEHUE 6.6. 1) Marpuna A € Mat,, (F) nasbiBaercs seprrempeyzons-
not, ecmnt a; j = 0 mpu ¢ > j. Jpyrumu caoBamu, MaTpuiia A mMeeT Takoil BUJI:

a1 ai2 ... Qa1p
0 ag 2 e a2.n
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JlokazKkuTe, 9TO OIpEIeTNTENb BEPXHETPEYTOIBHON MATPUIIBI paBEH TPON3Be-
JEHUIO €€ JIMaroHaJIbHBIX 3JIEMEHTOB, TO €CTh

det A=ar1-a22-... annp-

ii) Marpuiia HasbIBaeTCst 6.404HO-MPEY20AbHOTU, €CIH CYIIECTBYIOT TaKue
gnciaa by, ..., b., B cymme pasble n, uto a;; = 0, ecimm j < by + ... + by
ui>by+...+ by mwis moboro 1 < k < r. IIpome rogops, marpuna A umeer
TaKON BUJI;

B

B,

3reck namaroHajibHble «OJIOKH» MaTpunibl A —s10 Marpuiel By, Bs, ..., B,
pa3mepoB by X by, bo X bo, ..., b, X b, coorBercTBennO. Ha «cepbix» mo-
BUNUSAX, TO €CTh B BEpXHEil YacTu MATPUILI, MOI'YT CTOSTH JIIOObIE HHCTIA,
a B HIKHell gacTu mMaTpuibl crosat Hysaun. Habop wmcen (by, ..., b,) Ha30BEéM
munom 6j0uHO-TpeyroibHO MaTpuIbl A. [lokaxkure, 94T0 TpOU3BEJICHTE JTBYX
OJI0THO-TPEYTOJIbHBIX MATPHUIL OJTHOTO THUIIA CHOBa OyeT O6JIOYHO-TPEyTOIbHOI
MaTpurieil Toro e tumna. I[IpoBepbre Takxke, uro det A = det By - ... - det B,.

Hasee, marpuna B € Mat,, (F) nasbsaercss o6pammoti K gaHHON MaTpurie
A € Mat,(F), ecru AB = BA = E. Eciin Takast MaTpuIa CymecTByeT, TO POBHO
omma (cM. ynpazknenue 6.2). B aToM caydae ona obosmadaerca A1, a marpuia A
HazbIBaeTCs obpamumoti. Moxuo nokasars (8, ri1. 3, § 3, Teopema 1|, aro Mmarpuna
obpaTuMa TOrIa U TOJBKO TOTJA, KOTJA €€ OlPEe/INTE/Ib OTJIMNYEH OT HYJIS.

OpuH 13 crocobOB HAXOXKJIEHUsI 00PATHON MaTPUIlLI 3aKII0YAETCA B Clle-
JyrorieM. Paspernum fesiath co CTPOKaMU [MIPOU3BOJIBHOM MPSAMOYTOJIBHOM MaT-
puIbl Takue mpeodbpazoBaHusd: MPUOABIATL K JI000# CTPOKE JI00YIO APYTyIo
CTPOKY, YMHOXKEHHYIO Ha JII000e 9HC/I0, YMHOXKATH JIIOOYIO CTPOKY Ha JII0boe
HEHYJIEBOE UHCJIO U MEHsITh MecTaMmu JitoOble jBe crpoku. Ilycrs A — HeBbI-
pOKIeHHAsT KBaJpaTHas MaTPUIa N-r0 mopsanka. llpunumem K marpure A
CIIpaBa eUHUIHYI0 MATPUILY U, IPOBOJS OIUCAHHBIE BBIIIE ITPEOOPA30BAHUS
CO CTPOKAMH ITOJIYYE€HHOU MATPHIILI pasMepa n X 2n, 100bEMCs, YTOOBI B «JIEBOit
9acTH» ITON MaTPHIBI MOJYyYNIach euHUIHas Marpura (ecau A obparuma,
TO 3T0 BO3MOXKHO). Torya B «mpasoit gacTu» momyanrcs A~L. Bor mpmvep



04 M. B. HraatreB

HAXOK/IEHUsI ODPATHOI MaTPHIIBL:

10 -4 1|1 0 O 3 1 1 1]0 1 0
1 1 170 1 0 ~ 10 -4 1|1 0 O —10I ~
2 -1 0]0 0 1 2 -1 0]0 0 1 —2I
1 1 110 1 0
~ 0 -14 -9{1 —-10 O —5IIT ~
0o -3 -2|]0 -2 1
1 1 110 1 0
~ 0 1 1 |1 0 -5 ~
0 -3 -2]0 -2 1 + 311
1 1 1|0 1 0 — I
~ 01 11 0 -5 —III ~
0 0 13 -2 -14
1 1 0|-3 3 14 —1II 1 0 0] -1 1 5
~ 0 1 0] -2 2 9 ~ 0 1 0|-2 2 9
0 0 1 3 -2 —-14 0 0 1 3 -2 -14

N3 Bcero ckazaHHOE BBIIIE CJIEMYET, YTO MHOYKECTBO HEBLIPOXKIEHHBIX MaT-
pur; GL,, (F) siBiisiercst TpyIIIoi OTHOCUTEILHO OlIEPAIU YMHOYKEHHsT MATPUIL,
OTa rpyliia UHOTJA HA3BIBAETCH NOAHOU AuMelnot TPYIION win 0buwed aunel-
not rpyumnoil (no-anrymiicku general linear, orciosa u o603HAUEHUE).

ONPEJEJIEHUE 6.7. I'pynma (G, cocTosiiasi n3 KOHETHOI'O IUCJIa, 3JIEMEHTOB,
HasbIBaeTCst Koneunol; |G| HasbiBaeTcst nopadkom rpymisl G.

ITPUMEP 6.8. Jloboe koneunoe mose F, 0OTHOCHTEIBLHO CIIOXKEHNUS SIBIISETCS
KOHEYHOMH I'pyIIoi nopsiaka q. Kpome Toro, n-mMepHoe BEKTOPHOE IIPOCTPaH-
cro V mag nosiem [Fy oTHOCHTEIBHO CIIOXKEHHST BEKTOPOB SIBJISIETCST KOHEUHOM
rpymmoii nmopsizika ¢" (mouemy?).

YIIPA’KHEHUE 6.9. [loxazknre, uro nopsiiok rpymist GLy, (F,) pasen

@"=1)-(¢"—q) .- ("= ")

ONPEAEJEHUE 6.10. Hemycroe mogmuoxkectBo H rpynnbl G Ha3bIBAETCS
n0d2pynnoti, €N BBITOJHIIOTCS JBA YCIOBUS:

1) xoy € H nist mobbix z,y € H,;
2) T € H ngis moboro x € H (cm. onpenesenne 6.1).

I[TPuMEP 6.11. i) Jliobas rpymnma sBisieTcst HOATPYIIOl B camoit cebe.
MHOXKeCTBO, COCTOSIIIEE TOJIBKO U3 HEUTPAJIBHOTO 3JIEMEHTA TPYIIIIbI, sIBJISETCS
IIOArPYIIIOM.
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ii) ITosre panmonapHbIxX qrces Q ABISETCS MOArPYIIOi B MOJIE BEIECTBEH-
HBIX 9rcel R OTHOCUTETBHO CJIOYKEHMUS.

iii) IonoxkurenpHble Uncaa 06pa3yoT MOArpyny B R* oTHOCHTEIBLHO yMHO-
JKEHUS.

iv) JI1o60e 110/IIpOCTPAHCTBO SIBJISIETCS OATPYIIION B BEKTOPHOM IIPOCTPAH-
CTBE OTHOCUTEIBHO CJIOYKEHUST BEKTOPOB.

v) Hucsa, KpaTHble (PUKCUPOBAHHOMY HATYDPAJILHOMY YHCILY 1, 00PasyoT
[MOJIIPYIITY B IPYIIE MEJBIX YUCe Z, OTHOCUTEIbHO CJIOXKEHUS.

YIPAYKHEHUE 6.12. 1) Jlokaxkure, 4ro jr0basi MOArPYIIa COJAEPIKUT Heil-
TPaJbHBIN JIEMEHT T'PYIIIIHI.

ii) IIpoBepbre, uTo Hemycroe moaMHOKecTBO H rpynibl G sIBIsI€TCs 1101
IPYIIION TOTJIA ¥ TOJIBKO TOT/Ia, KOT/Ia U3 TOTO, U4TO X, i JexkaT B H, ciemayer,
YTO T O §j TOXKE JIEsKUT B H.

Ob6patuMm BHUMaHUE, 9TO Jt0Oyio noarpyminy H B rpymnme G MOXKHO pac-
CMATPUBATH KAK CAMOCTOSITE/ILHYIO T'PYIIIY OTHOCUTEJIBHO TOW YKe OIEPAIlun O:
HYKHO MPOCTO «3aDBITh», UTO 3Ta OMEPAINs ONpeIeeHa Ha Beei rpymnme G,
U IPUMEHSITH €€ TOJIBKO K 3jieMenTaM u3 H. IlepBoe cBOCTBO MOATpYIIIIBI Ta-
PAHTHUPYET, UTO PE3YILTAT TPUMEHEHNST OTIEPAITNT BCET/IA JIEKUT B H, osTOMY
MBI [I0JIy9aeM KOPPEKTHO olpeieéHuyo ounapuyio onepaimio Ha H. (TTouemy
OyJLyT BBIIOJIHSATHCS aKCUOMBI IPYIIIIBI?)

YHIPAKHEHUE 6.13. i) O6o3Hadnm gepe3 B MHOXKECTBO BCEX BEPXHETDE-
yroababix Marput u3 GL, (F). dokaxkure, uyro s1o noarpynmna B GL, (F). Ona
HasbIBaeTCs bopenescroti moarpynnoil. Yemy pasen eé¢ nopsanox npu F = F,?

ii) O6ozHaunm depe3 P MHOXKECTBO BCEX OJIOUHO-TPEYTOJIbHBIX MATPHIL
u3 GL,,(F) nannoro tuna (by, ..., b,). Jokaxure, aro 310 noarpynna B GL, (F).
Ona HasbIBaeTcsa napabosuveckot noarpyimoit. HYemy paBeH IMOPSIOK ITOI
noarpymns! upu F = F,?

iii) O6osnatanm wepe3 SLy, (F) mmoxectso Bcex marpui u3 GL, (F), ompe-
JlesinTesib Koropbix pased 1. ITokaxkure, uro sro noarpynna B GL,(F). Ona
HA3BIBACTCS CNEYUasvbhol aunetinot rpynnoii (mo-anramitckn special linear).

ONPEAEJIEHUE 6.14. Ilycte G — miobast rpynmna, H — mobas moarpymmna
B Hell, g € G — NPOUBBOJILHBIN 3JIEMEHT. JIEGbIM CMENHCHBIM KAACCOM TIEMEHTA, §
no noiarpynie H naswpiBaercss Mmuoxkecrso gH = {goh, h € H}.

[TpuMEP 6.15. i) Ilycrs G — mobas rpynma, H = G. Toraa jeBblit cMesKHbILT
KJIacc JiIob0ro jeMeHTa coBajaer co seeil rpymnoit G (mouemy?). Hanporus,
ecin H = {e}, To gH = {¢} nna moboro g € G.

ii) Ecsiu G — rpymnmna 1iebix ducest ¢ onepaiueii cioxenus, H — noarpymima,
COCTOAIIAasA U3 IrCeJI, KPpaTHBIX CbI/IKCI/IpOBaHHOMy HaTypaJIbHOMY YHUCJIY T, TO
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CMEZKHBII KJIACC YUC/Ia ¢ COCTOMT M3 BCEX NMEJbIX YHCE, JAIOMUX MPH JIEJTCHIN
Ha N TAKOi ¥Ke OCTATOK, KaK YUCIIO (.

iii) ITycrs G = R*, H = Ry — MHO»KECTBO TOJIOKUTEJILHBIX drces. Toraa
CMEKHBIH KJ1ace JII000ro MoJIOKUTETHLHOr0 Yucia coBnagaer ¢ H, To ecTb ¢ MHO-
JKECTBOM TOJIOYKATENBHBIX YUCEJT, & CMEXKHBIH KJIACC JTI0O0r0 OTPUIATETHHOTO
YUCJIAa — C MHOYKECTBOM OTPHUIATEbHBIX THUCEL.

YIPAXKHEHUE 6.16. i) IIposepsre, uto gH = H TOrja m TOJIHKO TOLJA,
KOTJIa 9JIEeMEHT g JieXKuT B H.

ii) ITycrs g € G — npousBouibHbIii 31emenT. [locTpoiite B3anMHO 01HO3HAY-
Hoe otobpazkenne n3 H B gH. I3 cymecTBOBaHuS TAKOTO OTOOPAsKEHUsT BBITE-
KaeT, B YaCTHOCTH, YTO ecjiu H — KOHedHas TPyIIa, TO BCe CMEXKHbIE KJIACCHI
COCTOSIT M3 OJTHOTO M TOTO YK€ UUCJIA JIEMEHTOB, PABHOTO TOPSIIKY TPyInbl H.

iil) ITokaxkure, 9TO CMEKHBIE KJIACCHI JIMOO HE MEPECEeKAIOTCs, JINOO COBIA-
JIAIOT, TO €CTh ecu g1, go € G u g1 H NgoH # &, 0o g1H = g2 H.

iv) (Teopema Jlaepanorca.) Eciu G — koneunas rpymia, H — noarpymia
B Helf, TO YMCI0 PA3JINIHBIX JIEBBIX CMEXKHBIX KJIaCCOB IO ToArpymme H paBHO
|G|/|H|. D10 amucio obosnauaercs |G : H] u HaspiBaeTcst undexcom rpymisl G
o noarpynme H. B wactHocTH, opsiiok G aeuTest Ha MOpsiiok H.

iv) [Iycrs G = GL,(F), H = SL,,(FF). Jokaxure, 9TO JiBE HEBBIPOXK ICHHBIE
Marpuibl A 1 B jieXkaT B OJHOM CMeEXXKHOM KJiacce 1o moarpyume H Torma
U TOJILKO TOTJIa, KOTJIa WX OMPEEIUTENIN COBMaIaloT. UeMy paBeH MOpsiIOK

SLy(F,)?

OxasbIBaeTcsl, KBAHTOBBIE aHAJIOIH —3TO B ToyHOCTH HHAEKCHI GLj, (F,)
IO HOJATPYIIaM CHEIIUAJILHOTO BUIA.

YIPAKHEHUE 6.17. 1) ITokaxkmure, uro unnexc GL,(F,) 1o 6openesckoi
noJrpyuie paset [n]!.

ii) Jokaxwure, aro unnexc GLj,(F,) mo mapabosmdeckoit moArpyIe, cocTo-
sitet u3 6JI0YHO-TPeyroIbHbIX MaTpull Tuna (by, ..., b.), tae by + ...+ b, =n,
pPaBeH KBAHTOBOMY MYJILTHHOMHAJILHOMY KO3(DUIIEHTY by, n b,

B wacrHocTH, ecsin MaTpuibl umeroT Tuil (k, n — k), TO HHJEKC [0 COOTBET-
CTBYIOIIEH apabOJIMIecKOl MOArPYIIIe PABEH KBAHTOBOMY YHCJIY COYETAaHUI
e i k, 1 1) (k
El JAPYro CTOPOHBI, IYCTh MAaTPUIILI UMEIOT THUII (n -k, 1,..., ) ( e1u-
auil). Jdpyrumu cioBamu, napaGosmdecKkasi HOAPYIIa COCTOMT W3 MATPHIL
TaKOI'O BU/Ia:

A
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Baech A — mr06ast HeBBIPOXK/IeHHast MaTpuna pasmepa (n — k) x (n — k), a B —
J100ast HEBBIPOKIEHHAST BEpXHETPEyToIbHAsT MaTpuIia pa3mepa k X k. Ha «ce-
PBIX» MO3UIUAX CTOST JIIOOble YHCJA, & B HUXKHEH YacTH MATPUIIBI — HYJIH.
Torga unznexc rpynnst GL,, (F,) no noarpynmne P pasen

n—k1,...,1] " nogl "R

TO €CThb KBAaHTOBOMY YUCJIY pa3MeHleHI/II71.

I/ITaK, MbI BUAUM, 9TO, KaK U B KJIaCCUYECKOM KOM6I/IHaTOpI/IKe, KBaHTOBLIE
aHaJIOT! Ha CaMOM JieJjie IIePeIUC/IAI0T MHOT'HEe 00 BEKTHI BEChMa, pa3n1/1qH0171 opu-
POBIL. B zakimouenne Mol O6’bHCHI/IM, IoIeMy TPpaKTOBKa KBaHTOBBIX aHaJIOI'OB
B TepMUHaX MaTPUYIHbLIX I'DYIIII Ha CaMOM JIeJiI€ BbITEKaeT U3 FeOMeTpH‘IQCKOfI
nHrepliipeTranun. ,HJIH 9TOI'o HaM HOHa,ILO6I/ITCH emé OJHO BazKHO€ ITOHATHEC —
ILGIZCTBI/IG TPYIIIbI Ha MHOXKECTBE.

§ 7. JIENCTBUE I'PYIIIT MATPUI[] HA ®JIATAX

OnPEAENEHUE 7.1. Ilycte G — srobast rpytia, a X — Kakoe-TO HelycToe
MHOXKeCTBO. Jleticmeue rpymmnsl G Ha MHOKecTBe X — 9TO IIPABUJIO, KOTOPOE
Kaxk10#1 mape g € G, * € X CTaBUT B COOTBETCTBHE KAKOU-TO JIEMEHT MHOXKE-
crBa X, obozHavaeMblit g.x. [Ipu 9TOM HOJIKHBI BBITTOJHSITHCS IBA YCAOBUSI:

1) g.(h.x) = (g o h).x qnsa mobsix g, h € G, z € X;
2) e.x = x s moboro x € X.

Ecnu 3amano neitcreue rpynmbs G na MmuoxkectBe X, TO roBopsT, uro G deti-
cmeyem Ha X u numyTt G : X win G ~ X.

I[TpuMEP 7.2. i) Ecom G — miobast rpymma, a X — 060e MHOMKECTBO, TO
MPABUJIO ¢.¢ = X Jiyist JiIobbix g € G, x € X 3a7aér Ha X JeiicTBue, HA3bIBAEMOE
MOHCOECTNEEHHDIM.

ii) [Tycrs G =7, X =R. IlpaBuiio g.x = g + = oupeessier JIelCTBIE IPYIIIIbL
IeJIbIX Yucest (10 CII0YKEHUIO) Ha MHOXKECTBE BEIEeCTBEHHBIX YHCElL.

iii) JIrobast rpymma JeiicTByeT Ha caMoii cebe CIIeYIoNnuM 06pa3oM:

gao=grg', g,xeq.
IIposepbre, uTO 3TO meiicTBuTenbHO Aelicreue. OHO Ha3bIBaeTcs deticmeuem
GHYMPEHHUMU AETMOMOPPHUIMAMU.
iv) IIycte H — mobas noarpymnna B rpynne G. Torna H aeiicrByer na G
rak: h.x = hxz, h € H, x € G. Yb6eaurech, 94TO 3TO U B CAMOM JEJI€ SBJIACTCS
geiictBrueM. OHO HA3BIBAECTCS JeliCNBUEM AEGBIMU COGURAMU.
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v) O6o3naunm gepe3 G rpymny GL, (F), a uepes X — n-mepHoe KoopuHaT-
Hoe nipocrpancTo F. Torma G ~ X 1o npasuiny A.T = AT (umeercst B BULy
YMHOKEHHE MATPHUIBI 1 X N Ha BEKTOP, PACCMATPUBACMBIN Kak MaTpura n X 1).
To, 4To0 3T0 FEHCTBIE, BHITEKAET U3 ACCOIMATUBHOCTU YMHOXKEHHUST MATPUIL U U3
Toro, uro K.Z = T ajst moboro BeKTOpa T.

ONPEAEJIEHUE 7.3. Ilycts G — rpymma, AeficTByrolast Ha MHOKeCTBe X,
a & — IPOU3BOJILHLIA s1eMenT u3 X. Opoumoti 9T0ro aeMeHTa, IO/ AeHCTBIEeM
rpynnsl G HA3BIBAETCA MHOXKECTBO (), COCTOSAINEE U3 BCEX JIEMEHTOB (.I,
Korza g upoberaer rpyuiy (G, TO €CTb

Q. ={g.x, g€ G}.

O6paruM BHEUMaHUE, 9TO CaM JIEMEHT BCErJia JIEXKUT B CBOell opOuTe, Tak Kak
II0 BTOPOIl aKCUOMe NeiliCTBUdA I'PYIIILL 6.4 = I.

[TocMmoTpuM, KaK BBITVISIAT OPOUTHI B KarKJIOM U3 YKA3AHHBIX BLIIIE MTPH-
MEPOB.

[MpuMEP 7.4. i) G, X —mobbie, g.x = . fcHOo, 9TO OpOUTA KAKJIOTO
9JIEMEHTa COCTOUT TOJIBKO U3 9TOro sjementa: §; = {x} mis ymoboro = € X.

i) G=7Z, X =R, g.x = g+ z. 3necy opbura uncsia r € R cocrour u3 Beex
YUCe]I, KOTOPhIe UMEIOT TAKyH0 YKe JIPOOHYI0 9acTh, 9TO U I.

iii) X = G, g.x = grg~'. Onucanue opéuUT 3/1eCh 3ABUCAT OT TOTO, O KAKOi
rpyume ujaér pedb. OTMeTHM JIMINE, 9TO OpOUTa B 3TOM CJIydae HA3bIBAETCSI
KAGCCOM conpascérunocmu dmeMenTa x. Kak 6y1er yeTpoeH KIace COMpsIyKEH-
HOCTH 3JjieMeHTa T, eciiu G = 77

iv) H —moarpynmna B rpyune G, H ~ G no npasuiy h.x = hx. 31ecs opbuta
9JIEMEeHTa T — 3TO B TOYHOCTHU €ro JIEBbII CMeXKHBII KJtacc 1o moarpyime H, To
ectb §), = zH.

v) G = GL,(F), X =F", A.z = Az. Koneuno, B opbure HyJI€BOr0 BEKTOPa
nezkut Tosbko on cam: (25 = {0}. Ha camom nese opbura y1060ro HeHys1eBOro
BEKTOpa COBIAIAET C MHOXKECTBOM BCEX HEHYJIEBBIX BEKTOpOB. [leficTBuTEIHHO,
B naparpade 4 6oura chopMyIMpOBaHa TEOPEMa O JOMOJHEHNH /10 6a3uca, Ko-
TOpast, HAOMHUM, TJIACUT, YTO 6a3uc JIIOHOTO MOAIPOCTPAHCTBA MOXKHO JOMOJI-
HUTD 710 Oazuca npocrpancTBa. OTCiona cpagdy CIeayeT, ITo J000H HEHYIEeBOM
BekTOp 13 F" MOXKHO BK/IIOUNTH B Oasuc npocrpancTsa F" (mouemy?).

[TycTs Teneps T € F™ — yro6oit HenyseBoit BekTop. omosnum ero mo 6asuca
f 1=2, fg, ce fn 1 paccMOTpuM Marpuily A, j-it croaberr KoTopoil coBmagaer
co cToy161oM f . JIerko IpoBepuTh, 4TO €/ & — NePBblil BEKTOP CTaH1apTHOIO
6asuca F" (BeKTOp, y KOTOPOTO IepBasi KOOPJANHATA PABHA €IHHUIIE, & OCTAJIb-
Hble — HYJII0), TO A.€] = A€ = T. 3HaUUT, KaXK/(blii HEHYJIEBOI BEKTOD JICXKHUT
B opbure BekTopa €1. VI3 nmyHKTa (i) cieyomero ynpaxHeH:s BBITEKAET, 9TO
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Tora opouTa Kaxk/I0ro HEHYJIEBOI'O BEKTOPA COBIIAJIAET C OPOUTOH BeKTOpa €1,
KOTOpas, B CBOIO 0YEPE/Ib, COBIAIAET C MHOYKECTBOM HEHYJIEBBIX BEKTOPOB.

YTPAYKHEHUE 7.5. Ilycts rpynma G neiictByer Ha MHOXKeCTBe X .

i) lokaxkure, 9T0 OPOUTHI JBYX JIEMEHTOB JIHOO HE IIEPECEKAIOTCs, JTUHO
COBIIAIAIOT, TO ecThb ecau T,y € X u 2, NQy # I, 1o 1y = Q.

ii) Cmabususamopom 3jeMeHTa T HA3BIBAETCS MHOYKECTBO TEX JIEMEHTOB
rpynnbl G, O/ IefCTBUEM KOTOPBIX 3JIEMEHT T IepexoauT cam B cebsi. O60-
3HAYAETCST CTADUIM3aTOP TaK:

Stab(z) = {g € G | g.x = x}.

ITokazkuTe, ITO OH BCera sIBJISIETCsT TOArPYIIOi B rpytie G.
iii) ITocrpoiiTe B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY MHOXKECTBOM
JIEBBIX CMEXKHBIX KJ1accoB rpyiibl G 1o noarpytie Stab(z) u opburoii €2,

U3 nocsieiHero myHKTa BHITEKAET 3aMedaTeIbHOe CJIe/ICTBIE: eciu rpymnina G
KOHEYHAa, TO KOJMYECTBO 3JIEMEHTOB B OpOUTE dJIeMeHTa T paBHO uHjekcy G
no Stab(z), To ecThb

Q4] = [G : Stab(x)] = %

Tenepb yke JIerKO 00bsACHUTE, KAK MOJIYIUTh IPYIIIOBYIO HHTEPIIPETAIINIO KBAH-
TOBBIX aHAJIOTOB U3 T€OMETPUYIECKOM.

YIPAYKHEHUE 7.6. 1) Hatomuuwm, uro gepes Fy(F™) Mbr obo3Havamm B na-
parpade 5 MHOKecTBO Beex duaros tuna d = (dy, ..., d,—1) B npocrpancrse F".
O603naunM bl = dl, bQ = dQ — dl, b3 = d3 — dg, Ceey br—l = dr—l — d,«_g,
b,=n—d,_1. llycrs F — daar tuna d, Uy C...C U,_1 — IOAIPOCTPAHCTBa, €r0
obpasyromne, a A — j06ast HEBLIPOXK IeHHAsI MaTPHUIA. PacCMOTPIM MHOXKECTBA,

AUZ':{A.f,fGUi}, 1<i<r—1.

Hokazkure, 9o 310 noanpocrpancTsa, npuaém AUy C ... C AU, u dim(AU;) =
=dim U; gys Beex 4. JIpyrumu ciroBamu, 1MEmOIKa BJIOKEHHBIX TOIIIPOCTPAHCTB
AUy C ... C AU,_1 obpasyer ¢aar Toro ke Tuma, 91o u F'; 0bo3HAYNM 3TOT
daar yepes A.F. Tem cambim Mbl onpegesuan jeiictsue rpynnsl GL, (F) Ha
muokecTBe raros Fy(F™).

ii) TTokaxkure, 4TO 9TO JEHiCTBUE MPAH3UMUBHO, TO €CTh BCE MHOYKECTBO
Fq4(F™) npeacrasisier u3 cebst OJfHy OpOUTY.

iii) O6o3naunm yepes Fy Tak HasbiBaeMblil koopdunammbiti duar. Tlo ompe-
JIEJIEHUIO, B HEM TOTPOCTPAHCTBO U; HATIHYTO HA TIEPBBIE i BEKTOPOB CTaH-
JapTHOTO Oa3uca, TO eCTh

Up=(é1,...,&), 1<i<r
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[IpoBeprbre, 4TO €ro cTabUIN3aTOP — TO B TOYHOCTHU HAPAOOJINIECKas IOJIPY -
na P, cocrosimas u3 6JIOYHO-TPEyToJNbHBIX MaTpull Tuna (b, ..., by).

ITycre reneps F =TF,. Torga uungexc GLy, (F™) no noarpymme P 6yaer coia-
JIaTh ¢ KoJimaecTBoM ssteMeHToB MuOXKecTBa JFy(F™), KoTopoe, B cuiy ynparkHe-

n
Hud 5.6, PABHO KBAHTOBOMY MYJIBTHHOMHUAJILHOMY KOIMDMUIUEHTY [ by b } ,
y Vr
KaK ¥ ObLJIO IIOKa3aHO B yrpaykHenun 6.17.

OTBETHI, YKA3AHUSI, PEIIEHUSI

1.1. PEIIEHUE. i) Hyzk#0 nipocTo nmpuBecTn 1pobu K 00IeMy 3HAMEHATEITIO:

n! k-n! (n—k) - nl k-n!
D A O ey s A oo 1 Rl pry s ey ey s 3 Rl ey T
(n—k)-nl k-nl _ n-nl

D I (n—k)!:”'(”)k-

ii) Jokaxkem unaykuumeii o n. Basa unaykiuu: nycrs n = 1. Ecau m = 0,
1
1o JeBasi yacTh umeer Bugx (0)g = 1, a npaBas paBHA = = 1, KaK 1 JTOJI2KHO
6biTh. Eciu xke m > 1, To u JieBasi, U IpaBasi YaCTH PaBHBI HYJIIO.
[IpenmooxkuM Temepb, 9To JIJIsT KAKOTO-TO HATYPAJIbLHOIO Yucja 1 hopMmyJia
yke nokasana. [Ipeobpasyem JieByI0 4acTh JJisd 1+ 1, IPUMEHUB K Hell cHavasIa

[PEIITOJIOKEHNEe HHIYKINH, a 3aTeM (dhopMysty u3 myHKTa (i):
Nm41
O+ Wm + o+ (0= D + (W) = 255 + (W) =
M1+ (m4+1)-(n)m o (Nmt1 +m - (0)m) + ()m

m+1 m+1

n - (n)m + (M)m _ (n+1)(n)m _ (n+ 1)
m+ 1 m+1 m+1 "

YTOo " Tpe6OBaJIOCb JOKa3aThb.

1.2. i) PEIIEHUE. IIpuBeném npaByio 4acThb K 0OIIeMy 3HAMEHATEJIO:

n—1 n—1 (n—1)! (n—1)! _
(") (o) = =Dl T =) (k)
(n—k)-(n—1)! k-(n—1)!
TR (k-1 k(-1
LSS HUES gy SISV R U S
N L (n—Fk)! E-(n—K)!  K-(n—Fk)! k- (n—k)!

Wo(n—k)

HO 9TO U €CTb YUCJIO codeTanuil u3 n mo k.
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ii) YVKA3AHUE. [Ipeanonoxkum, 9To Hy?>KHO HAOpATh KOMAaH1y U3 k NIPOKOB,
OpUvEéM y HAC BCEro N npeTeHyienToB. [locunTaiiTe oTAEIBHO CIIOCOOBI chOpMU-
poBaTh KOMaHJLy, B3sB IIEPBOTO MPETEHJIEHTA, a OTJ/EJILHO — He B3sB I1EPBOIO
[IpeTeHIEHTA.

1.3. PELIEHUE. B meBoit yacTn cTOUT mpom3BedeHNE 1 CKOOOK, B KaK IO
13 KOTOPBIX HAIIMCAHO T + Y. PackpoeM cKOOKH, HO ITOKa He OyIeM IPUBOIUTD 10~
J100HbIe ciaraemble. Kaxkioe ciaraemoe B moJtyduslieiicss cymme hbopMupyercs
TaK: MBI IEPEMHOXKAEM CKOJIBKO-TO IIEPEMEHHBIX & U CKOJIBKO-TO TIEPEMEHHBIX 1/,
OpUIEM €CJid Yy MbI B3dau U3 k CKODOK, TO x GepéTcd u3 ocTaBIuxcd n — k
CKODOK. 3HAYHT, KaKI0€ CJIaraeMoe paBHO x”_kyk st Kakoro-to k ot 0 mo n.

Ecnu Mbr Teneph npuBesiéM 1mo100HbIE, TO KOI(MDMUIIMEHT Mepe]T CAAraeMbIM
Buga 2" FyF Gymer paBeH KOMYeCTBY TAKHX CJIATAEMBIX JI0 IPHBEIEHUS II0-
JIOOHBIX, TO €CTh KOJIMYECTBY CIOCOO0B BBIGpATh k CKOOOK U3 1 CKOGOK (3TO Te
CKOOKH, U3 KOTOPBIX MBI BBIOpasn mepeMeHnyio y). Ho 9To B TounocTn wmcsio
COYeTaHWi U3 1 1O k, KaK M HAIIMCAHO B IIPABOil YaCTH.

1.5. 1) PElIEHUE. IloacraBum B 6unom Herorona z =y = 1.

ii) PEIIEHUE. [TocunTaem, YeMy paBHO KOJUYECTBO MOCJIEI0BATEILHOCTE
U3 IJIIOCOB M MUHYCOB JytwHBI 1. C OJHO# CTOPOHBI, Ha KAaXKIOW IMO3UITHH
MOYKET CTOSATDH JINOO IUTIOC, MO0 MUHYC (BCEro JBa BapHaHTa), MPHIEM KarK-
Jlasl TIO3UINS 3aIIOTHAETCSI HE3ABUCHMO OT OCTAJIBHBIX, IT09TOMY HYHCJIO TAKHX
HOC/Ie/J0BaTEeLHOCTENH paBHo 2+ 2 - ... - 2 (n comHOXKUTEJIEH), TO ecTb 2.

C nmpyroit CTOPOHBI, MOCUUTAEM KOJIMIECTBO TEX MOCIEI0BATEIBHOCTE, B KO-
TOPBIX POBHO k ILJTFOCOB. DTH ILJIFOCHI MOT'YT CTOSITh Ha JIFOOBIX k TO3UIUSAX U3 7}
(HA& OCTAJILHBIX ABTOMATHYECKU CTOST MHUHYCHI), a KOJIMYECTBO CIIOCOOOB BbI-
OpaTh 3TU MO3UIINU PABHO, 110 OIIPEJIEJICHIIO, YUCIY COYeTaAHMI (Z) Ocramnoch
3aMETHUTh, 9TO k MOXKET OBbITH JIIOOBIM YUCJIOM OT HYJIsI JI0 7.

iii) PEIIEHKE. IToacrasum B 6unom Hetorona z =1, y = —1.

iv) YKABAHUE. IIpeanonoxkure, 9T0 MMeEeTCs N JACMYTATOB, M3 KOTOPBIX
HY2KHO BBIOpPATb OJHOTO IIPE3UJEHTA, & U3 OCTABIINXCS CDOPMUPOBATH IIPABU-
TEJILCTBO, B KOTOPOE BXOJUT JiI0b0e 1uucyo jenyraros or 0 go n — 1.

v) PEIIEHUE. [TycTh HaM HaJ10 BHIOPATH k TPEJIMETOB U3 1 + M IPEJIMETOB.
[Momenum 5TH N + M TpeaIMETOB Ha JiBe KyUKH 10 1 1 m mpeamero. Crepsa
BbIOEpPEM U3 TEPBOH KYUKU j IIPEIMETOB; 9TO MOXKHO CJIeJIaTh <n> crocobaMH.
Tenieps U3 BTOPOit KYYKH OCTAJIOCH BBIOPATD ( k”jj) Hpe,ILMeTO{B; 9TO, B CBOIO
ovepeib, MOYXKHO CIeIaTh ( kT]) criocobaMu. 3HAYUT, ODIIee YUCJIO CIIOCOOOB

BBIOpATh Kk MPEIMETOB TaK, UTOOBI U3 MEPBOil KyUKU OBIJIO B3ATO j IPEIMETOB,

n m .
paBHO (]) . ( 3 —j)' Teneps 3amerum, 4TO j MOXKET ObITH JII0OBIM OT O 110 k —
¥ TaK IOJIydaTcsl BCe CIOCOObI BRIOpaTh k MpeaMeToB u3 n + m IpPeIMeTOB.
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2.3. PEIIEHUE. i) Ecim 9170 paBeHCTBO BEPHO, TO CTEIEHN MHOTOYJICHOB
B JIEBOH 1M B MpaBoii YacTsax papHbl. CTelleHb MHOTOUJICHA CJIEBA PABHA

(a—1)+(b—-1)=a+b—2.
Crenienb MHOTOYJICHA clipaBa paBHa ab — 1. 3HaunT,
ab—1=a+b—2,

To ecthb (@ — 1) - (b — 1) = 0, oTKyza x0Tst 6B OHO U3 YHCeT a Win b paBHO
equnuie. OUeBU/IHO, YTO B TAKOM CJIydae BTOPOE YHCJIO MOXKET OBbITh JIFOOBIM.

ii) JTokazkeMm mepBoe PaABEHCTBO; BTOPOe JOKA3bIBAETCS AHATIOINYHO. 11peos-
pasyeM IpPaBylo 9acTh:

k*l k . n—k_l k:71+ n _ .k n_ 1
_q L4 ) _ 4 "—q _q — [n].

k
[k]+q [n_k] g—1 g—1 g—1 g—1

2.5. PELIEHUE. i) [Ipeo6pasyem mpaByio 4acThb:

474 1 ey R
_ =k k][]
K k-1 -kl

n KLl g )

n— n—=k < nl! nl - |nf!
( kwﬁ_wwn[w:hiiﬁzmymm

Ilepexon oT TpeTbeil CTPOKU K I€TBEPTOl OCHOBAH HA BTOPOM PABEHCTBE U3
nyHKTa (i) IpeablIyIero yupaxKHeHusl.

ii) Jlokazkem TepBOe PABEHCTBO; BTOPOE JIOKA3bIBAETCs aHAJIOTUYHO. [1peob-
pa3yeM IIpaBylO 4acTb:

n—1 n—k [n—11 _ [n —1]! " Fn -1
ERY k'[k‘—l}_[k]!~[n—k—1]!+[k—l}!-[n—k!]_
I e U | L e R e VL
k]! [ — A ]! [ — &]!
(=K k) =1 -1
k)L [ — k]! k)L [ — k]!

3/1eChb MBI OLSATH MOJIB30BAIUCH IIYHKTOM (ii) HPeJbIILyIIero yiupaskHeHusl.
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2.8. PEMIEHUE. [Ipumenum uHaykmuio mo n. baza waaykmuu n = 0 ode-
BugHa. IIpeamosoxum, 9To a7t n — 1 yTBep:KIeHue yxKe JoKazaHo. Torma,
C Y9IETOM TPEIITOIOKEHNST WHTYKITHH,

+y]"=z+y" " (+q"y) = (x+q"y) x
x (qo'(‘”/2 1"y 1}x”‘1y° + 2. [”; 1}x”_2y1 NS

+ gt/ [”; 1}95”‘1_'%/‘; + .. g2, [Z: ony”_1> =

_ <qo-(71)/2' [na l}xnyo_i_ql-o/; [n; l}anyl NI

i qk(k—l)/2 ) [n; 1}$n—kyk TR q(n—1)(n—2)/2 ) [Z - Hxlyn—1> i

gt (qo‘(‘l)/2 : [” N l}x”‘lyl + 02 [” N 1]:):”‘2@/2 oo+

USSR [n; 1}xn7171¢yk+1 4o 4 g D=2z [Z - onyn).
ITocmemuioro cymMMy MbI pa3duIu Ha JIBE IPYIIILI CIArA€MbBIX, B3ITHIX B CKOOKU.
Y6epém U3 nepBoii CKOOKH camoe IepBoe ciiaraemMoe (OHO PaBHO x'), a U3 BTOPOit
CKOOKM — caMoe TMoCjIe/Hee ciaraeMoe (OHO paBHO y™).

Ocrasrnecs: ciaraeMble pa300bEM Ha HApbl Tak, YTOObI B KAXKJYIO Hapy
BOIIJIO [0 OJIHOMY CJIAraeMOMY U3 KazKJI0#i CKOOKH. A MMEHHO, B Iapy K cJara-
eMOMYy

qk(k—l)/z . [n - 1]$n—k k

k Yy
U3 MIEePBOI CKOOKU BO3BMEM CJIAraeMoe

(k=1)(k=2)/2 [n—1] _n—k k
q R ]emty

u3 Bropoit ckobku. Torma cymma B Kaxk 10l mape paBHa

qk(k—l)/2 ) [n ; 1]$n—kyk i q(n—1)+(k—1)(k—2)/2 ) [Z - Hxn—kyk

IMockonbry k(k —1)/2 = (kK —1)(k —2)/2 + (k — 1), cymmy B Kaxk/J10ii nape
MOZKHO [EPEIUCATh B BUJE

D2 <[n; 1}xn—kyk 4 gD (k=1) [z - Hxn—ky ) -

— P12 ([nzl] gk [Z: H) LRk = k=12 [Z}xn—kyk

(Mbl BOCIIOJIb30BaJINCh KBAHTOBBIM TPEYTI'OJIbHUKOM Ha.CKa.HH).
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OxoHYaTeIHbHO:
[z +y]" = 2" gl [ﬂxn—1y1 2. [ﬂxn—2y2 i
i qk(kfl)/Q_ [Z]xnfkyk NI q(nfl)(n72)/2 ) [nﬁ 1]$1yn71 o

9TO 1 Tp€6OBaJIOCI) TOKa3aTh.

2.9. YKABAHUE. [lokaxkure cHa4asa, yro yz'" = ¢"'z™y. Tenepns npume-
HUTE MHIYKIWIO 110 n (6a3a umpyknun n = 0 oueBuna). Ecim yrBepxK ienue
yIKe JOKa3aHo Tpu N — 1, TO MPeINoIoKeHne WHIYKITIHH TOKA3bIBAET, ITO

(z+y)"=@+y) - (@+y)" ' =@+y) x

X ({nal}x”_lyo—l— {nzl}x”_zyl—i—...—l-

-1 11— —1 _
+[nk }x" 1 kyk—l—...—f—[zil}xoy" 1):
i [”al}yx"’1y1+...+ {Z:nyn—l—kyk_i_“._i_ [Z:;]lenfz"‘yn-

Tenepnp paccyzkjaiiTe Tak »Ke, KAK B PEIICHUN HPEIBIIYINETO YIIPAXKHEHUST;
B JaCTHOCTH, UCIIOJIB3yiiTe TpeyroJbHuK [lacKkaris.

4.2. PEIEHUE. [Tokaskem cuauasa, uro 02 = 0. B camom e,
0% =00 = 0(0 + 0) = 0% + 0°.
[Ipubasus K obenM 4acTsM 3TOro paseHcTsa —02, HOTydnM, 4TO
0= 0%+ (—0%) = (0% + 0%) + (—0%) = 0% + (0% + (—0%)) = 0% + 0 = 0%,

KaK MbI U XOTeE€JIU.
O6o3naunM Tenepb 0x Uepe3 a u 3aMeTUM, ITO

a0 = (02)0 = 0(z0) = 0(0z) = 0%z = 0z = a.

Ec/m npeimnoioxkuTh, uto a # 0, To cymmecTsyeT a ' u Torja
l=a'a=a1a0)=(a"a)0=1-0=0

o ompejiesiennto saementa 1. Ho ato nmporusopedur yesosuio 1 # 0, mosromy
a=0.
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O6osmnaunm reneps (—1)z gepes b. Torma
z+b=1lz+ (-1)z=(14+(-1))z =0z = 0.
A pas Tak, TO
—x=-24+0=—zx+(x+b)=(—z+z)+b=0+b=0b,

KaK U ObLIO ODEIIaHo.

4.4. i) YKA3AHHUE. O6paTure BHUMaHHe, YTO JAXKe IPOBEPKA ACCOIU-
aTUBHOCTH HeTpuBHaJbHa! [l JoKasare/beTBa CyIIeCTBOBAHUS OOPATHOIO
9JIEMEHTA, UCIOJIb3YHTEe TOT (DAKT, UTO IJIsI JIOOLIX IEeIbIX IUCes @, b HalmLyTCs

TaKue 1eJible 9rcJjia C, d, q9TO

ac + bd = HO/I(a, b).

JlokazaTeabcTBO 3TOTO PaKTa BBITEKAET U3 AJrOPUTMa EBKINIA HAXOXK IEHUST
HanbOOJILIIEro OOINEro AEIUTE IsA. DTO JOKAa3aTEIbCTBO MOKHO HANTH, K IpUMe-
py, B [12, ru1. 4].

ii) OTBET. Bor atu Tabmier mis Fs u Fr:

Jolifz]s]4] Jolif2]s]4]s]6]
offojofolo]o ofojojojlofofo]o
1{o|1]2]34 1jof1|2]3/4]5]6
2/0f2(4]1]3 2l0(2(4/6|1|3]5
30|31 ]4]2 3/0/3(6[2[5/1]4
afofal3]2]1 afoj41|5]2]6]3

5110[5(3]1]6|4]2

6lof6[5]4]3|2]1

4.5. OTBET. IlycTb 3T0 MHOXKECTBO COCTOUT M3 JIEMEHTOB a, b, ¢, d. 3aia-
UM CJIOYKEHHE U YMHOMKEHHE TaK:

+alblc|d -llalb|c|d
allal|lb|c|d allalalala
bilblald]|c blal|bd d
c | c alb cllalc|d]|b
dld|c|b|a diald c

4.7. PEUIEHUE. [lycts 0T = @, Torma

a=0z=(0+0)z=0T+0T =a+a.



106 M. B. HraatreB

[TpubaBum K 06erM YACTSIM TOTO PABEHCTBA BEKTOD —a:
0=a+(-a)=(a+a)+(-a)=a+ (a+(—a)=a+0=a,
KaK MbI 1 XOT€JIN. B
C npyroii croponsl, nycrsb (—1)Z = b, Torga
0=02=(01+(-1)z=1z+ (-12) =T+ b.
[TpubaBum K 06erM YACTSIM ITOTO PABEHCTBA BEKTOP —I:

—Zz=-24+0=-T+(Z+b)=(-Z+2)+b=0+b=0b.

5.6. PEMIEHUE. [lycrs F — daar tuna (I3, 0 + lo, ..., 00 + ... + l,—1),
0Opa30BaHHBIN MEMOTKON MOAIPOCTPAHCTE

UcUyC...CcU,

B n-mepHoM mpocTtpancTee V. Iloampocrpancrso U,._1, coryacHo Teopeme 5.2,
MOKHO BBIOpaTh

n ] _ ]

|:ll +...+ lr—1i| - [ll + ...+ l,._l}![n - l1 — ... — lr—l]! [ll + ...+ l7_1]'[l7]'
CII0CODaM.
AHaJIOrMYHO YUC/I0 c0cob0B BLIOpaTh HOAIpOcTpancTBo U, _o B IpocTpaH-
cree U,_1 paBHO

|:[l1+...+lr71]}_ e | 4. +l—1]!
lLhi+...+l—o

4 Al Al — o=l a])! [+ 2 L]

BHaunT, KOJTUIECTBO CIIOCO00B BRIOpaTh B V mapy noanpocrpancts U, _o C U,_1
HYKHBIX pasMepHOCTENl paBHO

[n]! (T A [ [n]!

[ll +...+ lr—l]![lr}! [ll +...+ lr—2]![lr—1]! B [ll +...+ lr—Q]![lr—l]![lT“ '
IIpomoirzkasi 9TOT IPOIECC, MOJYIUM B KOHIE KOHIIOB, YTO KOJMYECTBO CIIO-
coboB BoIOpaTh Quiar F' B mpocTpaHcTBe V B TOYHOCTH PaBHO KBAHTOBOMY
MYJIbTHHOMHUAJIBLHOMY KO DUIIEHTY I K L

HOK&}KGM Telepb, 9YTO OH ABJIACTCA 17\/I.I:I.Oi"07‘quHOM OT ¢ C IeJILIMUA KOSCI)-
dunmentamu. js1 3TOro mcmosablyeM HMHAYKIWIO 1o 7 > 2. Basa umHaykmun
r = 2 o4deBH/JHa: 3TO B TOYHOCTU yTBep}KﬂeHI/Ie O TOM, YTO KBaHTOBO€ YHCJIO
COYETAHUN ABJIAETCS MHOIOYJIEHOM OT ¢ C IebiMu Koddduimentamu. [Ipe-

[IOJIO2KUM TeIeph, U4TO YTBEpKIeHune mokazano mjiag r — 1. Torma, mo mpen-
n

IIOJIOZKEHUIO WHJTYKIAN, I ol q +1
yore oy br—2y br— T

ABJIAETCA MHOI'OYJIEHOM OT (@
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lrfl + lr

lrfl
K03 pUImeHTaMu, ITOITOMY TAKOBBIM Oy/IeT U

¢ nespiMu Koaddunuenramu. Ho [ ] — TOKe MHOI'OYJIEH OT ¢ C LIeJIbIMU

n ].[lr,l—klr} [n]! Lo 40! [h’.n ,ZJ

T A A Lo 17 DA A

6.2. PEIIEHUE. Ecan €1, €2 *HeﬁTpaJIbeIe 9JIEMCHTBI, TO
€1 = €1 0€ex = €.

IlepBoe paBeHCTBO BBITEKAET U3 TOI'O, YTO €9 HEHTpaJieH, a BTOpPOe — U3 Heli-
TPaJbHOCTHU €].

Eciin Tenieps y, z — obpaTHBIE 3JIEMEHTHI K KAKOMY-TO 3jieMeHTy & € (G, TO
€ Y4ETOM acCONMATUBHOCTA ODMHAPHOI OIePAIUU B IPYIIIIE

y=yoe=yo(roz)=(yox)oz=eoz=2z.

6.4. PEIIEHUE. [To onpezenenuro, (i, j)-it s1eMeHT JI€BOIl YacTH paBeH

n n n n
Y (AB)ixerj =) ( “Z?lbl’k) “ekj = ) aigbch.
=1

k=1 k=1 k=1

Ilocnennss 3anuch 03HAYAET, YTO CjlaracMble B CyMME HYMEPYIOTCS JIByMs WH-
nmekcaMn, k u [, KaxKAplil B3 KOTOPBIX MOXKET HE3aBUCHMO OT JPYTOro IIPUHAMATD
JII0boe 3HaveHue ot 1 110 n.

AwnastormaHo (i, j)-it 97IEeMEHT IPABOW YaCTH PABEH

n

n n n
Z a; (BC); = Z a; ( Z bl,kck,j> = Z a; by kCr -
=1 k=1

=1 1,k=1

[TosygyaeMm, 9TO 9TO OJUH M TOT Ke 3JIeMEHT!
[IpoBepka Toro, uro F — HEeHTpAbHBII 3JIEMEHT, TPUBHAJIbHA.

6.6. i) YKA3AHUE. [Ipumenure dopmysry passiozKeHus O TOCIeTHE cTpo-
Ke (WK 110 IepBOMY CTOJIOILY ) HECKOJIBKO Pas.

ii) PEIEHME. Ilycts X, Y — 6109HO-TpEyroIbHBIE MATPHIIBI, MMEIOIINE
tun by, ...,b., Z = XY. Illycre k—s060e umciio or 1 go r. ObozHadnm
v = b1 + ...+ by. Hayjo nokasars, uro ¢; ; = 0 npu j < v n i >v. Ho

Zij = (xi,lyl,j + ...+ mz‘,vyv,j) + («Tz',v—i-lyv—i-l,j—i-. ) .+xi,nyn,j)-

B niepBoii rpyiine ciaraeMbiX paBHBI HYJIIO 3JIEMEHTBI MATPHUIILI X , a BO BTO-
pOit — 3JIEMEHTHI MaTPHUIIHL Y.
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s nokazarenbeTBa bakTa PO ONPEIETUTEH HCIOIL3YeM WHLYKIHIO
o n. baza upgyknum n = 1 odeBunna. IlpeanooKuM, 94To g O6JI0YHO-TPe-
YTOIBHBIX MATpPHI pasMepa 1 — 1 yTBepxKIeHHe yxKe JoKazaHo. IIpumenum
k marpunie A dbopmysty pasjioskenus 1o mepsomy crosbiy. Ecium uepes B
0003HAYNTH MATPUILY, TIOJIY9AIONLyIOCa U3 MaTPUILI B yaajaenueM i-it cTpoKn
1 1EepBOro CTOJIOIA, TO MBI HOJIYIUM, UTO

n b1
det A = Z(_l)iJrlai,lMLl = Z(—l)”lai,le,
=1 =1

rje M; 1 — onpeJieinTe b MaTPHILI BUIA

B

By

B,

OH, 10 TIpe/IoNoKeH o HHLyKIuu, paset det Bl -det Bs - .. .- det B,, mostomy
b1
det A= (Z(—1)Z+1ai,1 det B;) -det By-...-det B, =det By -det By-. . .-det B,.

i=1

6.9. YKA3BAHME. Bocrnosb3yitTech TeM, 9T0 ONpeaeIuTe/ b MATPUIILI 0TI~
Y€H OT HyJis TOTJA U TOJBKO TOTJA, KOTJa €€ cToJIONbI 00pa3yioT ba3uc B IF;L.

6.12. ii) YKA3AHME. [lyisi JloKa3aTe/ bCTBa JIOCTATOYHOCTH He 3alyjbre,
aro B H ectb x0T Obl omun smement. [lokaxkure cuavasa, aro B H jexur
HeHTpabHBIN 3JIEMEHT, TOTOM — 9TO ecin & € H, To u T € H, u, HaKOHeI1, 9To
ecim x,y € Hytouxoy € H.

6.13. OTBET. i) Ecoiu F =T, 10 |B| = (¢ — 1) - ¢"(»=1/2,
ii) IIpu F = F,

IPl=(¢" =1)-(¢" —q)--..- (¢" —¢"7") x
X (@2 =1 (" —q)- .- (¢” =" ) x . x
X (=1 (" —q)- (@ =" x g,
vie a =3 - (n(n—1) = bi(by — 1) = ba(by = 1) — ... = br(b, — 1)).
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6.16. i) PEINEHUE. Ecom gH = H, To, moCKOIbKY € € H, Mbl BUIUM, 9TO
g=goecgHd=H.

Ob6patHo, ycTh g € H, Torma jist aoboro sjaeMenTa h € H BbIoOJTHSIETCS
goh € H, noromy uro H —noarpyuna. 3uaunt, gH C H. Hakoner, kakum Obl
HU ObLT « € H, semenT h = gox nexxut B H, Tak kak H —noarpynmnau g, x € H.
A rormaz =eox=(gog)ox=go(gox)=goh nexur B gH, nosromy
H C gH. BoiBog: gH = H.

ii) YKA3AHUE. B3aumuo ojno3naunoe orobpaxkenue u3 H B gH ycrpoeno
OdYeHb IPOCTO: oHo nepesogutT h € H B go h.

iii) PEIIEHUE. [Tokaxkem, uro g1 H C goH (o6paTHOe BKIIIOYEHHE TTOKA3bI-
BaeTCsl TOYHO Tak xke). [ljist 9T0ro 3amernm cHadasa, aro g1 € goH. B camom
JieJie, 0 YCJIOBHIO CyIIEeCTBYyeT Takoil z € G, uro z € g1H N goH. dpyrumu
cioBaMu, HaiiyTes Takue hy, he € H, uto 2 = g1 0 h; = g2 o he. Ho Torma

g1 =z20h1 = (g2ohg)ohy =gao(hgohy)=gaoh

nexxutT B goH, Tak xak h' = ho o hy € H.
Ecnu Teneps g1 0 h — nmpou3BoibHLI sj1eMeHT u3 g1 H, T0O

groh=(g20h)oh=gyo(h oh)

ToKe JIexKUT B go H, n6o h' o h € H.
iv) VKA3AHUE. Bocrosbayiitech aByMsi IPEJbLLY MU Ly HKTAMU.

v) OTBET. |SL,(F,)| = (¢" —1)-(q" *q(I)_'l-- (@ —q")

6.17. YKABAHME. i) Bocnosb3yiirecs ynpaxknenusmu 6.9 u 6.13 (i).
ii) Bocmosb3yitrecs ynpaxuenusivu 6.9 u 6.13 (ii).

7.5. 1) YKA3AHUE. JloKa3aTebCTBO JI0JKHO OBbITH OY€HDb II0XOXKEe Ha JIOKa-
3aTeIbCTBO yrparkuenus 6.16 (iii).

iii) YKABAHUE. D10 0TOOparKeHUe EePEBOUT JIEBbIil CMEXKHBIN KJIacC dJ1e-
MenTa g € G B g.x.

7.6. PEIUEHUE. i) Eciin AZ, Ay nexar B AU; s kakux-to T,y € U;, TO
Z + y € U;, mockobky U; — MOAIPOCTPAHCTBO, MOITOMY

Az + Ay = A(T +3) € AU;.

Bropoe ¢BoiicTBO HOAIPOCTPAHCTBA IIPOBEpsieTcs aHajgorndno. Mrak, AU; —
nonpocTpancTBo. Brimowennuss AU; C AU; 1 odeBunbl: jjis jaoboro AT € U
nmeeM T € U; C Ujy1, a 3uaunr, AT € AU;1q.

ITokazkem, uro dim AU; = dim U;. fcno, uro dim AU; < dim U;. Heiicreu-
TEJILHO, IIPEJIIIOJIOKUM, YTO BEKTOPLL AT, . . ., AT € AU; nmuHeiiHo He3aBUCUMBIL.
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Torma sinHeiHO HE3ABUCUMBL U BEKTOPHI T, . . . , T € U; (J0KaxKuTE 910 OT IPO-
tuBHOrO). 3Hauut, B AU; He MOxkKeT ObITh GOJIbIIE JIMHEHHO HE3aBUCUMBIX
BEKTOPOB, 4eM B U;, OTKy/1a U BbITEKaeT TpedyemMoe HepaBEeHCTBO.

Ocrajiock 3aMeTUTh, YTO B MPEJIBLIYIIEM paccy)iaeHuu A — jirobast HeBbI-
poxkIeHHast Marpuia, a U; — moboe moAmpocTpaHcTBO. JIerko moHATh, ITO
U; = A~Y(AU;) (nposepnre!), mostomy

dim U; = dim A7 (AU;) < dim AU;,

a 3HAYUT, OHU PABHBI.

ii) Jdocrarouno mokasarb, 4To J1000it duiar F' tuna d jiexur B opbure
koopauHaTHOrO dutara Fy (moyemy sroro pocrarodno?). Yrober 310 10Ka3arh,
BbIOepeM B U7 6a3uc, 3aTeM I0OmOJIHUM ero o 6asuca Us, moydeHHbI HAOOD
BEKTOPOB JOMOJHUM JI0 Oa3uca Us, u Tax jaJjee. B KoHIle KOHIIOB, MMOJIYYIUM
basuc U,_1, KoTopblil gomosHuM 0 Oasuca Bcero F™. ObosHaunm depes A
MaTPHUILy, CTOJIOIBI KOTOPOM COCTOSIT W3 KOOPJUHAT BEKTOPOB 3TOr0 Oasmca.
Jlerko nposeputs (mposepswre!l), aro A.Fy = F.

iii) Jlokaxkem, uro Stab(Fy) C P. Beibepem npousBosibHyto Marpuily A
n3 crabuimmzaropa daara Fy. [Iycts k— kakoe-to uncio ot 1 mo r. Hyxmno
HOoKa3aTh, 4To a;j = 0 mpu j < by + ...+ by ui > by + ...+ by. Ho yciosue
A.Fy = Fy ozragaet, B yactrHocTH, 9T0 AUl = Ul. DTO paBHOCHIBHO TOMY, UTO
Ae; € Uy, nng moboro j < dp =by + ...+ bg.

Cpemu npouero, Aé; € U nna j < by + ... + by. Ho ycnosue Ae; € Uy,
O3HaYaeT, 9TO BeKTOP A€; (a 9T0 B TOYHOCTH j-it cTosber MaTpuner A) MoxKer
OBITH MIPEJICTaBJIEH B BUJE JUHEHHON KOMOWMHAIINY TEPBLIX di BEKTOPOB CTaH-
JIaPTHOTO 6asnca, TO €CTh €ro KOOPJMHATEL @; j PABHBI HYJIIO IIpU 4 > dj, Kak
Mol 1 xoreau. Urtak, Stab(Fy) C P. ObparHoe BKJIIOYEHNE TIPOBEPSIETCsI TIOXOZKE
U COBCEM IIPOCTO.
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unarpammel FOHra, myTu Ha peméTke
1 MEeTO/I OTparKeHui

M. A. Beprrrreita®, I'. A. Mepson

BBEJIEHUE

B cratbe peraercs HECKOBKO 3a/1a9 HEPEINCIUTEILHON KOMOMHATOPUKH,
CBA3AHHLIX ¢ auarpaMMamu FOnra. A mmeHHO BhIBOASTCS POPMYJILI JIJI KOJIU-
qecTB

e cranjaprHbix Tabuui FOura mannoit popmbl («dopmysia KpPOKOB» );

e rosrycTaHmapTHEIX Tabsmi FOHra maHHOil (bOopMBbI, Min, SKBUBAJIEHTHO, Tab-
mur Lesbdanga — LHermnna («dbopmymna Beitsi» );

e rpéxmepHbIx Juarpamm FOura («dopmynbr Makmaronas ).

Bce sTu 3amadu uHTEpPECHBI HE TOJBKO € TOYKH 3PEHUs] KOMOMHATOPHUKH.
IlepBbie nBe MPOU3ONLIN U3 TEOPHUHU IMPEACTABICHUN CUMMETPUYIECKON T'pPyII-
bl Sy u nosHoit Marpuanoii rpynibsl GL, (C) coorsercrBenno. Tpéxmepabie
quarpammbl FOHTa ceffyac BOZHUKAIOT B MOJIEJISIX MATEMaTUIeCKON (DU3UKU
U B TEOPUH IIPEJICTABICHUI OECKOHETHOMEDPHBIX aJredp.

B craTbe MBI OKa3bIBaeM, KaK IEPEYUCTIEHHBIE BBIIIE KJIACCUIECKUE 3a-
JTady PEIIaioTCs MPU MOMOIIYM OJTHOTO M TOTO ke MeToma. CTponTtcst GueKIust
MEXK/Iy U3y9IaeMbIMU KOMOMHATOPHBIMU OObEKTAMHU U HEKOTOPBIMEU HabOpaMu
myTell Ha KBaJpaTHOI pemérke. [ljis moacaéra auc/ia 3Tux myTeil UCIOo/Ib3yeTC st
Memod ompasrcerul.

Buanmo, caMbIM IPOCTBIM U U3BECTHBIM ITPUMEHEHUEM TOr0 METOJIA sIBJIs-
ercst BBIBOJ, (hopMyJibl jiuist unces Karanana (¢ Hero Mbl u HadmnaeMm). V3mara-
eMblil BbIBOJ (DOPMyJIbI KPIOKOB IIPHHAIEKUT 3uibbeprepy [18|, npumenenust
K TpéxmepHbIM guarpammam FOnra — leccesio u Breno [13].

Jpyrasg 1eJib CTaTbl — IIOKa3aTh HA KOHKPETHBIX MPUMEPaX BaXKHbIE Ma-
TeMaTH4YeCcKue MOHSATHUs: olpe/ennresn, nuarpaMmmbl FOHra, g-bnnoMuasbabe
KO3 DUIUEHTHI, TPOU3BOSIINE PYHKIUH.

* Pabora wactuano nongepxkana rpanramMu PODU 12-01-00836a u 12-01-31236-mo0u1_ a.

MaTemaTtuueckoe npoceetletne, cep. 3, Bbin. 18, 2014(112-141)
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B crarbe 70BOJIBHO MHOTO yIIParKHEHUH; B yIIPAXKHEHUSI, B YACTHOCTH, BbIHE-
CeHa YaCTh JIOKA3ATEIhCTB. MekuM mpudToM BbIJIEIEHBl BCTABKU JJjIsI OoJiee
[IOINOTOBJIEHHOrO unTaTess. OHU HeCYIIeCTBEeHHBI JJIsi IIOHUMAHUST OCTaJIbHOI
YaCTU TEKCTa.

Masr 61arogapasr O. Bepmreitn u B. [opuny, mpounTaBIuM IpeaBapuTeb-
HBII TEKCT CTATBU U IPEIJIOKUBIIIM MHOrO yiaydirennii. Tak»ke Mbl Gsrarogap-
el B. Kiennpiany, E. Cuupnosy, B. @eiirumy 3a mone3nbie 00Cy K ICHUS.

§ 1. YucsiA KATAJTAHA
1.1.

ONPEJAENEHUE 1. ITymsamu /[uka Ha3bIBAIOTCS IIyTH HA KJI€TYATON OyMare,
UyIIMe BBEPX M BIIPABO M HE IOJHUMAIONIUECS BbIe IpsaMoit y = x. Kosm-
gectBo nyteir Juka uz Touku (0,0) B Touky (n,n) HA3BIBAETCS N-M YUCAOM
Kamanana n obosuagaercs C,,.

Hanpumep, Tperbe uncio Karanana (kommaecrso myreit uz (0,0) B (3, 3))

e

Hawauio nocnenosarenbnocTy unces Karajgana BBITVISIAT CJIEYIONUM 00-
pa3omMm: C(]: 1, Cl == 1, 02 :2, 03:5, 04:14, 05:42,
ITomumo myTeit Jluka cyriecTByeT MHOT'O JIPYTUX KOMOMHATOPHBIX O0BEKTOB,

KOJIMIeCTBa KOTOPBIX Jjatorcs duciaamu Karamama. OuH HYKHBIH J1J1sI HAC
npuUMep TPUBEJIEH B YIPaXKHEHUH 1, MHOXKECTBO JPYIUX HPUMEPOB (BKJIOUast
TPUAHTYJISIIIAHN, JIePEBbsl, HEACCOIMATUBHbIE IPOU3BE/ICHNST) MOYKHO HAWTH B CTa-
Thsix Jlonenko [2] u B ynpaxkuenun 6.19 kuauru Crerin 7).

YIPAXKHEHUE 1. YcranoBute OuMeKInio Mexk 1y myTamu Juka n «crammapT-
HBIMH TabJIMIIAMB» 2 X 1, T. €. TabJIUIaMu 2 X 1, 3alI0THEHHBIMI HATYPAJIbHBIMU
qucaaMu OT 1 g0 2n Tak, 9TO UMCIa B KaXKIOW CTPOKE M B KarXKJIOM CTOJIOIE
BO3PAaCTAIOT,

1123 [1/2]5] [1/3]4) [1]|2]4) |1]3|5
415/6] [3]4/6] |2|5|6] |3/5]6] |2/4]6

1.2. CyriecTByeT HECKOJIBKO CIIOCOOOB JIOKA3ATDh ABHYIO (OPMYJTY JJIs GUCET
Karamana. Mbl npuBeiémM oJIMH U3 HUX, OCHOBAHHBIN Ha Memode ompantcenul.
JIrob6oit myTs n3 Toukn (0, 0) B TOUKY (1, ) COCTOUT U3 N XOJOB BIIPABO U N
x0710B BBepX. [loaTomy 06Imiee IrC/IO TaKUX MyTeifl paBHO YUCIIY CIIOCODOB BbI-
6parhb u3 guces or 1 10 2n HOMEpa XOI0B, UAYIINX BBEPX, T. €. ONHOMHUATHLHOMY
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2n . . .
ko3bdurnmenTy (n . Ocrajoch HAWTHU YUC/IO «IJIOXUX» IIyTeH, T.e. IyTeit,
3aXO/ISIIIUX BBIIIE TUATOHAJH Y = .

JIEMMA 1 (siemma 06 orpazkenunn). Koauuecmeo nymet uz mowru (0, 0)
6 mouky (n, n), NOOHUMANOWUTCA 6blue QUAGZOHAAY Y = T, PAGHO KOAUMECTNEY
scex nymet uz mouku (0,0) 6 mouky (n — 1,n+1).

(n—1,n+1)
JIOKABATEJIBCTBO. YCTaHOBUM B3auMHO o
OJHOZHAMHOE COOTBETCTBUE MEXKIY STUMHU JIBY- ‘ (n,n)
Mst MHOZKecTBaMu myTeit. JIio6oit myrs u3 (0, 0) , /,/
B (n,n), TOAHUMAIOIIAIICS BBIIIE IUATOHAIIM S

Yy = x, nepecekaeT npsamymo y = x + 1. PaccmoT-
PUM nepeyro TOUKY IIepeceveHns IIyTH C ITOMH
IPSAMON W OTPa3UM BECh OCTABHIMIICS IIyTh OT-
HOCHUTeIbHO npsAMoit y = x + 1. Torma nomyunm N .

nyts u3 (0,0) B (n — 1,n + 1). O6parnoe EO 0

0TOOparkeHne CTPOUTCST AHAJOTUIHO. ]

JTro6oit nyrs u3 (0,0) B (n — 1, n + 1) cocrour u3z n — 1 X0/10B BUPABO
u n + 1 XomoB BBepxX. 3HAYUT, KOJUIECTBO TAKWX IyTel PABHO KOJTHIECTBY
c1roco0OB BBIOpaTh U3 YHUCE OT 1 10 2n HOMEPa XONOB, UIYIIUX BBEPX, T. €.
6 2n
MHOMMAJIBHOMY KO3 UImenTy nat)

Taxum o6pazom, MbI JOKa3aIU CASAYIONIYIo bopmysty s ancesnr Karanana:

o <2n) B ( 2n > _ e (2n>
" \n n—1)  pln+1) n+1\n)/)’
OHI/IC&HHBIﬁ MeTO JOKa3aTeJILCTBa CbOpMyJH)I HJId dHcCeJI KaTaJIaHa BOCXO-

T K pabore Anjpe 1887 roga [10] (B meiicTBuTesbHOCTH AHJIPE UCIIOIB30BAI
HECKOJIbKO JPYToil BAPHAHT TOI0 PAaCCyKIEHMSsI, IOJAPOOHOCTH MOXKHO HalTH

B craree [17]).

Ha camom mese mbl mokazasu jraxke jBe opMyJibl Jijisi duces Karanana:
OJIHY B BHUJIe PA3HOCTH, a IPYTyIO B Bue npoussenenus. Koneuno, ¢popmaabHO
OJIHa W3 JIPYTOW JIErKO CJIEJIYET, HO MOXKHO CKa3aTb, UTO ITPUBEJIEHHOE JI0-
Ka3aTeJbCTBO 005ACHAEM TOJBLKO TepBYyI0 3 Hux. nsa oObscHenus BTOPOit
dOPMyYJIBI HY2KHBI JIPYTHE METOJIbI.

1.3. ITocJe mpuBeIEHHOTO BBIIIE JOKA3ATEIBCTBA €CTECTBEHHO CIIPOCUTD, Ha~
CKOJIBKO OHO MOKeT OBITH 000011eH0. HeT i Kakux-To Apyrux 3a/1ad, KOTOpbIe
MOKHO DEIIUTH 3TUM KPACHBBIM METOIOM?

Jlerko mOHSTH, UTO TEM Ke METOJOM MOXKHO HajiTu 4ucso myreil nka us
roukn (0,0) B Touky (a,b) (s m06bix a>b). HeiictBurensao, Beero myreit

a
IO CeTKE MEXK/1y ITUMU TOYKaMHU 2: . I3 nux mam ne MNOJAXO/AT IIyTH,
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ITOJTHUMAIOIINECS BBIIIE JUArOHAJN, T. €. 3aJeBalolue IpsaMyo y = + 1 —
[O3TOMY WX KOJIMYECTBO PaBHO (IIpoBepbTe!) KOJMMUeCTBY BCEX IIyTell U3 TOYKU

(0,0) B Touxy (b—1,a+ 1), re. (Zil{ . OKOHYATEJILHO MTOJIyYaeM OTBET
a+b a+b) _ (atd)
( a >_(a+1>_(a+l)!b!(a_b+1)' ()

OTMGTI/IM, 9TO OTBET, HOJIy‘IeHHbeI B BHUJI€ PAa3HOCTH, CHOBa XOPOIIO IIepe-
IUCBbIBACTCA B BUJIE ITPOU3BEICHUA.

1.4. Mot yBugenn, aro kosmdecrso myreil luka u3 (0,0) B (a, b) MmoxHO
[MOCYUTATh AHAJIOTUIHO TOMY, KaK CUMTAJOCh KoJmdecTBO duces Karasana.
MoxHO chOopMyInpOBaTh AHAJOTUIHOE YTBEPXKICHNE U Ha sI3bIKE TaOJIMUIL.

JIEMMA 2. Koauwecmeo nymet Juxa us (0,0) 6 (a,b) pasro xosuwecmsy
mabauy, u3 deyxr cmpox daun a u b, sanoanennur wucaamu om 1 do a + b max,
YO YUCAG 6 KaHCOOTl CMPOKE U KANCOOM CTROAOUE 803PACTAIOM.

JOKABATE/ILCTBO. Paccmorpum kakoii-to myTh Juka u Oymaem 1mo Hemy
3aII0JIHATE TabJIHUITy YucaaMu oT 1 710 a + b, 1o Bo3pacTaHuio: ecyan k-il X0
[IPOXOJIUT II0 TOPU3OHTAJIU, TO OyJ/IEM MUCATH YUCJIO0 K B IEPBYIO CTPOUKY,
MHaYe — BO BTOPYIO.

112]4]5]
3/6]7

Jlerko BUIETH, 9YTO 3TO COOTBETCTBUE fABJIACTCA B3aUMHO OJHO3SHAYIHBIM. O

J1oCTOMHCTBO MHTEPIPETAIMNA Yepe3 TaOJIUILI COCTOUT B TOM, YTO BUJIHO
€CTEeCTBEHHOE HAaIlIpaBjeHue, KyJa IBUMATLCI Jajblie. A MMEHHO, MOXKHO HE
OTpaHUYIUBATHCST TADJUIAME U3 IBYX CTPOK, & PACCMATPUBATH IIPOU3BOJIBHBIE
TaOJIUIIG.

§ 2. CTAHJIAPTHBIE TABJIULIBI U [IYTU
2.1.

ONPEAENEHUE 2. Ilycrb A = (A1, ..., A\y) —HAOOp HATYpAJIbHBIX YHCEJ,
YIOPSAMOUEHHBIN TaK, 9TO A1 = A2 2 ... = Ak. Juaepammoti FOnea dopmbr A
Ha3bIBaeTCd Tab/uIa 13 k CTPOK U3 COOTBETCTBEHHO A1, A2, ..., A\ KJIETKAMU.

(4,3,1) +—

Cmandapmnoti mabauyeti GopMbl A HA3BIBAETCS 3AIIOJHEHNE KJIETOK A~
rpamMMbl A gucaaMu o 1 10 N = A1 + ...+ \; Tak, 9To 9mcia B KaXKJI0i CTPOKe
7 KarkJIOM CTOJIOIE BO3PACTAIOT.
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Ha pucynke anzke m3obpazkens Bce 16 crangapTabix Tadsui dhbopwmsl (3, 2, 1).

112]3][1]2]3][1]2]4][1][2]4][1]2]5][1]2]5][1]2]6][1]2]6]
415 416 3|5 3]6 3[4 3]6 3[4 3|5
16 15 16 15 16 4] 15 4]
13[4 [1]3]4][1]3]5][1][3]5][1]3]6]|1]3][6][1]4]5][1][4]6]
2[5 2[6 2[4 2[6 2[4 2[5 2[6 2[5
16 15 16 4] 15 4] 13 13

Kaxk MbI BuJIe/I1, KOJMYECTBO CTaHIapTHBIX Tabsuil popmbl (a, b) BeIIHCIIS-
eTcst MeToJIOM oTpakeHuii u jaércst popmysioii (1). EcrectBenHo nonbirarbest
0000IIUTD 9TO PACCYK/JIEHUE Ha, IPOU3BOJIbHBbIE nuarpaMmbl FOHTra.

AHa.HOI‘I/ILIHO JO0Ka3aTe/IbCTBY JIEMMbI 2 MOZKHO HepeﬁTI/I OT 3aJa4d1 CO CTaH-
JapTHBIMHU TabJIMIaMK K 3ajade Ipo ImyTu. Hampumep, 9uCIO CTaHIapTHBIX
rabsui popmbl (a, b, ¢) paBHO YUCILy MyTeil Ha TPEXMEPHOIl PeIéTKe U3 TOIKU
(0,0,0) B TouKy (a, b, ¢), KaxKJIbIM XOJOM CABUTAIONMXCS HA +1 110 KaKOW-TO
U3 KOOPJMHAT U He BBIXOJSIINX U3 00acT T = Y > 2. [10/100HBIM 06pa3oM MOXK-
HO IIPOMHTEPIPETUPOBATH KOJNIECTBO CTAHIAPTHBIX TAOIUIL JIF000H (DOPMBEI.

2.2. Paborats ¢ myTaMu B CJI0KHOHN 00/1aCTH MHOTOMEPHOT'O IIPOCTPAHCTBA
HEe OYeHb yI00HO. PaccykieHust yupocTsiTcs, ecjiu 3aMeHUTD JBUXKEHUE OJIHO
durikn B k-MEpHOM IIPOCTPAHCTBE Ha ABIKeHue k PUIlEK B OJHOMEPHOM
POCTPAHCTBE (PACCMOTPETH MPOEKINU (DUIIIKH).

JIEMMA 3. ITyemo A = (A1, ..., A\;). Koauwecmso cmandapmmvic mabauy,
Popmvl A pasrno Kosuuecmey cnocobos nepemecmums k (nporymeposarmvix)
puwer u3 xaemrxu 0 6 KAeMKU C HOMEPAMU A1, ..., A\ COOMBEMCMBEHHO,
nepedsuezas 36 £od no 00HOT Puwke 68 CACOYIOWYI0 KAEMKY TAK, 4MoObl UK
¢ 60ADUWUM HOMEPOM HE 0020HANG HUULKY € MEHBULUM HOMEPOM.

JLOKA3BATEJ/IBCTBO. Ilo kaxKJioMy TakOMy IIyTU CTPOUTCH CTaHJapTHAS
TabJInIia HYKHOM (DOPMBI: €CJIN OYEPETHOM X0, CAesala i~ (PUIKA, 3aIlUIIEM
HOMED ITOr0 X0/1a B IEPBYIO CBOOOIHYIO KJIETKY ¢-it cTpoku. [Ipu aTom uncia
[0 CTPOKaM BO3PACTAIOT ABTOMATUYECKHU, & 10 CTOJIOIAM — B CHJIy TOIO, 9TO
MbI 3aIPETUIN OOTOHBI.

JIerko BUIETH, ITO 3TO COOTBETCTBUE SABJISIETCS B3aMMHO OTHO3HAYHBIM. [

Bwmecto 3ampera 00romHoB ymobHee 3alpeTuTh (bUIIKaM 3aHUMATDL OIHY
U Ty XKe KJeTKy. Jljist 9Toro 10CTaTouHo npeaBapuTebHo CABUHYTH (K — 1)-10
dbumky na 1 k1eTky Brepé, (k — 2)-10 — Ha JBe KJIETKH BIIEPE, U Tak Jajee.
Takum obpasom, i-s ¢ullika OYJIeT Terepb UJITUH U3 KJIETKH k — i B B KJIETKY

AN+ k—1.
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I[TPEJUIOKEHUE 4. Ilycte A = (A1, ..., \k), a l; = \j + k — i. Kosmaecrso
CTaHIAPTHLIX Tab/Iul, OPMBI A PABHO KOJIMYECTBY NPASUALHBIT Nepemeu,eruti
k dumek n3 krerok (k—1,...,0) B kaerkn (Iq, ..., ).

O O O O O O
0 1 k-1 le lp—1 l

3/1ech u Jasee oM NPasUAbHLLM NEPeMeULeHUEM MBI TTOHUMAEM TepeMe-
IEHNE, B KOTOPOM 38 XOJT MOXKHO TIEPEJBUHYTH OJIHY (DUIIKY Ha CJIETYIOILYIO
KJIETKY TIPU YCJIOBHUH, 9TO 3Ta KJETKa CBOOOJHA.

2.3. Urak, 9T00bI HAWTH KOJIMIECTBO CTAHIAPTHBIX TAOIHIL POPMBI A, HY2KHO
HaNTH KOJIMYECTBO [IPABUJILHBIX IlepeMertienuit k durex u3 kierok (k—1,...,0)
B Kietku (Iq, ..., ).

st mpocToThl HawHEM co cay4dad k = 3. B jiobom mepemeriennn Tpéx u-
ek u3 Kietok (2, 1,0) B (11, l2, I3) mepBas dumka genaer ] — 2 xozma, Bropast
nenaer ls — 1 xomd, TpeThst menaeT l3 xomos. [losromy ecnn yopaTh ycaoBue,
9T0 (DUIIKH HE BCTPEUAIOTCs, TO JII0O0e IepeMerneHne OyaeT KOAUPOBATHCS
[IePeCTaHOBKON |1 — 2 emunui, Iy — 1 nBoek u [3 Tpoek. KosmaecTrBo Takumx
[IEPECTAHOBOK PABHSIETCS MYJbTHHOMUAJILHOMY KO3MDDUIneHTy

( N ) _ N!
l1_2712_]—vl3 (ll *2)'([271)'[3'7

e N=(l1—2)+(la—1)+13=A 1+ A2+ \3 — 00I1iee 9uC/I0 KIETOK B IHATDAMME.

Terepb HAJ0 MOACUYUTATL KOJIUIECTBO <«IJIOXUX» IepeMelieHnii (mepeme-
MIEHWH, [IPU KOTOPBIX (UIIKKM BeTpedarorcs ). [logobuo jgemme 1 06 orpazke-
HUM JIETKO TOJICUUTATH KOJMIECTBO MEPEMEIIEHNI, TPU KOTOPBIX BCTPEYAIOTCS
nepBast 1 Bropas duinka. B caMoM Jiesie, pacCMOTPUM UX NEPEYI0 BCTPEdy
¥ 3aMEHUM BECh JIaJIbHEHINII Iy Th epBoii (PUIKK Ha IIyTh BTOPOl 1 HA0OOPOT.
Mpbri nosryaum nepemertenue u3 (2, 1,0) 8 (l2, l1, I3), T. e. mepBas duika npugér
B Iy, a BrOopas B l1. KomumaecTBo Takmx ImmyTeil 3a1aéTcsd MyJIbTHHOMHAAIBHBIM
K03(hPUITHEHTOM.

Amnasiornuso kosmaectBo nepemertenuit us (2, 1,0) B (11, l2, I3), nupu Koro-
PBIX BCTPEYAIOTCA BTOPAs W TPEThsl (PUIMKA, PABHO KOJMYECTBY MEPEMEIIECHMI
u3 (2,1,0) B (I1, 13, l2). DTO KOJMIECTBO TaKKe 3aa6TCsA MYIBTUHOMUATLHBIM
ko3 durmentom. Ilomygaem pazHocThb

(h—on-ni) = (oot o) = (o2t -1)
Lh—2,1p—-1,13 lo—2,11 —1,13 i —2,l13—-1,1o )"

Ho 370 emé me okoHYATETBLHBIN OTBET, TAK KAK €CTh NEPEMEITEHNSI, B KOTOPBHIX
U riepBas PUITKA BCTPEIAECTCA CO BTOPOil, M BTOPas C TPETHEH — 9T IepeMe-
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IEHNs MBI BBIYIN JABa pa3a. [IbiTasich ydectb mogobHble 3hdEKTh, MOXKHO
JTOTAJIATHCSA JIO OTBETA:

[TPEAJIOXKEHUE 5. KosimyecTBo npaBusibHBIX epemerienuii usz (2, 1, 0)
B (ll, lg, 13) PaBHO

(-2tn-1.1s) ~ (2 1) = (o honn) +
12,11, 1 lh—2, 111, I =2, 131, 1

N N N
+ <12—2713—1,z1> + (zg—z, 11—1,12) - <13—2,z2—1,z1)'

OTMeruM, 9TO KOJUYECTBO MPABUIBHBIX HEPEMEITeHU JJIst IBYX (DUIeK
(seByt0 gacThb (opmysibl (1)) MOXKHO TEpENUCaTh B MMOXOXKEM BHUJIE:

(v ) = (6w 2h)
L= 1,1 l—1,0)

2.4. I[lpuBenénnple BbIle OTBETHI JUId k = 2,3 HABOISAT HA MBIC/Ib, 9TO
B 00IIIeM CiIydae OTBET Ja€TCs CyMMOIl 110 BCEM IIePeCTaHOBKaM 1duce Iy, . . ., li.

ONPEJEJIEHUE 3. [lepecmarnoskoti k 371leMeHTOB Ha3bIBAETCS OUMEKITUsT MHO-
xecrBa {1,2,...,k} Ha cebs. Ymmoorcenuem MepecTaHOBOK HA3BIBACTCS WX
[I0CJIe/I0BaTE/IbHOE BBITTOJTHEHHE. MHOXKEeCTBO BCEX IIepPeCTaHOBOK 0003HAYAIOT
Sk, BCEro MEePecTaHOBOK k!, mepecTaHOBKHM OOBITHO 0DO3HAUYAIOTCS I'PEIeCKUMU
OyKBaMu, HAIIPUMED O .

st iepecTaHoBKU o OyjeM Ha3bIBaTh uHEepcuet; Mapy 9uces 4, j TaKyIo,
410 i < j, HO (i) > 0(j) (Gosblee UNCIO CTOUT paHblle MeHbInero). Kosmae-
cTBO MHBepcHil GyeM 0603HaYaTh |o|. YémHocmuro epecTaHOBKH HA3bIBAETCSI
9E6THOCTD YNCJIa MHBEPCHiA.

Tparcnosuyuetll HA3BIBAETCS IEPECTAHOBKA, KOTOPAsi MEHSIET MECTAME JIBa
9JIEMEHTa U He IepeMeIaeT OCTaabHbIe.

MoxkHO HOKa3aThb, YTO YMHOXKEHWE JIIODOON IMepecTAaHOBKNM HA TPAHCIIO3W-
IO MEHSIET YETHOCTb 3TOU IMepecTaHOBKH. B yacTHOCTH, ec/iu IepecTaHOBKa
IIpe/ICTaB/IEHa B BUe TIPOU3BEAEHNST TPAHCIIO3UINAI, TO YETHOCTD YNUCJIa COMHO-
JKUTeJIEll COBIAIaeT ¢ YETHOCTHIO EPECTAHOBKU.

TEOPEMA 1. Koauuwecmeo npasuavror nepemewenuti uz (k—1,k—2,...,0)
6 (1,12, ..., 1) pasro
_ \a\( N )
Z( 1) lg(l)—k—l—l,la(g)—]{3+2,...,lg(k) ’ <2)
o €Sk

Jlerko BuieTh, 9TO 9TA TEOPEMA SIBJISIETCST OOOOIIEHNEM [TPUBEIEHHBIX BBIIIE
dOpMyIT T CIIydaeB IBYX U TPEX CTPOK.

Ormernm, uto wucna ly;) — k + i B dopmysne (2) MOryT oKasaThCst OTpH-
narebHbIMUA. COOTBETCTBYIOIINE MYJIBTHHOMHUAJIbHBIE KOI(DPUITUEHTHI HYKHO
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canTaTh paBHbIMU Hys0. Hampuwmep, npu A = (3,2, 1)

6 6 6 6 6 6 .
(3,2,1> - (1,4,1) - (3,0,3> * (1,0,5) * (—174,3) - (—1,2,5) =

=60 — 20 — 30 + 6 = 16.

JIOKABATEJILCTBO TEOPEMBI. Kax/ioe ciaraemoe B cymme (2) nmeer sic-
HBIl KOMOMHATOPHBIH CMBIC/T: KOJIMYecTBO nepemertienuii uz (k—1,k—2,...,0)
B (lo(1)s lo(2)s - -+ 5 lo(k))- To ecTb cymma (2) cunraeT KOMIMIECTBO CIOCOO0B ITe-
pemecturh dumkn u3 rouek {k — 1,...,0} B Touku {ly, ..., [;} co 3HaKamu,
3aBUCAIIIMU OT TOTO, KaKas (PUINKA B KAKYIO TOYKY IIPUXOJINT.

Pa306b6M Bce nenpasuavhvie mepemMertnenus (T. e. IepeMeIenust, TIpu KOTo-
PBIX (DUITKK BCTPEYAIOTCsI) HA MApbl. A UMEHHO IIyCTh [EPBbIMU BCTPEYAIOTCSI
durkm, KOTopble BHIXOAAT u3 k — ¢ u k — j. [loMeHsieM ux myTu mocjie mepBoro
nepeceuenust. [lociie Takoit 3amensr durika k — ¢ TpugaeT B moJie | a urika
k — j npunér B mone Iy ;).

JpyruMu cjioBaMu, HOBasl IIePeCTaHOBKa 0 OTJIMYAeTCs OT 0 Ha TPAHCIIO3H-
muio. B wacTHOCTH, 9T MEPECTAHOBKY MMEIOT PA3HYIO YETHOCTH U COOTBETCTBY-
FOIAasl Tapa MePeMEIEeHUil BXOIUT B CYMMY 2 ¢ TPOTHBOIOJIOKHBIMIA 3HAKAMEI
1 COKPAIAeTCs.

Ocratorcst TOJMBKO cjIaraeMble, COOTBETCTBYIOIIIE NPAGUAbHbLM TIEPEMEITe-
HUSIM. O

o(4)

MorkHO mepeiiTu Haz3ad OT mepemerneHuit k QUIreK K IBUKEHUIO OIHOMN
dumku B k-MepHOM mpocTpaHcTBe. Torma pasbueHne Ha Iapbl, HCIOJIL30BAHHOE
B JIOKA3aTeJbCTBE, OYJeT TeOMEeTPUIECKU 3aaBaThCsl OTPAYKEHUSIMU OTHOCH-
TeJIbHO THIEPIIOCKOCTEH, KaK B JeMMe 1.

Takoe mokazaTeabCTBO (POPMYJIBI JIJIsT 9UC/Ia CTAHIAPTHBIX TAOJIUI IPUITY-
mast Sussbeprep B 1983 rozy [18].

OTMeTrM, 9TO MaTepraJl 3TOrO IIyHKTA CBA3AH C TEOPUEH IIPEICTABICHAN IPYIIILL Sy .
HenpupoguMbie KOMILIEKCHBIE IIPEJICTABICHUS Ry IPYIIILI Sy NapaMeTpusyioTcs Jiua-
rpammamu FOura A, cocrosiiumu u3z N kjerok (cu., nanpumep, [8, ri. 7]). Ilpu srom
Pa3MepHOCTD IpeJCTaBIenns ) paBHa KOJIMYECTBY CTAHIAPTHBIX TAOIHI] (DOPMBI A.

MynbTrHOMUATBHDBIN KOIMDDUITUEHT paBeH pa3MepPHOCTH ITPEICTaB-

JIEHUsI TPYMIBL Sy, UHIYIMPOBAHHOTO C ZTlﬁIEIQﬁI/iéLjI’bZHkoro [IPEJICTABJIEHUS] [TOJIIPYIIIIHI
Siy X Siy X ... x S, C Sn. Ilosromy Bolpazkenue (2) sABJISETCs apIyMEHTOM B [IOJIB3Y
CYIIECTBOBAHUsSI KOMILIEKCA, COCTOSIIIEro U3 MPsIMBIX CyMM WHJLYIIUPOBAHHBIX MPe/I-
cTaBjieHnt Sy, TOMOJIOTMH KOTOPOTO PaBHBI HEIPUBOIMMOMY TPEICTABICHUIO R).
BuakonepeMennas cymma (2) Toriga BO3HUKAJA Obl KaK 3iljlepoBa XapaKTEPUCTHKA
9TOTO KOMILIEKCa. Pa3bruenHne Ha maphl, UCIOJIH30BAHHOE B JOKA3ATEHCTBE, MOYXKET
paccMaTpuUBATHLCS KaK KOMOMHATOPHBIN aHaJsor AuddepeHIinaia KOMIIeKCca.
Takoii KOMILIEKC TIpeJIcTaBIeHnil TPy bl Sy MOCTPOeH B craThe [3].
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§ 3. POPMVYJIA KPIOKOB

3.1. Ha dopmyny (2) MOXKHO cMOTpeTh Kak Ha 00OOIIEHMEe aJINTUBHOIL
dopmyasl mira aucen Karanana

2n 2n
G, = ( - .
n n—1
OKa3bIBAETCsI, €CTh COOTBETCTBYIOIEE ODOOINEHNE W Y MYJIBTUILIMKATABHON

dopmyJIbl
C, = 1 <2n) _ (2n)! '
n+1l\n nl(n +1)!

HaunéwMm co ciryuas guarpaMm u3 k=3 crpok. B sToM ciryuae orBeT 3a0aércs
dopmyJioit u3 jemmMbl 5. Berrecem 3a ckoOku obmunit MHOYKUTEb V! 11 ipuBeIéM
BCe Apobu K obiieMy 3HaMenareso [3! ls! [y,

Ocranercst cymMa mmecTn caaraembix Buga l;(l; — 1)l = lizlj — U;l;. Yoensr
B2 l;l; coxkpamatorces. IlosToMy MBI moTydaeM BBIparKeHHe

N!

gy (il = 3l = Bl + Bl + I3l — 13la).

Briparkenne B cKOOKax MOXKHO Pa3JI0KHUTL Ha MHOXKHUTEIU. Takum obOpasoM,
KOJIMYECTBO CTAHJAPTHBIX TAOJ/IHI] U3 TPEX CTPOK MOXKET ObITh BBIUUCIIEHO IO

dopmye
N
T G~ ) = 1s)(l2 — la).

Teneps HETPYJIHO yrajaTh U ODIIUI OTBET.

TEOPEMA 2 (dbopmyrna Ppobennyca — HOura). Koauvecmso cmandapmioir
mabauy, Gopmor A pasHo
N!
Ll 01,

1<j
2de N — xoaunecmso kaemok duazpammot, A; — Oaurs, cmpox, a l; = X + k — 4.

JOKABATE/JILCTBO. HaM HYKHO BBIYUCIUTDL CYMMY

N
1 |U|( ) —
Z ( ) lg(l)—k—Fl, 10(2)—/€—|—2, RN lg(k)

o€ Sy
el N! _
oy (lo(l)—k+1)! (10(2)—]€—|—2>! . lg(k)!
N!
Anasiornano OpeJblAyIieMy BbIHECEM 3a CKO6Ky MHOXKUTEJIb -, U IIe-

I ! 1)
penuIineM BhIpazK€HHe B BHJE
N!
il U ), (3)
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rIe

A(llv ceey lk:) = Z (71)‘0‘ li—lz;)l ’ lfz;f et lU(k—l) -1

o€ Sy
a ¥ obosnauaert) yousaowyo gaxmopuasviyio cmeneno,
e =gz —1)... (x—m+1).

JIEMMA 6. A(ly, ..., lg) = [ic; (L = 1)

JIOKA3ATEJIbCTBO JIEMMBI. 3aMeTHM, 9TO IIPHU IIEePECTAHOBKE JIIOOBIX [;
u lj muorounen A(ly, ..., l}) Menser 3HaK. B wacTHOCTH, OH 0OpAaIaeTCs B HyJIb
npu [; = ;. Cnenosaresnsro, A(ly, ..., ;) genurcs va MHOrO4IeH (I; — [;) npn
MO0bIX 4 7# j, & 3HAMUT, Jesnrcs U Ha npoussetenue [[; (i —1;).

C npyroii croponst, A(ly, ..., lx) 1 9TO HPOU3BE/IEHIE — MHOTOYJIEHBI OJIHO
U TOH 2Ke CTelleHU

1+2+...+(k—1):(’§).

ITosTomy
A(lb sy lk) = CH(ll - l])?
i<j
rJie ¢ — HEKOTOPOE THCJIO.
CpasauB K03hOUIMEHTHI IPU MOHOME llf_ll];_2 ... lp_1 B 1IeBOil U mpaBoit
9acTAX, BUIAM, ITO ¢ = 1. O
U3 dbopmyiibt (3) u jieMMbl 6 cie/lyeT yTBEPXKIEHUE TEOPEMBI. O

3.2. Yrobbl mepenucaTh JOKA3aHHYIO B IOCJIEIHEH Teopeme (hopMysy B eIé
boJiee 3aMedaTEIbHOM BHUJE, HAM IOTPEOyeTCs CiedyIoliee OlpeIe/IeHIe.

ONPEJEJIEHUE 4. Kprwox kiaetku s B quarpamme FOHra A cocrout u3 3Toii
KJIETKN M BCEX KJIETOK, JIEXKAIINX CTPOTO TIOJ Hell W CTPOrO CIpaBa OT Hee.
KosmmuecTBo KJIETOK B KPIOKE HA3BIBAETCsI JJIMHOM KPIOKa, 0003HauaeTcst hy ()
win upocto h(s).

h(d) =10

U B jmreparype Tak:ke MCIOAL3YIOTCS 0G03HAYCHS T™, (z)m u ap.
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TEOPEMA 3 (dopmyna KpiokoB). Koauuecmeo cmandapmmvix mabauy, gop-
!

N!
[Tscnhls)

N — obwiee KoruUECNBO KAEMOK.

ML A PacHO , 2de npoussederue 6EPEMCA NO KACMKAM OUAZDAMMbL X,

Hanpuwmep, qisa nuarpammer (3, 2, 1) noxygaem ﬁ = 16.
, (3!

k<L

B kadecTBe Jpyroro mpuMepa pacCMOTPHM JarpaMMy A B BHJIE YIOJIKA
c wredamu k u [. Popmysa (2) gaér orser B Buje cymmbl (k + 1)! ciraraembix,
a 110 popMyJIe KPIOKOB MBI CPa3y MOJIyIaeM

(k+1+1)! k41
(k+l+1)-k!-l!_( k )

DTOT OTBET JIETKO JI0Ka3aThb W HEITOCPEJACTBEHHO.

SanoMHUTE GHOPMYITY KPIOKOB MOXKET ITOMOYb CJIEJIyIolee paccyxienue. Beero
CHOCOOOB PACCTABUTH ITOCJIEIOBATEbHBIE UNCIA 110 KJIeTKaM Tabiuibl A poBHO NI
CrapapTHBIMU TAOJIUIIAMU SIBJISIIOTCS B TOYHOCTH T€ PACCTAHOBKHU, B KOTOPDLIX HUNC-
JIO B KaXKJIOil KJIETKe SIBJISIeTCs] HAMOOJIBIINM B CBOEM KDIOKe. BeposiTHOCTL Takoro
cobpiTus Jid Kierku s pasHa 1/h(s). 3Ha4uT, BEPOATHOCTL TOrO, YTO CJydaiiHas
PACCTAHOBKA THCEJ SIBJISIETCS CTAHAApTHON Tabmmumueit, ects 1/[[h(s), a uncno cran-
JTApTHBIX TAOJUIL JaHHON hopMBbI JaéTcst POPMYJIOil KPIOKOB.

K coxkanennio, 3T0 paccyKjieHue He SIBJISETCd JI0Ka3aTeabCTBOM. MOXKHO 3a-
METUTH, HAIPUMED, ITO B HEM MOXKHO OBLIO ObI BMECTO KPIOKOB KJIETOK I'OBODHUTH
00 «aHTUKPIOKAaX» JUIMHBL i + j — 1 (rae ¢ — HoMep CTPOKH, a j — CToJ0Ia) — HO Oy~
FaloMIasiCAd IPU 3TOM (OpPMyJIa TOYTH HUKOL/IA HE BEPHA.

IIpobaema, KOHEYHO, B TOM, YTO B PACCYZKJIEHUU II€PEMHOYXKAIOTCSA BEPOSTHOCTU
COOBITUI, KOTOPBIE COBEPINEHHO HE SIBJISIOTCS HE3ABUCUMBIMH.

YIIPAX>KHEHUE 2. BoiBequre hopmyiry KpiokoB u3 dpopmysibl Opobennyca —
FOmra.

Dopmyita KPIOKOB ObLIa 1pe/iioykera B pabore Opeiima, Pobuncona u Tpes-
aa [12]. CymecTByer MHOIO pasHbIX J0Ka3aTeJbCTB 3Toi dhopmydsl. JTocTyiHoe
U3JIOXKEHUE elé OJIHOrO U3 HUX MOXKHO Haiitu B crarbe Crnuaka [6].

3.3. Moxuo 3amerutb, uro dopmysa (2) hakTHUIECKU BBIPAYKAET UUCIIO
CTaHJIAPTHBIX TAOJIUI] B BUJIE OIPEICTUTES.
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Hamomunm, ato mampuuyet n X n Ha3bIBAETCA KBaJIpaTHAasi TaDJIUIA 3TOTO
pa3Mepa, 3aroJIHeHHAS YUCTAMU. YI00HO UX HyMepPOBaTh JABYMs WHIEKCAMEI —
HOMEPOM CTPOKH 1 HOMEPOM CTOJIONA: ;.

OIPEAEJEHUE 5. Onpedeaumenem MaTpulbl A Ha3bIBAETCS BBIPAsKEHHUE

det A = Z (_1)|U|a10(1)a20(2) -+ Apo(n)- (4)
O'GSn

Onpenenurenu MaTpull 2 X 2 1 3 X 3 UMEIOT BUI;

ain ago _
det = ai1a22 — a12a21;
az; a2

ai; ai2 @13
det | a1 ase ass | = ar1a22a33 — a12a21a33 — a11a23a32 +

ds1 @32 433 + aizasiage + a12a23a31 — 413022031 .

[Toxpobuee mpo ompeenTe/ v U UX TPUMEHEHUS MOYKHO IIPOYUTATDL B JIIO-
6oMm yuebHuKe anredpsl, Hanpumep [1]. B cieayronux n1Byx yrnpasKHEHHIX MbI
[pUBEEM Hy KHbIE HAM CBOMCTBA OIpe/iesuTesieli (X JIerKO BBIBECTH U3 OLpe/ie-
Jennst). B ynpakaennu 5 11t TIOJTHOTBI KADTUHBI IPUBEICHA T€OMETPUIECKAsT
UHTEpIpeTaIn.

YIIPAYKHEHUE 3. a) [lokaxkure, 9TO IPU YMHOKEHUU CTPOKH MATPHIIBI
Ha TUCJIO & OMPEIETUTE/b TAKIKe YMHOXKAETCT HA . AHAJIOTHIHO CO CTOJOTIAM.

6) Jlokaxkure, 94TO NMPH IIEPECTAHOBKE JIBYX CTPOK MATPHIIBI OIPEIETUTEb
MeHseT 3HaK. B 4acTHOCTH, OlpeIe/TNTe b MATPHUIILI C OJIMHAKOBLIMU CTPOKAME
paBeH HYJIIO.

B) lokaxkure, 9TO ecaum K OJHOII CTPOKE MATPHUIBI IPUOABUTH JPYTYIO,
YMHOXKEHHYIO Ha A, TO OIPEJETUTEh MATPUIIBI HE U3MEHUTCs. AHAJIOTUYIHO CO
CTOJIOIIAMI.

YIOPAXKHEHUE 4. Tparcnonuposanuem HA3BIBAETCS OTPAXKEHNE MaTPUIIHI

OTHOCUTEJIbHO JIMAroOHaJIU, COeJUHAIONIEH JIEBbII BEPXHUI U IpaBblii HUXKHUK
yribl. JlokazkuTe, YTO IPU TPAHCIIOHUPOBAHUU OIPEIACIUTEIb HE MEHIETCS.

YHIPAKHEHUE 5. a) Ha mockoctu ¢ mnadanom koopauuar O Janbl JBe
roukun A u B ¢ xooppunaramu (x1, y1) u (22, y2) coorBercrBerHo. Jlokaxkure,
9TO TJIOMAb Tpeyroibanka OAB paBHa

% det ("t W
T2 Y2
6) B TpéxmepHOM IPOCTpaHCTBE ¢ Hadag oM KoopauHaT O JaHbl TPU TOYKU
A, B, C ¢ koopaunaramu (21, y1, 21), (2, Y2, 22), (23, Y3, 23) COOTBETCTBEHHO.
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Hokaxwute, aTo 06béM TeTpasapa OABC pasen

1 1 Y1 A
6 det T Y2 z9
r3 Ys <3

Bepuémcs Temeps K 3a1ate 0 MOACIETe YNCTa CTAHIAPTHBIX Tabuuil. Beipa-
JKeHue (2) MOXKHO [eperucaThb B BUJIE:

1 1 1
(—k+ D) o=kt " U=kt
NEdop | 177 RS 5
(Lh—1)! (la—1)! (lg=1)!
1 1 1

Mo>kHO BOCIIONIB30BATbCSA YIpPasKHEHUEM 3, MEePeCTaBUTb CTPOKU U BBIHECTHU
MaKCHMAJILHBIM 3HAMEHATE b U3 KaxXKJI0T0 CTOJ0IA. 10rMa BhIPAXKEHHE IPUMET

A | 1 |
k(k—1) N! lh lo e Ui

O e et

=1 k=1 pHh—1

1 1 1
; l l l
det( ™) =dev | © P =
likal l§k71 ltk71
k(k—1)
=[G -1)=(1)"2z Al la,.... k). (6)
1<j

DTOT OIpPeJeUTE/b HA3bIBaeTC s onpedeaumenem Bandepmorda, on Ham eré
MPUTOJTATCSI.

OrmeTnM, 9TO B CTAaHJAPTHOM OIIpejesieHnn Marpuiia BaniepMonia cocTo-
UT U3 OOBIYHBIX, a He yObIBAIOIIUX CTEleHEel:

i1 k(k—1)
det(li7Y) = (1) 7 A1z, ..., In)-
Ho Jierko BuzieTh, 9T0 0JIHA MATPUIIA TOJIYy9aeTCsH U3 JPYToil Ipeobpa3oBaHU MU
u3 ynpaxkuenus 3B. Takyke gacTo MaTpurieit BammepMonia Ha3bIBAIOT TPAHCIIO-
_1 . o
HUPOBAHHYIO MaTPUILY (lf ), OLIPEJIETIUTENb y Heé TAKOM JKe TI0 yIParKHeHuIo 4.
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§4. HENIEPECEKAIOIIMECHA IIYTU

4.1. PaccmoTpuM Terephb Apyryio, OBITH MOXKeT O0ojiee N3BECTHYIO 3318y,
KOTOPYIO [IOMOTraeT PellUTb METOJ OTPAKeHUil.

PaccMoTpuM mI0CKOCTD, pa3dbuTyio Ha eInHAYIHbIe KBaJparuku. [lycrs ma
OJIHOI TOPU30HTAJIBHON JIMHUK BBIODAHBI 1 HAYAJIBHBIX BEPIIUH S1, $2, - . . , Sp,
Ha JPYTOii BLIOPAHBI 1 KOHEYHBIX BEPIINH t1, {2, .. . , ty (TOUKHE 3aHyMepPOBAHBI
cJieBa HaIpaBo). MBI XOTHM HOCYUTATH KOJIMIECTBO HENEPECEKAOULUTCA NYMel
U3 HAYAJIbHBIX BEPIINH B KOHEUIHbIE, Ta- i - ty
KHX, 9TO IIyTH WIYT IO JINHHUSIM CETKN ‘ —e
BBEDX U BIIPABO. _T

Beesiém o6oznavenusi: uepes P(s—t)
0603HAYNM KOJIMIECTBO Iy Teil n3 BepIu-
HBI § B BepIinHy ¢ (OT aHIVIMHCKUX CJIOB
path —myTh, source —ucrok, target —
1estb). Anasornyano gepe3 P(S— 1) obo-
3HAUUM YHCJIO IIyTeil, KOTOPbIE BEYT U3

[ ]
BepIINH S1, 89, . .., Sy, B BEpIINHBI t1,ty, 51 52 93 54

ey tn COOTBETCTBEHHO. HOHHTHO, qTo
P(S—>T) = P(81 —>t1) . P(SQ —)tg) EE P(Sn—>tn).

MpbI XOTUM MOCYUTATH KOJUIECTBO HEIEPECEKAIONTUXCS MyTel, 3TO KOJTUIECTBO
Mol 0603HaMHM P (S —T) (nrgekc “nc” or anramiickoro non-crossing).

CiryJait oHOI TOYKM TPUBUAJIEH: €CJIU TOYKa ¢ JIeXKUT Ha k BbIe U Ha [
mpaBee TOYKH S, TO

k

Chyuait 1Byx Touek yke Oojiee naTepeceH. O0IIee IUC/IO My Teil paBHO

Poc(s1—=t1) = P(s1—t1) = <k+l>.

P(Sl —>t1) . P(82—>t2).

CpeJiu 9TUX IyTeil eCTh epeceKaouecst, Me- t1 to
TOJ] OTPA’KEHUIA IIOMOXKET HAM UX y4eCTh. AHa-
JIOTHYHO JIOKA3aTEIbCTBY JIEMMBI 00 OTpazKe-
HUsX (7eMMa 1) MOXKHO IIepecTaBUTh ILyTH
HOCJIE NEPE020 TIEPECETEHHS U IOy IUTh APy
nyTel, KOTopble BEJIyT U3 S1, S2 B T2, {1 COOT-

BETCTBCHHO. ‘

Takum obpazom, s1 S2

Pnc(sl, 82—>t1, tg) = P(81 —>t1) . P(82—>t2) — P($1 —>t2)P(82—>t1).
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[Tocremamit orBeT yI00HO IEepenucaTh B BUIE OIPEIEUTE ST MATPUIILI 2 X 2:

P(81—>t1) P(Sl—)t2)> )

P —t1, t2) = det
nc(51732 1y 2) € <P($2—>t1) P(s2—12)

PaccvorpuMm Temeps obmmit crydait. Paccy:kmast 1o MeTOIy OTparkKeHwuit,
HAM HY>KHO Yy4YeCTh IIyTH, KOTOPbIE BEJIyT U3 MHOXKECTBa S B MHOXKeCTBO 1,
HO C HEKOTOpOi#l mepecraHoBkoil. st mepecranoBku o € S, Gymem obo3Ha-
garh yepe3 P(S—o(T)) Komm4aecTBo myTeil, KOTOPBIE BEIYT U3 S1, §2, - - , Sp
B l5(1); lg(2)s - - 5 Lo(n) COOTBETCTBEHHO.

TEOPEMA 4. Koauuecmeo HeepeceKaIomuXcs nymets modtcem bbumbs Hal-
dero no gopmy.ae

Poe(S—=T) = Y (-1)lIP(S—0(T)) =

O'ESn
P(51—>t1) P(81—>t2) P(S1—>tn)
— det P(82—>t1) P(82—>t2) P(82—>tn) ) (7)
P(sp,—t1) P(sp—t2) ... Plsp—ty)

JOKA3ATEJILCTBO. JlokaszaTeabCcTBO 9TOM TEOPEMbI AHAJIOTUIHO JTOKA3a-
tenpery Teopenbr 1. Cymma (7) canraer mytn u3 S B o(T') co suaxamu (—1)171.

Pazobbém Bce myTm ¢ mnepecedeHusiMu Ha mapbl. 1lycTh ¢ — HanMmeHbIee
TAKoe YUCJIO, YTO IIyTh, BBIXOJANIMN U3 S;, IepeceKaeT Kakoi-To APyroi myTh.
[Tycthb ero mepBoe nepecedenne MpoOMCXOAUT C Iy TEM, BBIXOIAIIUM U3 BEPIIUHDI
s;. Torma momensieM MecTaMu STH IIyTH LOCTIE UX IIEPBOTO mepecedenus. Temnepsb
IyTb U3 S; BEJET B t5(j), @ U3 Sj B ty(j).

JlpyruMu cjoBaMm, HOBas IEPECTAHOBKA 07 OTJIMYAETCS OT 0 Ha OJHY TPaHC-
nosunmio (i) <> o(j). llosromy y ¢’ u o pasHblii 3HAK, COOTBETCTBEHHO 3TH
ciaraeMble B cyMMe (2) cokpamaiorcst. OcTaiorest TOJIBKO CllaraeMble, OTBeYa-
IOTITIE HEMTEPECEKAIOTTUMCS Ty TSIM. ]

4.2. B npeapaymieM MyHKTe MbI TPEJIITOIarajf, 4To Hadaaa S; U KOHIIBI ¢;
PAaCIIOJIOXKEHbI Ha, TOPU30HTAJILHBIX HpsMbIX. OQIHAKO B J0Ka3aTe/IbCTBE 3TO
MaJIO HMCIIOJIB30BAJIOCh. PaccMOTpuM CJIeayIoNuil IpuMep:

[ ] [ [ ]
S1 82 83
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KonngecTBo Hemnepecekaromuxcs ImyTei u3 Si, So, S3 B t1, L, t3 CHOBa paBHO
OIIpeIeTUTETIO

5) G) ()
P(Sl *)tl) P(51Ht2) P(Slﬁti’)) 5 4 3
det | P(sp—t1) P(sa—t2) P(sy—ts) | =det (o) (1) (2) -
P(s3—t1) P(sg—t P(s3—t:
(s3—t1) P(ss—ta) Plsz—t3) 0 (g) (3)
6 10 4
=det |1 4 3| =14
0o 1 2

(To, uro B orBere mosyumiock qucio Karamana Cs3 = 14, ve ciydaiino, cM.
yupaxHeHue 17.)

He obsizaTenbHo Jlazke paccMaTpuBaTh IIyTH Ha KBaJpaTHO peréTke. Mox-
HO B3sTb JI000I opuenTuposanubiii rpad I’ 6e3 nukIIoB (mocseHee ycioBue
HY?KHO JIJIsl TOrO, 9T00bI unciaa P(s—t) ObLIN KOHEUHBI).

OjHaxo cuTyalus He COBCEM IPOCTasl Jlayke Ha KBaJIPATHON PenéTke, Kak
[IOKa3bIBAET CJIEJYIOIIHIl IPUMED:

[ ]
ta

tg t2
°
S tq So tq So tq
°
S1

S1 S1
°

JIerko BUJIETDH, 9TO CYIIECTBYET JBa HENIEPECEKAIOINXCS Iy TH, BEJIYIIIAX U3 S1, S2
B t1, to. Ho BeIumcsienus ¢ onpeneuTe/ieM Hal0T COBCEM IPYTOil OTBET:

det (P(Slﬁtl) P(81%t2)> — det (3) (g) — det (6 20) —

P(ss—t1) P(s2—t2) (%) (3) 2 6

IIpuawHa B TOM, 9TO B 9TOM CJIy4dae €CTh HEIePECEKAIOINecs IIyTH, BeIyIne
U3 S1 B t2, a u3 s B t1. Takux myreil 6, 1 onpeie/InTe/Ib KaK pa3 U BBIYUCIAET

pasHOCTh 2 — 6 = —4.
Mps1 BuamM, 9TO HAJIO yIECTD €IlE HellepeceKaloIuecs Iy TH, BeIyIue U3 Sq,
52, ..., 80 B lo(1);lo(2)s -5 lo(n)- EcrecrBenHno, KOIM4ecTBO TaKUX IIyTeH MbI

Oymem obosnadars Pp.(S—o(T')). Eciu rpad n Habop HATAIBHBIX U KOHETHBIX
BEPIIMH TAKOBBI, 9TO HAOOP HEIEPECEKAOIIIXCs Iy Tell CYIecTBYeT TOIBKO JIIs
TPUBHAJIBHOM [IEPECTAHOBKU 0, TO OyJeM Ha3bIBaTh Takoil rpad nenepecma-
HOGOUNBLM. JIETKO BHIETB, UTO CJIydail, ONMUCAHHBIN B IIPEJIBIIYINEM IIYHKTE
" IIepBOM IIpUMEPE 3TOr'o IMMyHKTa, ABJIFAE€TCA HEIIEPECTAHOBOIHDBIM.
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TEOPEMA 5. Jan opuenmuposannwt epag I' 6e3 opuenmuposanmovix yuk-
A08, N HAYAAOHOL BEPULUH ST, ..., Sp U N KOHEUHBL 8EPUWIUM 1, .. ., ty. ObO-
3navum vepes P mampuuy

P(Slg)tl) P(Slg)tz) P(Sl*ﬂfn)
P:<P(Sl%tj)): P(82—>t1) P(32—>t2) P(82—>tn)
P(sp,—t1) P(sp—t2) ... Psp—ty)

a) Ecau epagp T' asanemes nenepecmano8owHsim, Mo KOAUKECMBO HENepe-
cexarowurcs nymet 3adaémces Gopmyrot

P, .(S—T) =det P.
6) B obwem cayuae

S (~1)1 P (S = (1)) = det P.
o€ Sh

Hecmorpst Ha HeC/I02KHOE B 0OIIEM JI0KA3aTEIBCTBO, 9TA TeOpeMa SIBJISETCS
OTHOCUTEIbHO HOBOI. OHa He3aBUCHMO MOsIBIWIIACh B cTaThsx Kapimaa u Makr-
peropa 1959 rozna [14] u JIumacrpema 1975 roga [15]. DTa Teopema craia 0vYeHDb
nomyJ/sipaa 1ocie crareii Ieccernst u Beeno 1980-x royos [13], B KoTopbIx mnpu
[OMOIIY HeE ObLIN PEIIeHbl HECKOIbKO 3HAMEHUTBHIX KOMOMHATODHBIX 3a/ad.
JIByM TakuM 3ajadaM IIOCBSIIIEHBI cejtyommue naparpadsl CTaTb.

§ 5. TPEXMEPHBIE JTUATPAMMBI FOHTA

Tpéxmepras duazpamma FOnea — 1o GalHst U3 KyOUKOB, JIEXKAIIUX B yIJIY.
Jlist bopMasibHOTO OmpesieieHnst yaA00HO OTOXKJIECTBUTDL UX C NAOCKUMU PA3-
bueHUAMYU — TPSIMOYTOJIBHBIMU TADJIUIAMEI TEJIbIX HEOTPUIATE/IbHBIX THUCEeT,
B KOTOPBIX YHCJIa HECTPOTO YOBIBAIOT IO CTPOKaM u crosonam. I[IpencraBum,
9TO Takagd TabJIUIa JIEXKUT Ha CTOJe, a Ha KJIeTKe, Ha KOTOPOil HallMcaHo
qucyIo t, CTOUT OalrHsg u3 t eIMHUIHBIX KyOnKoB. Bo3HuKaroIee TpéxmepHoe
TEeJI0 U Ha3bIBaeTCs TpExMepHoit auarpammoii FOmra.

[\]
—_
—_

Psin 3amedaTeIbHBIX Pe3yJIbTATOB PO TPEXMeEpHBIe quarpaMMbl HOHra ObLI
[OJIyUeH aurauickuM MareMaTrukoM Ilepcu Makmaronom B Hauase XX Beka
[16]. Hanpumep, oH 10Ka3aJl CJIEYIONLYI0 TEOPEMY.



unarpammer FOHra, mytn Ha periérke 0 METOX OTPAaXKeHHUH 129

TEOPEMA 6. Koauuecmeo mpETMepHux uazpamm, ACHCOUWUT GHYMPU
napassesenuneda pasMepa a X b x ¢, moorcem 6vimov Hatideno no Gopmy.ie

+ij+k—-1 +j+c—1
ZHUHIHHM_Q ZHMHIZiJfl - ®

B stom maparpade mbr mokaxkem dhopmyny Makmarona. Hauném co ciy-
yas napaJuiesienuiesia BeIcoTbl 1. COOTBETCTBYIONINE TPEXMEPHDIE JIMArPAMMBI

FOura cyrb (yTo/ImEHHBIE) JByMEPHBIE JHATPAMMBI, JIEXKa-
e BHYTPHU HpsMOyTosibHuKa a X b. KosimdecrBo Takmx
JarpamMM paBHO KoJmdecTBy myreit u3z rouku (0, —b) B TOU-
Ky (a,0), maymux BIpaBo W BBEPX II0 JINHUSM CETKH, T. €.
a+b
ouHOMHuATLHOMY KO3 DuUimenTy b

O06006IIIeHrEeM 3TOIO JIEPKOIO paCCyXKJIeHUsI Ha, CcJIydail mapaJiiesenuiens

BBICOTHI C fAABJIAETCHA Cledyloliasd JIeMMa.

JIEMMA 7. Koauuecmeo mpéxmepror duazpamm FOneza, aeocauyux enympu
napaasesenuneda a X b X ¢, pasHo KOAUMECTNGY HAOOPOE HENEPECEKAIOULULCA
nymet us movex s; = (1 —1, =b—1i+1) e mouku t; = (a+j—1,—j+1), 2de
1<4, j<e.

JOKA3BATEJIBCTBO. YCTAHOBUM B3aNMHO OJHOSHATHOE COOTBETCTBUE MEXK-
JIy COOTBETCTBYIONIUMH MHOXKecTBaMu. JIjist 3Toro pa3odbEM TPEXMEPHYIO TUa-
rpammy FOHra Ha ropusonTaabHblE cjion. CJI0EB BCErO MOIYIUTCS €, KarXKIbIi
cioit 6yaer auarpaMmmvoit FOura, BroucanHoil B mpaMoyroabHuk a X b. ITocTponm
110 BepxHeH JuarpaMMe IIyTb U3 S B {1, 110 BTOPO# CBEpXY JuarpamMme IIyThb
u3 So B 9 M Tak JaJjiee, HIXKHEH quarpaMMme COOTBETCTBYET IIyThb U3 S¢ B t.

KaK JIETKO BHU/JIE€TH, TO, YTO IIYTU HE IIepeCeKaloTCd, PaBHOCUJIBHO TOMy7 qTO
KaXKJIbIi BEPXHUN CJION He OOJIbINe HUXKHETO, T. €. 3TU CJIOU JIeHCTBUTEIHLHO
obpasytor TpéxmMepHyto quarpammy FOHTra. O

Ha pucyske ciieBa oTMeueHbl Hada IbHbIE 1 KOHEYHBIE BEPIIMHBI JIjIsI CJIydast
a=4,b=3,c=3.
/ / /
31 t) th th
to
i3

S1 S1
S2 52

53 53

[TocuuTaTh KOJMIECTBO HENIEPECEKAIONINXCS IIyTE HAM ITOMOXKET TeopeMa. 5.
Jlerko BumeTh, 9TO HAaHHBI HAOOD BXOMOB W BBIXOMOB SABJISIETCS HEIIEPECTABJISI-
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eMBbIM, M [I03TOMY KOJTMYECTBO HEllepeceKaloNuXcs Iy Teil pABHO ONMpPEeIeIUTEIO
marpuipt (P(s;—t;)). YT06bI ero HoCYnTaTh, yI06HO HEMHOIO H3MEHUTDH KOHEY-
HBIE TOYKH, POJITAB Iy TH JI0 OCH abCIucc. A MMEHHO MOMKHO PacCMaTPHBATD
IyTH, BeJymme u3 Touek s; = (i — 1, —b—i+ 1) B Toukn t; = (a + j — 1,0),
(1 <14, j <c), cM. PUCYHOK cpaBa. SICHO, 9TO CyIecTByeT GHEKIUsST MKy
TAKUMHU IIyTAMHA U IyTIMU U3 JIEMMBI 7.

TaxuMm 06pa30M, KOJUYIECTBO TPEXMEPHBIX auarpamMm FOHra, JerKalmmux
BHYTPHU NapaJlieenunesa a X b X ¢, paBHO OIpeJIeJIUTe IO

det(P(s; = t})) = det(<a+bJ'rj I 1)) -

b+i—
(a—bi-b) <a—|—1b)+1> (a—|—b—ll)-c—1)
Cae | Grn) (R o (TR
(il GLefy) - (i)
Tak xKak <Z> = n%f, 9TO €CTh
det((a : lgb++j¢_lf;!b+il) - f[l m ~det((a +b+j — )P,

HamomuuMm, uto B § 3 MBI BBIYHCIWIN OIPEIE/UTEb BaHaepMoHa, T. €.
JIOKa3aJid, 4TO
1 n(n—1)
det (7 S = (1) Aar, 2, )
(em. dbopmyay (6)). Iloydennslit y HAC OIpeEINTENb CBOJUTCS K OIPEE/INTe-
1o BamgepMonia, ey Bocion3oBaThes dhopmyioit = g . (1 — k)M

det((a+b+j— 1)) =det((a+b+j—1)P(a+j- ") =

a+b+] ) . i—
1:[ (a+j—-1)! det((a—i—]—l)i 1):

a+b+]_1) c(c—1)
1:[ (a+j—1) (=1)" 2 A(g,a+1,...,a+c—1).

MbI oJIyun/In SIBHOE BBIPAyKeHWE B BUJIE MPOM3BEJIEHHUsI JIJIsT KOJIUIECTBA TPEX-
MepHBIX guarpamm FOura BHyTpu KOopobku a X b X ¢. Ocrajoch npeobpa3oBarb
ero K Buiy (8).

VIIPAYKHEHUE 6. 3aBepIinuTe JT0Ka3aTeIbCTBO (popMy/Ibl MakMaroHa.
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WNurepecno, aTo xoTd u 3a/a4a, 1 UTOroBasi (popMysia CUMMETPUYHBI 110 d,
b u ¢, B TOKa3aTeJIbCTBE 9Ta CUMMETPHUs HAPYIIAETCs: BHICOTA UTPAET BHIIE/IEH-
HYIO POJIb.

§6. [TOTYCTAHJAPTHBIE TABJIULIBI
1 TABJIUILBI ['EJTb®AHIA — [IETJIMHA

ONPEJEJIEHUE 6. Iloaycmandapmmoti mabauyets GOpMbI A Ha3BIBAETCS
3alloJIHeHME KJIeTOK auarpamMMbl FOHra A dmciaamu or 1 10 n, TaKoe 4To 4Hciia
B KaXKJI0M CTOJIOIE BO3PACTAIOT, & B KarKJI0il CTPOKE — He yOBIBAIOT.

Kosmmuectso 3anosHenuii, Konedno, 3apucut or 1. OYeBUIHO, YTO €CJid N
MEHbIIIe, YeM KOJMYECTBO CTPOK, TO YHUC/IO TOJIYCTAHJIAPTHBIX TaOJIMI] PABHO
Hyso. st npuMepa BHU3Y IPUBEJIEHDBI 3 MOJIYCTaHapTHBIE TabJUIbI (POPMBI
(4,3,1), 3anonHeHHble ducjaaMu oT 1 10 5 (oTMeTHM, YTO HE 06sA3aTEJHLHO
HCIIOIb30BATE BCE THCIIA):

\V)
\V)

2[2]3] 2[3]3] 3]

315

‘uxww

‘.Jkl\:)}—t
w
N

‘mypm
N
(@)}

A Bcero Takux Tabmaur 1050.

B sToMm maparpade Mbl HaiiiéM sIBHYIO OPMY.Iy I KOJIMIECTBA [OJIYCTaH-
JapTHLIX Tabsuil. W caenaeM 3To P IIOMOIIU METOIa OTParKeHui.

CuavaJsia IOCMOTPUM Ha II€PBYIO CTPOKY. Tam crout (3anucaHHblii B HEyObI-
BAIOIIEM TIOPSIJIKE ) TPOU3BOJIbHBIN HAGOD u3 A1 wuces or 1 10 n. [eomerpudeckn
Takre HaDOPBI COOTBETCTBYIOT Iy TSIM Ha KBAJIPATHON PEIIETKe, IeIatonuM 1 — 1
[IaroB BBEPX M A1 BIPABO: KOJUYIECTBO €IUHMI] COOTBETCTBYET YUCJIYy TOPHU-

30HTaJIBHDBIX XOJO0OB Ha BLICOTE 17 KOJINYEeCTBO JBOCK — III/ICJ‘[y FOpI/I3OHTaHbeIX
AM+n—1

no1 )T&KI/IX HabOPOB.

XOJIOB Ha BbICOTE 2 U T. . Becero cymecrByer (

—e

t

[1]1]2][2]2[4]

N

Bo BTopoit ctpoke croutr HaAOOp U3 A9 umces or 2 g0 n. KoaudecTBo Takmx
HAOOPOB PaBHO KOJUYECTBY IIyTei, AeJIAIONX 7 — 2 XOIOB BBEPX U A BIIPaBO.
Ho na 4mcia Bo BTOpOii CTPOKE HAJIOXKEHO YCJIOBHE: KarKI0€ M3 HUX JIOJIZKHO
OBITH OOJIBIIIE CTOAIIEr0 HAJ, HUM YHCJIa U3 HepBoil cTpoku. OKa3bIBaeTCst
(Ipu IPABUIIBHOM BBIGOPE HAYAJIBHBIX TOUYEK ), ITO YCJIOBUE SKBUBAJIEHTHO TOMY,
YTO COOTBETCTBYIOIIHE IIyTH HE IMEPECEKAIOTCSI.
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YHPAYXKHEHUE 7. okakure, 4TO KOJIMIECTBO MOIYCTAHIAPTHBIX TAOJIHUI]
bopMBI A PABHO KOJIMYECTBY HEIIEPECEKAIOIINXCS Iy Teli u3 ToUeK $; = (n—1i,i—n)
B Touku t; = (1;,0), rme l; = A\j +n — j.

Ha PUCYHKE OTME€YCHBbI HaYaJIbHbIe 1 KOHEY-

HbIE BEPITHHBI J71s corydast A= (4, 3, 1), n=>5. Ko- ts to t

JINYECTBO BEPILUH PABHO k — KOJMYECTBY CTPOK

JIIArPAMMBI. 3
Takum 06pa3oM, KOJIMYECTBO IOJIyCTaHIaAPT- sy

HBIX TaOJIUIT PABHO OIPEIEJINTEII0, B KOTOPOM B

Ha Mmecre (i, j) crout P(s; —t;) = n iz . Dror
OLPEJIeINTENb CBOJUTCS K ONIPeJIeJINTEN0 BaHiepMoH/ia, KaK B IIPEIbIIYIIEeM
naparpade. YI00HO cYUTaTh, U9TO B JHArPaMMe BCErO N CTPOK, HOCJIE/IHIe
n — k u3 KoTopbIx mycrhie. Ha s3biKe mmyTelt 9TO 03HAYAET, ITO MbI J00aBJISIEM
HOBbIe 1 — k HavaJ 1 KOHIOB s; = (n — 1,7 —n), t; = (n —,0), tae k < i < n.
KosmmyecTBo HelnepeceKaromuxcs myTeil 0T 9T0ro He MeHsIeTCsl.

YIPAXKHEHUE 8. JlokakuTe, 9TO KOJUIECTBO IOJIYCTAHIAPTHBIX TaOJIHI]
dopMBI A MOXKeT OBITH HaliieHO 110 opMyJIe
II Gi—1)
i )
[ G-
1<i<j<n
Amajorust ¢ pacCyKIeHUsIMI B TPEBITYTIEM maparpade He ciaydaitia. KEcThb
IpocTast OMEKINsT MeXKTy TTOJIyCTaHIapPTHBIMU TabJIUIIAMU IIPSIMOYTOJIBHOM (hop-
MBI @ X b, 3AIIOJTHEHHBIMHU YHCJIaMu OT 1 JI0 n, 1 TPEXMEPHBIMU JUATDAMMAME
FOura sBayTpu napasuiesenunena a X b x (n —b): Hy>KHO IIPOCTO BHIYECTD U3 BCEX
9HCEIT B i-ff CTPOKE MO § — HOJIy9InTCs (MIEPEBEPHYTOE) IIOCKOE pa3OueHwe.

1/1/3]3 0]0)2]2 31331
313/4|5|¢— 1123« 32|11
41666 1131313 21210]0

—_

Marepuas sroro naparpada csa3ad ¢ Teopueil upezgcrasiaenuii rpymist GL, (C).
KoneunoMepHbIe HEIIPUBOJMMbIE IIPEICTABJIEHUs] TOI TPYIIILI IAPAMETPU3YIOTCs Ha-
Gopamu U3 N UEJIBIX YUCEST A = Ao = ... > A, (crapmmii Bec). B aToMm npejcrasienun
cyIecTByeT Da3uc, 3aHyMEPOBAHHbIN TOTyCTaHapTHBIMU Tabunamu Gopmbr A. Pop-
mysta (9) Jis KoJIM4ecTBa, MOJIyCTaHIaPTHBIX TabsmIl coBuaaer ¢ popmyioit Beitss
JIJIsT PA3MEPHOCTH HEIPUBOJIMMOTO TPEJICTABICHUS.

[IpuBeném B Bujie yupasKHeHUsT JIPYroil criocod ONMUCHIBATH TAKYI0 KOMOU-
HaTOPUKY.
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ONPEAEJEHUE 7. Tpeyronabuas rabsmna uz n(n + 1)/2 unenbix uuced,
B KOTOPOH KaxKJI0e YUCJIO HE MEHBIIE JIEBOI'O BEPXHEro U He OOJIbIe ITPABOTO
BEPXHET0 cocejla, HasbiBaeTcst mabauuel Ieavgarda — Llemauna.

aq as N Ap—1 Qp

a12 a23 v Qp—1n

a1 n—1 A2n
A1n

MozkHO 3a1aThCsT BOIIPOCOM, CKOJIBKO cytiecTByeT Tadsutr [ enbdanmga — [et-
JIMHA, ¢ IEPBOit cTpoKoit a1 < a2 < ... < ay,. ITo Takoil cTpoke MOXKHO IOCTPOUTH
quarpammy FOHTa, B KOTOPO#t Aj = Gpy1—i-

VYTPAKHEHUE 9. Koangecrso Tabaum I'enbdanmga — [lernuna ¢ Bepxueit
CTPOKOIl @ COBHAJAET C KOJUIECTBOM IIOJIyCTAHAAPTHBIX TaOJINI, POPMBI A,
3aIIOJIHEHHBIX YuUCJIaMU OT 1 J0 n.

§ 7. ITPOU3BOJIAIINE ®YHKIINN

B npeapiyieit 9actu cTaThbu Mbl PEIIAIn HECKOJIBKO 331849 [T€PEYUCIUTE b
HO¥ KOMOMHATOPUKH: CUNTAN KOJUIECTBA JIEMEHTOB B PAa3HBIX MHOXKECTBAX.
YacTo 9T MHOXKECTBA MOTYT OBITH Pa30UThI HA YACTU, U €CTECTBEHHO CIUTATH
KOJIMIECTBA, 3JIEMEHTOB B 4acTsax. Hambosiee mpocToil mpumep Takoil cutya-
[IMH: MHOXKECTBO BCEX ITOJIMHOYKECTB N-3/IEMEHTHOIO MHOXKECTBa Pa30uBaeTCst
HA YaCTHU, COCTOSIINE U3 k-3JIEMEHTHBIX TTOJIMHOXKECTB.

B sToMm nmaparpade mbl OyieM paccMaTpuBaTh IPUMED TAKOTO pa3dUeHUs:
Oy/ieM CUMTaTh KOJUYECTBO TPEXMEpPHBIX jguarpamMM FOHra ¢ JJaHHBIM YUCIIOM
KYOHUKOB.

OrBer ym00HO UCKATh B BUje IpousBoasmeil ¢pyukunn. Hukaknx 3HaHMii
PO POU3BOJISAIINE (DYHKITMH MBI UCIIOJIb30BAThL HE Oy/IeM, HO YUTATE]h, BIIEP-
BbIe BCTPETHUBIIUIICS ¢ 9TUM MOHATHEM, MOXKET ocMoTpers [9, . 1].

7.1. Met xotuMm HailTu npousgodauyyro Gynryuo

Yapeld)= Y, ¢",

Y Caxbxc

re cymMma 6epércst 1mo BceM TpéxMepHbIM quarpamvaM FOmra Y BayTpn mapasi-
Jesteruniesia a X b X ¢, yepes |Y'| 0603HaueHo 9nciao KyOukoB B jguarpamme Y.
Jpyrumu cjioBaMu, MBI CIUTaEM KOJUYIECTBO TPEXMEPHBIX aAuarpaMm Y C ge-
coM q‘Y‘.

EcrecTtBento mayaTh ¢ AByMepHOH 3a1a40.
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OnPEAEJIEHUE 8. IlpousBojsamas dyukius guarpamy FOura BayTpu nps-
MOYTOJIbHUKA, @ X b HA3LIBACTCS G-OUHOMUGALHUM KOIPPuyuernmom n 0bo3Ha-

JaeTcs "
a+ L Y|
[ a L'_ Z q
YCaxb

(uepes |Y'| obo3HaueHo Ymcsio KiIeToK guarpammbl Y ). MHorma g-6uHOMuATBHBIE
K03 PUIUEHTHI HA3BIBAIOT €IIé MHo2ouserhamu I aycca.

3Havenne MHOTOMICHA [ﬂ npu ¢ = 1 paBHO OOBITHOMY OMHOMHUAJIEHOMY
ko3 dunmenTy (Z), [IO3TOMY @-OMHOMMAJIbHBIE KOI(MDMUIIMEHTHI MOXKHO Pac-
CMaTpUBaTh Kak 000DINeHNe OOBITHBIX OMHOMUAIBHBIX KO duimeHToB. Ham
Hy/ieT HyKHO ¢-0600ITeHne PeKYyPPEHTHOTO YPABHEHUS:

YHOPA>KHEHUE 10. Hokaxkute, 4TO
n} _ op—k[n-—1 n—1] _[n-1 kln—1
aii TR Il e e
[k . k—1], ko, T le-1], ko,
n n—1 n—1
3/1eCh HHTEPECHO, YTO Y PABEHCTBA ( k) = ( I ) + ( o 1) €CTh JIB& PA3HBIX
g-0606m1eHnst (coBuagaomux npu ¢=1). 13 sTux ypasHenuii ciemyer, 4ro

[n—l} I [n—l}
kol 1—g¢k Lk—1]g

[Tonb3ysich MOCAEHUM COOTHOIIEHNEM, Y2Ke MOXKHO HAUTHU sIBHYIO (pOPMYJLy
It @-OmHOMUAIbHBIX KO3 duiimenToB. I3 onpeesenus ciaemayer, 9TO

mq:1+q+q2+...+q"—1:11__‘1;.
Torna
m _1—q”*’“+1[ n } _(1—q”*’““)~~~(1—q”*1)[n] _
klg 1-¢¢ LE—114 (1—=q*)-...-(1—=¢?) g
(1—q”_k+1)-...-(1—q")

S TO-d -9 1)

Ha 310 MOXKHO cCMOTpETH KakK Ha YaCTh HEKOTOPOil UTPBI B «q-/1e(DOPMAIIAIOY .
st HaTypaJIbHOrO YUCJIa 1 €CTECTBEHHO ITOJIOKUTH

n -1 _1-¢"
[”]q:[l}q:1+q+"'+qn BREYE
Hanee moxuo nosoxkuts [n|! = [1] - [2] - ... - [n] (uBgekcs ¢ 371eck u ganee

06b19HO oryckatorcst ). Tora jmokasanHast Bbiie hopMyJIa J1Jist ¢-OMHOMUATIBHBIX
K03(pPUINEHTOB MOXKET OBITH IIEPENCcaHa B OOBIYHOM BHJIE:

[Z}_[n]-[n—l]-...-[n—kz—i—l] [n]!

k]! K]l — KL
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Boznukaroriue pyHKIUN UMEIOT OTHIO/b HE TOJBKO KOMOMHATOPHBIN CMBICJ.
WnmocTpatiueil 3Toro cayKar CJIeAYIONINe NBa YIPayKHEHU.

YIIPA>KHEHUE 11 (¢g-6unom Herorona). a) lokaxure, 410
n
_ k(k+1)
A+2)1+zq)-...-(1+z¢"h) :Z {Z} g 2 o
q
k=0
6) IlycTh nepemenubie T,y He KOMMYTUPYIOT, HO YJIOBJIETBOPSIIOT COOTHO-
IeHuto yr = qxy. Jokaxxure, 4To

n
(x+y)" = Z [Z] T
k=0 ¢

YIPAYKHEHUE 12. IlycTh ¢ — mpocToe Incio (Wi CTeneHb IPOCTOTO THCIIA).
Jokazkure, 910 [Z] PaBHO YHCJy k-MEPHBIX HOIIPOCTPAHCTB N-MEPHOI'O BEK-
TOPHOI'O IIPOCTPAHCTBA Ha/Jl IIOJIEM U3 ¢ 3JIeMEHTOB.

HanomunwM, 1o rpacemanunanoM Gry, ,, (F) HassiBaeTcs MHOr00Opasme, TOUKAMI KO-
TOPOTO SIBJISIIOTCS k-MepHBIE TOIIPOCTPAHCTB N-MEPHOTO IIPOCTPAHCTBA HaJL mojieM F.
Ipenprayiee ynpasKHeHEe O3HAUAET, 4TO KosmdecTso Touek Gry ,(F,) pasuo Z
MozKHO TakzKe II0Ka3aTb, 9TO [n] paBHO 3iiepoBoii xapakrepucruke Gry ,(R),

n " " —1
a || PaBHO 3HICPOBOI XapaKTCPHCTHKE Gry »(C).
1

Vurepecnble KOMOUHATOPHBIE CJIEICTBUS ynpazkHenust 11 obcyzkmarorcs
B Gporiope [5]. Bosiee nogpo6Ho 1po g-aHasorn («KBAHTOBbIE AHAJIOTH» ), B
JACTHOCTHU XOPOIIee PEIeHne yIpasKHeHust 12, MOXKHO MPOYMUTATH B cTaThe [4].

7.2. llepeiiném Teneph K TpéxMepHbIM jmarpammam FOura. Mbr xoTuMm Haii-
TH IIPOU3BOAILYI0 GYHKINIO Y, p (¢) TPéxMepHBIX auarpamm FOnra BHyTpH
Kopobku a X b x c. Ilouarno, uro eciiu ¢ = 1, TO

Ya,b,l(Q) = {a ?)_ b:|q

Paccmorpum cnenyromuit cayydait ¢ = 2.

AHaJIOTHIHO JIOKA3aTe/IbCTBY JIEMMbI 7 Pa300bEM TPEXMEPHYIO JHArPaAMMYy
Ha CJIOH, 110 BEPXHEMY CJIO0 TTocTpouM 1y Th u3 s1 = (0, —b) B t; = (a, 0), o HuIK-
HeMy — yTh u3 s2 = (1, =b—1) B t; = (a + 1, 1). Kosmmuecrso KyOUKOB B TPEX-
MepHOii quarpamve FOHra paBHO CyMMe KOJUYECTB KJIETOK B CJIOSX, TIOITOMY
Y(a, b, 2) paBno [a —li)_ b] . [a —g b} MUHYC BKJIaJ] OT IIEPECEKAIONINXCA Iy TEH.

Iponseoasiyio BYHKIINO s epeceKAIONIXCs Ty Teil MOMKIO TOCTHTATD
[0 METOJLY OTPayKEHUsI: OTPA3UTh OTHOCUTENBHO TIEPBOIO MEPECeYeHUs] U MOJIY-
YUTDb Mapy myTeit u3 si, So B to, t1. Takum obpazom, mosrydaem:

v(a0,2) = [T T - [ [t
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K coxanennro, sta popmysa nesepra. Jlaxke jijist mpocTeiiirero ciy4das KOPOOKH

1 x 1 x 2 ona saér
) - [6) 3] = aror-

a JI0/KHO nosydarscst 1+ ¢ + ¢2. Tak kax npu ¢ = 1 BCE CXOIUTCs, IPUYHHA,
JIOJI?KHA OBITH B TOM, YTO IIyTU CUUTAIOTCs ¢ Becamu. JleiicTBUTEIbHO, JIETKO
BHJIETD, UTO IIPH OTPAXKEHUU MEHSIETCS BeC IyTH. DTO JOCTATOYHO IIPOBEPHUTH
I TMyTefl ¢ HAaUMEHLITNM BeCOM, a KaK BUJIHO W3 PUCYHKA, Mg HAX IPU
OTpakKeHUU BeC MeHdeTcd Ha 1.
1 1
to to

S1 S1

Takum obpazom,

senn- I -
[a + b)1?

[a+b)a+b+1]!
ey et U+ —alallb]) = cre
st 6osbLIeil BBICOTHI MOXKHO IIOIPOOOBATh PACCyKIATh aHAJOTMYHO U IIpa-
BUJIBHO yquTb U3MEHEHUE BeCa IIPpU OTPpazKEeHUN. O,ZLI/IH nus3 CHOCO6OB 9TO cAeIaTb

omcad B Kuaure [11].

MBI oCTYyIIUM HECKOJIBKO mo-ApyroMy. Kak u B § 5, ydaunum nymu: Gymem
paccMaTpuBaTh IyTH u3 ToueK s; = (i — 1, —b— i+ 1) B TouKn t; =(a+j—1,0),
1 <4, j < c¢. Takoe yjimHeHune MeHsleT Bec, K Kaxkjoil jguarpamme FOura
00aBIeTCS HECKOJIBKO CTPOYEK JJIMHBI a. Bech Bec MeHseTcs Ha,

02t A1) et

Ho 3aro Tellepb OTpazKEeHUd HEe MEHAIOT Bec! ?)HaHI/IT, CIIpaBeIJINBa

TEOPEMA 7. IIpousseodawasn dynryus daa mpéxmeproir duazpamm FOnza

umeem 6ud - b1
_ cle— +J_
Yebelg) =q¢ % 2 det([a . })
abie() b+i—1 ],

YHOPA>KHEHUE 13. Hokaxkute (:bopMyJIy Maxkmarona:
i+j+k—1

a C
1—
abc :HHH 1_Zz+]+k2

i=1 j=1 k=1
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YKABAHUE. Moxno paccyxjarb kak B § 5. Ilocse BbiHecenmst obrux
MHOXKUTE/Iell M CJIOKEHUil CTPOK OIpeJIe/TUTeNb CBEJSTCS K ONPEJIeUTeNTIO
Bangepmonga st ancen [alg, [@ + 1]g, ..., [a + ¢ — 1], win, S5KBUBaJIEHTHO,
st ancen @@L, @02, L. gt

Mo2KHO BepHYTHCs Ha3ajl, K HEY/JIMHEHHBIM Iy TsiM. HeTpyiHO IOHATH, 9TO
Y, st
marpuna (P(s;—1})) nonyuaercsa uz marpunpl (P(s;—1;)) snemenTapHbiMu
peobpa3oBaHusAME CTOJIOIOB. MOXKHO IIPOBECTH 0OpaTHBIE IIPEOOPA3OBAHMS,
WCIIOJIB3Yd PEKyPPEHTHBIE cooTHOIeHns n3 yupaxkuenus 10. Hampumep, s
matpuil 2 X 2 1 3 X 3:

[aer} {a+b+1}

a b b B
[a—!—b} [a—i—b—!—l}
b+1 b+1
[a—i—b} qa+1{a+b} {a—l—b} {a—&-b}
b b—1 b b—1
=q “det = ¢! det ,
IS e )
b+1 0 p br1] 1 b
{a—i—b" [a-i—b—i—l] {a+b+2}
b b b
—3a a+b] a+b+1 a+b+2
g det [b+1_ [ b1 ] { b+1 }
{aer' [a+b+1] {a+b+2}
b+ 2] b+2 b+2
a—|—b} a+1{a+b} a+2[a+b+1}
b T |p-1] 1 b—1
_ —3a a+b afa+b a+1[a+b+1} _
=q ™ det [b+1} q{ b } q b =
{aer} afl[aer} a[a+b+1}
b+ 2 b+1 b+1
|:a+b:| a+1 |:a+b:| 2a+4|:a+b:|
b T |p-1] 1 b—2
_ _—3a a+b a{a—&-b} 2a+2{a+b} o
=g " det {b+1} |y o) | T
{a—kb} afl[a‘kb} 2a{a+b]
b+ 2 b+1 b
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Paccyxasi Takum 006pa3oM it IPOU3BOJIBHOTO €, MOYXKHO HOJIYUUTH, YTO

cil 5

k

— k=0 —(=1)(j-1) [ a+b ] )

Ya,b,C(Q) q det <q b+i—j ‘ . (11>
7.3. MeI yKe BHjIe/Id, UTO MPOU3BOAAIIAS PYHKIM 111 quarpamMM FOHra

BHYTPH IPSIMOYTOJIBHUKA ¢ X b paBHa [a 2— , T. . Koo puineHT npu q" paBeH

KOJIMYECTBY JAUarpaMM U3 N KJIETOK BHYTPHU NPAMOYTOJbHUKA. Kcmm Teneps a

1 b cTaHOBATCS OU€HDb OOJILITUMU, TO KOIPDUIUEHT IPH ¢" CTAHOBUTCI PABHBIM

KoJimiecTBy Beex gauarpamm FOnra u3 n kiaerok. Ucnonssys dopmymry (10) st
{a +b

} , JIETKO JIOKA3aThb, YTO
a lq

D
. b 1
lim {a+ } = .
ab—oo L @ lgq H I-¢

=1

[Mocsenaroo Ghopmysry MOZKHO JI0Ka3aTh 1 Cpa3y KOMOUHATOPHO (CM., HAITPUMED,
[9, Teopema 1.1]). Vao6HO 0603HAYNTH 3HAMEHATEIIb Yepe3
oo
(@)oo = [J(1 = ).
i=1
TEOPEMA 8 (Makwmaron). a) IIpoussodswas @yrkyus mpéxmeproir oua-
epamm FOnea evicomovr ne 6oaee h umeem 6ud

h—1 o)
Yalg) = [[a-)" T -a)™
=1 i=h

6) IIpoussodswasn Pyrkyus das ecex mpérmepror duazpamm FOnea umeem

sud .

Y(g) = [[(1-¢)"
i=1
JIOKA3ATEJIbCTBO. BosbMméM ¢=h u nepeiiiém K mpejieny a, b— 0o B Gpop-
mysie (11). Jleast wactb crpemurcst K Y (q). C npyroii cropoHbl, 0 HOKA3aH-
HOMY BBIIIE BCE ¢-OMHOMUAJBbHBIE KOI(DMUIIMEHTHI B TPABON YaCTH CTPEMSITCS
K 1/(q)oo. Iomyuaem:

Yh<q>:q; det(¢- DUy = T A(1,¢7%, ..., g7 =

=[[a-"JJa-a)™"
i=1 i=h
[TynkT 6) mosydaercs u3 MyHKTa a) B mpejene h — oo. O
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YIPAYKHEHUE 14. BoiBegure TeopeMy 8 u3 pe3yiibraTa yipakneHus 13.

OrmerumM, yro jyist quarpamm FOHra Beicimux pazmeprocteil (4 u 6osibIie)
AHAJIOMYHBIE (DOPMYJIBL JIJIsi TIPOU3BOJAAIINX (DYHKIWIT He M3BECTHBI (CM., Ha-
upumep, [9, . 11].

§ 8. JIOIIOJIHUTEJJbHBIE YIIPAYKHEHUSI

YIPAYKHEHUE 15 (Teopema Beprpana o Beibopax). a) Jokaxwure, uro
BEPOSATHOCTH TOTO, ITO Ha BBHIOOPAX € y9acTHEM JIBYX KaHJMJIATOB, B KOTOPBIX
IepBBI HAOpaJ a TOJIOCOB, a BTOPoit Habpas b < a, mepBbIit Oy/IeT oepeskaTh
BTOPOT'O B TEUEHNE BCEIO BPEMEHH IIOJICUETA FOJIOCOB PABHA ——

a+b
6) Jdokaxkure 0600IIEHNE JIsi CIIydasi, KOTJa KAH/IUJIATOB k 1 OHU HabpaJsn

ai > ag > ... > Qf TOJIOCOB COOTBETCTBEHHO.

YIPAYKHEHUE 16 (kocele pquarpammbl FOura). Ilycrs auarpammva FOnra
JIesKUT BHYTpH jimarpammbl A. Torja pasaocts A\ g HasbiBaeTcst Kocot duazpam-
Mmoti fOnea. Haitaure dbopMysty 1151 KOJMIECTBa CTAHIAPTHBIX TabJIUIl (hOPMBI
A\ . OTBer yao6HO nepenucaTh B BUJIE ONPEIEINTeIsi AaHAJIOrTIHO (5).

YIPAYKHEHUE 17 (auarpaMmel BHYTpH ganHoii). Yucio nuarpamm FOmra,
JIEXKAIUX BHYTPU HPSIMOYTOJIBHUKA M X 71, PABHO mﬂt ™). Haiiure uncio
aurarpaMM FOHra, Jiexkaiiux BHYTPH [IPOU3BOJILHOM auarpaMMbl FOHra A.

YKABAHUE. YcTaHOBUTE B3aUMHO OJJHO3HAYHOE€ COOTBETCTBUE MEXKIY IO~
JuarpaMMaMu ¥ Herepecekarommumucs mytsmu ot todek (0,0), (0,1), ...,
(0, k — 1) mo rouex (1,11), (2,12), ..., (k,lg), voe l; = \; + i — 1.

YIPAYKHEHUE 18 (mytu B osiocke). Pacemorpum mytu B mosioce 0 <y < d,
cocrosiiye u3 ¢ABuros Jaubo Ha Bekrop (1, 1), smbo na Bekrop (1, —1). Joka-
JKUTE, 9To YucJIo myreit u3z rouku (0, 1) B Touky (n, j), me 0< 4, j<d, n+j—1i

9E€THO, UMeET BUJL
> (- X () (12

—_n+tj—i —_n—i—j—2
f=1ob p=n=izi=2

rie cpaBHeHusi 6epyTCs 1Mo MOJYJIO d + 2.

Kommenrapuii. Eciin d = 0, To scuo, aro myteit wer. Ecau d = 1, To nyrts
onud. [Ipu 66bmux d oTBeT He cTONL TpUBKMajeH. Hampumep, npu d = 2 mosydaroTcs
CTeleHn JIBOWKM, a npu d = 3 moJrydarorcs dncia PudboHaTIn.

Taxkum obpazom, npu d = 0 Beipazkenue (12) mjis HyJeBoro ducia myreii coorBeT-

CTBYET U3BECTHOMY (DaKTy
n n

k=0 (mod 2) k=1 (mod 2)
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A npu d = 1 MBI TTOJTy9aeM, 9TO TPU CyMMBI

s= 2 (})

k=i (mod 3)

[OLIAPHO OTJIMYAKOTCA He Gojiee 4eM Ha 1 u, 3Ha4uT, paBHbI 2" /3, OKPyrJIEHHOMY
B KaKyI0-TO CTOPOHY.

YIIPAYKHEHUE 19 (opMmysia KpIOKOB sl OJIyCTaHAapTHBIX Taduui). Jlo-
KayKUTe, 9TO KOJUIECTBO IOJIYyCTAHAAPTHBIX TaOJ/MI] (pOPMBI A MOXKET OBITh

Haiimeno o gpopmysie
H n+i—7j
h(s)

SEA
rJie i, j — KOODJIMHATHI KJIeTKHU S, & h(S) — JyInHA KPIOKa KJIETKH.

YHOPAXKHEHUE 20 (g-anasior ynpaxkHenus 8). Becom TOJyCTaHIapPTHOI
TabJIMITEI HA30BEM cyMmMy [wncest B Heit. Haitnnre dopmyny mjs npousBojsieis
GYHKIUE BCEX MOIYCTAHIAPTHLIX TabInI (pOPMBI A, 3aII0JIHEHHLIX YUCIAMEI
or 1 10 n.

YIIPAKHEHUE 21 (uncia Karanana — lankess). a) Obosnadnm depes M
OIpeIeInTeIb MATPHUIBL h X h

Cn CnJrl s Cn+h71
CnJrl Cn+2 e Cn+h
)
Cn+hfl Cn+h v Cn+2h72

rie C), — ancna Karanana. Jokaxkure, 9410 Cflh) PaBHO KOJUYECTBY TPEXMEpP-
HbIX guarpamMM FOHra BHYTPH HIPU3MBI BLICOTHI /i, OCHOBaHME KOTOPOI — Iua-
rpamma (n —1,...,2,1).

6) Hoxaxure, uro CM) = H

1<i<i<n—1

i+j+2h
itj
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Ham cemunap:
MaTeMaTu4deCcKue CIoXKeTbl

Hepasencrso bepnireitna, Toxiectso Pucca
1 popMmyta Ditnepa s psijga 0OPaATHLIX KBaJIpaToB

C.B.Tamxkos

§ 1. BBEJIEHUE

Tpuzornomempusa ywum Hac, wmo, crxastcem, Be-
nepy Munocckyro mootcho ceecmu K cepuu mame-
MAMUYECKUT POPMYA, G NOMOMY, ecau Jdadxce eé
cmamyto 8 JIyepe u yruumostcums, mo, npoasus
HEKOMOPOE MePNEHUe, MOACHO €€ 80CCMAHOBUMD
€ NOMOULLIO MEX HCE POPMYA, NPUMOM A000E YUCAO
pa3, abcosommHo maxyr oHce: ece Hopmul, NUHUU,
06BEMBL, MEKCMYDY KAMHA, NOMEPMOCMU, 8€C U IC-
memuyeckutl 80CmMope KANUUMEALHO.

Biaes Cangpap, «IIpuni-norpormmres,
wu 2Kenomops, 1917 1.

B HauaJsie npoIIoro BeKa HEKOTOPbIE CePbE3HbIE U N3BECTHBIE MATEMaTHKH
HE CUNTAIM HUZKE CBOENO JIOCTOMHCTBA 3aHUMATHCS 3aJadaMiu, KOTOpble ceii-
Yac IPOM3BOJIST BIEUYATICHUE OJIMMIIMA/HBIX, IPUIEM IyTh JIM HE IIKOJIBHOIO
tuna. Hanpumep, akagemuk Cepreit Haranosuu Beprinreiin nammcan psiji cra-
Teil, HOCBSIIEHHBIX PA3/INIHBIM HEPABEHCTBAM JIJIsi TPUTOHOMETPHIECKIX MHO-
rousieros (cMm. [2,3]). ITonobubIME 33/ a9aMU 3aHUMAIIHICH, OTYACTU COPEBHYSIChH

MaTemaTtuueckoe npoceelieHne, cep. 3, sbin. 18, 2014(143-171)
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¢ C. H. Bepumrreitnom, Mapcenn Pucc?), Qettep, FOur, Ceré, Cacc, Drepsapn,
Jxexcon u sip. Camble TIPOCTBIE U3 JOKA3AHHBIX UMU TEOPEM JIEHCTBUTETHHO TIpe-
BPATUJINCH B OJINMITHA/THBIE 3312490 (M UX MOYKHO HAfTH B PA3IMIHBIX COOPHUKAX
HOJIOOHBIX 3a/1a4 ), HO MHOI'UE 3aMevaTe/IibHble i KpacuBble (haKThl OCTAIOTCS Ma-
noussecTHbIME. HeB3upas Ha BbickazanHoe 3HaMeHuThIM 7K. JIbén0HHe (B KHUTE
«JIuneitnast anrebpa u sjIeMEHTAPHASI TEOMETPHUsI» ) MHEHHUE O TOM, YTO TPUTOHO-
MeTpHUs HyKHA JIUIID JIJIsT aCTPOHOMOB, T'€0/I€3UCTOB U COCTABUTEICH 33/ IaTHIUKOB
10 TPUTOHOMETPHUHU, ABTOP CTATbH HAJIEETCsI, YTO KPACUBBIE KJIACCHIECKUE TEO-
pPeMbl, KOTOpbIE B Hell HAHJAET YMTATE b, 3aCTyKUBAIOT OOJIBINEH Oy ISTPHOCTH.

Hamee OynyT npuBeieHbl (POPMYJIUPOBKA W JI0KA3aTEIbCTBA HEKOTOPBIX
mepaserncTs C. H. BepHirreitHa Jiisi TPUTOHOMETPUIECKUX U AJNeOpanIecKux
MHOTOYJIEHOB. DTHU JOKA3aTeIbCTBa OCHOBAHBI HA UCIIOJIHL30BAHUU PA3HOOOPa3-
HBIX TPUTOHOMETPUYIECKUX TOXKJIECTB, CBI3aHHBLIX ¢ ToxKaecTBoM M. Pucca, BbI-
ParKarouM 3HAYEHNE TPON3BOTHON TPUTOHOMETPHIECKOTO MHOTOUIEHa B JaH-
HOIl TOYKe Yepe3 ero 3Ha4YeHUs B HEKOTOPBIX JPYTUX TOYKAX. XOTS 9TO TOXK-
JIECTBO HE BBITVISIAT JIEMEHTAPHBIM M3-38 BXOXK/IEHHUS B HErO IIPOU3BOIHOI,
OHO TECHO CBSI3aHO C MHOI'MMU 3JIEMEHTaPHBIMU TOKIECTBAME, YACTHBIE CJIydan
KOTOPBIX MOYKHO IPEJIaraTh B KAUeCTBe 3aJ[aT MKOJbHUKAM.

JL1st KpaTKOCTH, & TaKxKe C MEeIbI0 JIeMOHCTPAIIUN IIPOCTOTHI IPUMEHSIEMbIX
B CTaTbe PACCYyXKJeHWil, B Heil BbIOpaHa (opMa U3JIOKEHUs B BHUJIE IOCJIE-
JIOBaTEJILHOCTH 33184, K KOTOPBIM JIAIOTCS yYKa3aHUsl WM ITOJIHBIE PEIIEeHU.
Muorue u3 3TUX 3aJ1a4 MPEJICTABJIAIOT CAMOCTOSATE/IbHBIN UHTEPEC U MOTYT
OBITH UCIIOJIL30BAHBI HA YIEOHBIX 3aHITHAX CO ITKOJbHUKAMN U CTYIEHTAMA.
Takzke UIg KPATKOCTA BMECTO YHCTO TPUTOHOMETPUYECKUX BBIKJIAJIOK YACTO
HCITOJIb3YIOTCSI PABHOCUJILHBIE BBIYHMC/ICHUS C KOMILIEKCHBIMY 9HCIAMHE.

HekoTopble cBoiicTBa TPUTOHOMETPUYECKUX MHOT'OYJIEHOB

TpuronoMeTpuIecKUM MHOIMOUIEHOM IOPSIKA 7 HA3LIBAETCS CyMMa BHIA
n
tn(x) = Z(ak cos kx + by sin kx),
k=0
re XoTd Obl OMHO M3 YhCes a Wik b, ornmdno oT Hyasda. Kosdduimento
ag, by MOryT OBITH Kak JIEHiCTBUTEIHLHBIMU, TAK U KOMILIEKCHBIME (B CJIydae
HEOOXO/IIMOCTH 110JIe KO(DDUIMEHTOB YKa3bIBACTCH).

1. JloxaxkuTte, YTO MPOU3BEICHNE TPUTOHOMETPUIECKAX MHOTOUJIEHOB TI0-
PSAKOB N U M €CTh TPUTOHOMETPUUECKUIT MHOTOWIEH TTOPsIAKa N + m.

D) Bpar mseectHoro maremarnka Peperra Prucca. UTo6bI NX pasandarTh, MUIIEM HHHAIMA-
gbl. Tak Kak ecTh HECKOJIBKO MaTeMAaTHUKOB C (pbaMuineil BepHireitn, Tak»ke BO n30eKaHUE
[Ty TAHUIBI TTUIIIEM UHUIAAJIBL.
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YKABAHUE. [Ipumenure dpopmysibl ipeoOpa3oBaHus IPOU3BEIECHUS CUHY-
cOB (KOCHHYCOB) B CyMMY.

Jastee ncriossayercs opmysaa Ditsiepa cos & + i sin z = e = exp iz, rae
1 — MHUMas eJIUHUIIA.

2. JleliCTBUTEJLHBI TPUTOHOMETPUYECKUN MHOTOUJIEH MOPSJIKA 7 UMEET
He OoJiee 2n JEHCTBUTENBHBIX KOpHel ¢ yuéroMm kparnoctu. Jlokakure, 4To
€CJIM KOPHeil POBHO 21 W 9TH KOPHU CYTb Xk, k= 1,...,2n, TO

tn(z) = Asin(m ;x1> ...sin(%).

VYKAZAHUE. JocTaToIHO BOCIIOIB30BATHCS MPEACTABIEHIEM TPUTOHOMET-
PUYECKOr0 MHOIOYJIEHA MOpsijika N B Buje e %Py, (€'¥) u 3amMerurb, 4TO
e "% £ 0 u Py, He uMeeT HyJeBbIX KOpHeN. Ilpencrasiisisi Kopau B Buze €%k,
nMeeM

2n 2n
. . . . . .z . —2z+22z
tn(2) = € " Py, (€¥) = cpe” H(e”‘ — ) =¢, H (e"2 — esz) =
k=1 k=1
% 22“ Zk 2n . z—Zp LZp—Z2 2n Z— Zk
= cpe’ k=1 H(ezT—e’2 ):AHsin 5
k=1 k=1
3. okaknuTe, 9TO IPHA IETHOM 71
n Cos(a + %) cos(@)
Z(—l)k cos(kr + ) = T ,
P cos 5
a Ipu HEYETHOM N
1
n sin(a + %) sin(—(n—; )x)
Z(—l)k cos(kz + o) = =
e cos 5

TaM, TJe 9TU ApoOu OIpeIesIeHbI.

PeEmeHUE. Ilepernurmem
n

Z(—l)k cos(kx + )

k=0

Re (eia i(—e”)k)

k=0

B BUJIE

U IpuMeHUM (POPMYJIy CYMMBbI UJIEHOB I'€OMETPUIECKON ITPOrpeccui:

Re(eio‘ i(—eﬂ)k) = Re(em—l _1(16:27%1)

k=0
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(3mech u mamnee Re(z) n Im(z) — meficrBuresbHast 1 MEIMAsT 9aCTH KOMIIJIEKC-
HOro uucia z). [Ipu uéraom n nmeem

(=) = —cos(n + 1)z — isin(n + 1)z,
u TorjIa
Re(ew‘—l — (_ei%)nH) =
1+4e
B . (1+cos(n+ 1)z +isin(n+1)z)(14cosx —isinx)\
—Re((cosa+zsma) o con T )-
nT (n+1)x

cos(a—|— 7) cos(T)

B cos =

2

IIpu HEIETHOM N, OIEBHIHO,
(=€) = cos(n + 1)x + i sin(n + 1),
¥ aHAJIOTUYHO

Re (em—l — (_eiw)nH) =
14 ei®

1—cos(n+ 1)z —isin(n+1)z)(1+ cosx —isinx)
242cosx )

. nz\ . ((n+1lz
sm(a—l— 7) sm(T)

T
COS =

2

= Re((cosa+isina)(

4. JlokaxkuTe JIjIst
n

tn(x) = Z(ak cos kx + by, sin kx)

k=1
TOKJICCTBO
n—1
Z tn (m + #) = n(a, cos nx + by, sin nx).
k=0

YKA3AHUE. Ilpumenure opmysly CyMMUPOBaHUsI T€OMETPUIECKON TPO-
CPECCUn MOMOOHO PEIIECHUIO 3a0a4n 3.

5. Jlokaxkute jij1s1 JTEOOOTO
n
tn(z) = ag + Z(ak cos kx + by sin kx)
k=1
upu m > n/3 TOKIECTBO

m(2m — 2)) _

m

tn(a:)—tn<x+%> +tn<$+%) —...+tn(x+
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m(2m — 1))

—tn (ac + = 2m(ay, cos mx + by, sin mz).

YKA3AHUE. [Ipumenunre 3amaqay 3. Cm. Takxke [4, 5.

6. TpI/IFOHOMeTpI/I‘IECKI/Iﬁ MHOI'OYJIEH T-T'0 IIOPsAJKa YIOBJIETBOPACT paBEH-
CTBaM

tn(a) = —tn<a+%) :tn(a+2§> - = —tn<a+w>.

n
Hoxkaxkure, 4t0 t,(x) = a, cos nx + by, sin nx.

YKA3AHUE. [Ipumennte 3amaqay 5.

Tasee GyIyT MCIOIB30BAHBIZ) HHTEPECHBIE CAMH 110 Cebe

ToxkaecrBa Banauca

7. Hokaxkwure, ITO

n—1 I n—1 ;
s LT —n+1 s T —n+1
1) sin — = n2 , 2) sin 5 = Vn2 ,
=1 =1
n—1 n
Ir _ —n+1 e _ o—n+i
3) H cos 5 = Vn2 , 4) H sin ——— =2"""2.
=1 =1

PEIIEHUE. Tperbe paBeHCTBO BBITEKAET U3 BTOPOTO B CHJIy CJIEJCTBUS

dbopMyT TpUBEIEHUST:
sin kr _ cos M
2n 2n

IlepeMHOXKHUB BTOpOE M TPEThE PABEHCTBO M BOCIIOJIb30BABIIUCH (POPMYJION
JBOMHOTO yriia sin 2z = 2 sin & cos x, moJIyvaeM, 9TO IepBoe PABEHCTBO PaBHO-
CUJILHO BTOPOMY (Wi TpeTheMy). JeTBEpToe paBeHCTBO BBITEKAET U3 BTOPOTO,
ecJin 3&1\/IeTI/ITb7 qT0

.
sin —
ﬁ L @-Dr = 4 py, B
Sin — = — = a0
In w1 o B, 2
=1 sin =—
=1 dn
rie
n—1
P, = sin é—z = /n2 ",

=1
JlokaxkeM TIepBOe PABEHCTBO. 3aMETUM, UYTO MHOTOUJIEH

" —1
r—1

pu(z)=14z+.. . +2" 1=

2) Haiinennble 3HaMeHUTHIM aHIIMiickuM MaremarukoM X VII Beka.
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nMeeT KOMIJIEKCHbIE KOPDHU T = Fk=1,...,n—1, e e = e2mi/n

nBywieH 2" — 1 UMeeT Te ke KOPHH, a TaKKe KOpeHb T = e = 1. 113 TeopeMsr

, TaK KakK

Besy ciremyer Torma ToxmecTBo
n—1
pa(@) = [ (@ — 1),
k=1

OTKyJIa B CHITy HETIOCDEJICTBEHHO TPOBepsieMoro Toxkaectsa |1 — @] = 2 sin |z |

HOJIy daeM
n=pu(l) = |pn(1)] =
n—1 n—1 . n—1 n—1
= H(l — )| = H |1 — e2kmi/n| — H 25111]%7T = on~1 H sin ]%T
k=1 k=1 k=1 k=1

§ 2. IHTEPIOJISALIMOHHAA ®OPMYJIA DPMUTA
1 TOXKJIECTBO M. Pucca

Bunosam mut cam, Parvgh, — nedosoavro zame-
muna wmypmar. — Ha kot wépm mot ecezda cmpe-
AREWD ¢ QUCTNAHYUL, HA KOMOPOT HAC KOHMY3UM
0m COOCMBEHHBLT B3PHIBOE T — 3aMO HE HYICHO A0~
MAMB 204068y 8 MPULOHOMEMPUY, < ... >

B. C.Ilukynsb, «PexkBuem kousoo PQ-17»

HpOHBBO,HHOI?I MHOTI'OYJICHa&
n

tn(x) = Z(ak cos kx + by, sin kx)
k=0
C I[‘ef/’ICTBI/ITeJIBHBHVIH NJIM KOMIIJIEKCHBIMHU KOSCbeI/H_[I/IeHTaMI/I Ha3bIBa€TCA MHO-
rovJsIeH

t(x) = Z k(by cos kx — ay sin kx).
k=1

n

HpOI/ISBO,ZLHaH YAOBJIETBOPLAET HEMOCPEACTBEHHO ITPOBEPAEMBIM TOXKIECTBaM

f+d=0+9), (f9)=Ffg+df (cf(x)=cf(z), [flet+e)=f(z+c),

rZIe ¢ — KOHCTaHTa. HpOI/I3BOILHyIO YaCTHOT'O ABYX MHOTI'OYJICHOB MO2KHO OIIpe-
JAEJINTh PaBEHCTBOM
([)’ _flg—4g'f
g) g2
1
2

)

B 9aCTHOCTH, Hanpumep, (ctgx) = —— .
s~
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JloKazaTebCTBO CJIeAyIONero jajee ToxaecTBa M. Pucca MoxHO HalTH,
Hanpumep, B [9, 11]. Hizke npuBouTcst OuH U3 €ro BApHAHTOB, OCHOBAHHBII
Ha, MCIIOJb30BAHNT TPUTOHOMETPUIECKON MHTEPIIOISIITAMN.

2k —1
8 (M. Pucc). HyCTb O = % Hoxkaxkure, 410
a) cosnm-AHsmwiak
k=1 . c—(m+0p)
S ———
6) Q@) = (-~ —— 2 H sin =

m;ék
€CThb TpI/II‘OHOMeTpI/IquKI/Iﬁ MHOI'OYJIEH M-I CTeleHu, TaKOI 4TO

(m) — 07 k 7& m,
OTMETUM, YTO IIOYTHU BCIOLY
. z—(m+0n)
(m) __cosnx m z—0,, _ mal COS NI Sin — ‘
Q" (z) = T(—l) ctg — = (—1) — :
2n sin 5 m

B) J11060# TPUIOHOMETPUYECKUI MHOIOWIEH by, (2) MOXKHO IIPEJICTABUTL B

BHJIE
2n 2n
x — 0 . x—
= E cos H sin
2
k=1

m=1
m#k
[IPUYEM TOYTH BCIOJLY
2n
COS NT —0
tn(l‘) = acosnx + T Z( ].) <Ctg k)tn(ek)v
k=1
7 BBIITOJTHEHO PABEHCTBO
2n
rey 1 k+1 tn ( )
70 = g 3T
k=1 D}

r) cupaseymBa dhopmyaa M. Pucca (TO}K,ZLeCTBO M. Pucca) ayst mpon3Boi-
HOII TPUIOHOMETPUYECKOrO MHOIOUJICHA!

2n

/ _ 1 k+1tn($+9k)_
k=1 sin” -

1) BEPHO TOXKJIECTBO

2

2n
1
:4—2 o
k=1
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YKABAHUE (k 1. a). [Ipumennre 3amaay 2. MoxKHO TakKe HANTH KOHCTAH-
Ty A, noncraBus B 06e dactu pasencrsa x = 0. CiieBa mosyduMm 1, a crpasa,
COTJIACHO 3aJjia49e 7,

2n
2k — 1
AHSiH% :A'21_2n7

orkyma A = 22771,

YKABAHUE (k 1. 6). Pasencrso Q,(@m)(ek) =0 upu k # m cienyer u3s
n. a). [Ipn moxcranoske © = Oy, k # m, npasas 9acTb (HOPMYJIbI U3 YCIOBUS
obpaiaercd B HyJb. Ilpu nogcranoske x = 6,, cupaba IIOJIYyJ9aeTcsd ¢ YIETOM
paBeHCTBa 3aJa4u 7

m22n 1 . -1 m+122n71 ke —
(=1)m2=— HSI m9k:( ) Hsinﬂ

2n 2n
k#m k#m
1 2n—m 1
- 22n—1 ]{)TF - 22n—1 T
g [Lsingy IT singf =S5 [] singp =1
k=1 k=1 k=1

U3 dopmysibl IpousBeieHNsi CHHYCOB U 33J1a9u 1 CJIeyer, UTo

x—(m+6n)

2 P Gk
2n H S5
k#m

sin

€CThb TpI/IFOHOMeTpI/ILIGCKI/Iﬁ MHOTI'OYJIEH N-T'0 IIOPAAKA.

YKA3AHUE (K 11. B). AHAJIOTUYHO MOCTPOEHUIO UHTEPIOJISIIMOHHOIO MHO-
rouseHa Jlarpam:ka moIoKmM

2n 2n
f(z) = Z(—l)k<cos x_Tek)tn(Gk) H sin %;
k=1 m=1
m#k

IIOYTH BCIOAY 9TO BbIpazK€HHE PAaBHO

2n

Fo) = S (1) (ctg T30 )t (0.

k=1

Torma f(0x) = tn(0k), k= 1,...,2n. llostomy f(x) — t,(z) u acos nx cos-
najaoT B Toukax O, k= 1,...,2n, a upu noJXojsmeM BeIOOpE a U B TOUKE
0, O3TOMY COIVIACHO TeOopeMe 2 OHM TOXKIECTBEHHO COBIIQJIAIOT KaK TPUTOHO-
MeTPHIECKIEe MHOIOUJIEHbI n-T0 nopsiyika. Juddepennnpyst obe qacTu nepBoro
paBEHCTBa II. B) B HyJle, 3aMedaeM, YTO IPOU3BOHAS OT CJIAraeMOr0 ¢ COS NI
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1
B HyJIe paBHa HYJIIO, & IIPOU3BOJHAs IIPOU3BEJIEHUS 5— COS NT Ha

2n
2n 9
> (=1)* (ot T ) al6)
k=1
B HyJIe PaBHA
2n

1 _1\k 1T — 0
%k<n%wmdjrhﬂ

coryiacHO mpasuiaMm JuddepeHnupoBanus pousseierns u cymmbl. Ocraér-
sl BBIYUCIINTD Tpou3BojHYyIO ctg((x — 0)/2) 1 HoIyunTh COIACHO MPaBIILY
muddepeHnnpoBaHus 1podn

Ctg/x—ﬁk — *1 Ctg/<x_9k)

2 Lo — 0 2 =0 o2 —On o 20k
2 sin —5 2 sin 5 2 sin >

YKA3AHUE (K n.1). [Ipumennre k f,(z) = t,(z + y) Bropyo dopmymy
. B). Torna, nuddepenupyst f,(x) B Hyse upu am60M y, uMeeM

-1 —1

L a0 1 o tn (0 + )
n\Vk n\Vk

() = 1(0) = £ St LB LS et

k=1 Sin 7 k=1 Sin ?

YKA3AHUE (k 1. ). [Ipumennte Bropyio dopmyiy 1. B) K ty,(z) = sin nx.
Cupasa HostyqnMm n, a cjiesa
2n 2n
L (_1)k+1 ln ek
4dn ) 0 .
k=1 sin 7 k=1 SIn

§ 3. HEPABEHCTBA C. H. BEPHIITENHA

<...> 0CHOBMDLE PE3YNBIMAMBL MATNEMG-
muru 4auwe 6dvparcaromcsa HEPAGEHCMEBA-
MU, G HE PABEHCMBAMU.

Onsun Bekkenbax, Puuapn Besuvan,
«BBesenne B HepaBeHncTBa»

3ech pedb TMOHAET 0 HEepaBeHCTBE JjIsi TPUTOHOMETPUIECKHUX IIPOU3BO/I-
abix?) . OHO (a TaKzKe HEKOTOPBIE €ro BAPHAHTHI i 0006menus1) Gyaer copiy-
JINPOBAHO B CJIejyIoleil jasee 3ajade 11, HO BHaYase HEOOXOIMMO IIPUBECTH
HEKOTOPBIE IPEIBAPUTEILHBIC CBEICHUSI.

3) 310 yTouyHeHHe HeobxoauMmo, Tak Kak ¢ mMmenem C. H. Bepumireiina cBazano MHOTO
Pa3/IMYHBIX HEPABEHCTB.
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Hazosém HOpMOit 1 obo3uadnM ||t,|| MakcuMyM MOLy/Ist TPUTOHOMETPIIE-
CKOIO MHOTOWIEHA tp,. Besmunny max |t,(x)| TakKe Ha3bIBAIOT PABHOMEDHOI
MM 9eObIIIEBCKON HOPMOH. B crily HepHoinaHOCTH OYEBUIHO PABEHCTBO

max |tp(z)] = max |t,(x)|.
)] = max_Jin(a)

Kpowme Heé, ncrnoab3yroTcss HOPMBI

™
1 1/p
o= (% [ In@ra) " b1,
-7

a HopMy ||t,|| obosnagaior ||t,||s. Moxkno mposepurb, 410 ||t,|p < [/tn|loo-
OueBuHO, YTO JJIst J1F0OO0I KOHCTAHTBI ¢ U JII000ro p > 1, B TOM 4HCe U P = 00,
CIIPABEJINBO PABEHCTBO ||cty ||y = |c| - ||t ||p 1 9TO mu1st HOpMBI || f|| crpaBeasBO
nepapencTso seutykoctn [laf + Byl < laf - [If] + 8] gl

9. Jlokaxkute Jijisi 27r-IepUOIUIECKUX (PYHKIINHI CBOHCTBO NHBAPUAHTHOCTH
HOPMBI OTHOCHUTEJIBHO CJBHUTa Ha IIPOU3BOJIBHOE YUCIIO G

1f (z +a)llp = £ (@)lp-

Hasee Ham moHaI00UTCs Kiaccudueckoe HepaBeHCTBO MunkoBckoro. OHO
TOXKE CHOPMYJIMPOBAHO B BUJE 3aJa4M, PEIICHAE KOTOPOH MOXKHO HAlTH, Ha-
npumep, B |1, 11-13, 16]. BBumy mmpokoii M3BeCTHOCTH DEIIEeHHsI OHO 3J€Ch
HE IIPUBOJIATCA.

10. Jlokaxxure, uTo 1pu p = 1 cupaBemjiuBo HepaBeHCTBO MUHKOBCKOIO

leef + Byllp <l - 1l + 151 - llgllp,

KOTOpOe 06palaercst B PABEHCTBO TOJIBKO [IPU BBIIIOJIHEHUN TOXKAeCTBa f(x) =
= cg(x), rae ¢ € R — koHcTanTa.

Bcé ckazamHoe BBIIIE CIPABEIINBO JJIsi MHOTOYJIEHOB KaK C AeHCTBUTE Ib-
HBIMHU, TaK M ¢ KOMIUIEKCHBIME KO3 dunneHTaMu (MOXKHO OIIPEIEIUTh HOPMBI
U JIOKa3aTh BCE yKAa3aHHbIE MX CBONCTBA).

Paznuunbie nokaszarenbcra HepaencTs C. H. Beprinreiina MOXKXHO HaiiTu
B [2,3,6,8-12,16]. 3mech npuBOUTCS JTOKA3ATEILCTBO, OCHOBAHHOE HA MCIIOJb-
soBaHnu ToxkgectBa M. Pucca. MI3BecTHO Tak»kKe HECKOJIBKO MOJUHOMUAIBHBIX
uepasencts tuna C. H. Bepamreiina (cm., nanpumep, [16]), Ho oHn BBIXOAAT
3a paMKH JAHHOI'O U3JIOXKEHHUSI.

11. dokaxkure Jijisi TPUTOHOMETPUYECKUX MHOIOWIEHOB t,, MOpsAIKa n (Kak
C JeHCTBUTEIHHBIME, TaK M ¢ KOMIUIEKCHBIME KO3 dumuenTamu )

a) nepasercteo C. H. Bepumrreitna max, cr [t (2)] < nmax,er |tn(z)[;

Y
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6) mepasercrso C. H. Bepumrreiina [|t],(z)||, < n||tn(x)]]p;
B) nepasercTBo C. H. BepHinreiina /st KpaTHBIX IIPOM3BOIHBIX

1 @)y < ¥t () -

YKABAHUE (K 11. a). Boranciss y obenx gacreii Toxxnecrsa M. Pucca nopmy
Il f|l = monb3ysice HepaBercTBOM BBIyKIOCTH |[oof + Byl < || - || fI] + 5] - |gll

u paseHcTBoM ||t(z + )| = ||t(x)||, moy1aem HepasemcTBO
1N e+ 001 _ 1§ @)
/ n k _ 1 n _
O D D N D D o
k=1 S ? k=1 S1n ?

2n
= ta(@| Y ——5= = nllta(@)l

—1 4n sin® =

€ Ha IIOCJIE/IHEM HIare MCIIOJIb3OBaHO PaBEHCTBO II. ,ZL) 3aJa9n 8.

YKABAHUE (k 11.6). st HOpMBI |||, clIpaBeiIMBEI HEPABEHCTBO

leef + Byllp < lal - 1 £llp + 18] - llgll»

u paBeHcTBO [[t(z + a)|| = ||t(x)]|. [Tosromy mepasencrso ||t ()], < nl|tn ()],
JIOKa3bIBACTCS] AHAJIOTUYIHO II. &).

YKABAHME (K 1. B). [Ipumennre k pa3 jjokazanHoe B 11. 6) HEPABEHCTBO.

12. Jokaxure, uro Bce HepasercTsa C. H. Bepumreiina 11 a)-B) obpara-
I0TCS1 B PABEHCTBA JIJIsl MHOTOWIEHOB t,,(Z) = a;, COS N + by, SN NT U TOJBKO
ISl HUX.

YKA3AHUE. B ciygae nopMmet || f|| cormacto npusenéunomy B 11. a) JoKasa-
TEJbCTBY PABEHCTBO BO3MOXKHO, JIUIINb KOLJIA JJIs HEKOTOPOTO & CIPABE/JIHBEL
paBEeHCTBA

to(z) = —tn<x+%) :tn(x+%ﬂ) - .= —tn<ﬂc+w>.

[Tpumensisi 3amady 6, orciona BBIBOJIUM, 49TO t,(r) = a, cosnx + b, sin nx.
B cayuae mopmst || f][p, p > 1, cormacuo samaue 10 pasencrso ||t], ()|, =
=n||t,(z)||p BOSMOXKHO, JNIIb €N TOXKIECTBEHHO &y (x+601) =ctp(x 4601 +7/n),
c € R, no Torga t,(x + 01) = ¢ty (x + 61 + 2nm/n) = "ty (z + 61), orkyna
cTIeTyeT, 9To b0 TOKAECTBEHHO ty, () = 0, b0 ¢*® = 1, 9T0 BO3MOKHO JIHIIH
npu ¢ = +1. B cayuae ¢ = —1 umeem t,(x) = —t,(x + 7/n), orkyna corsacHo
sazade 6 cuemyer, 9To t,(r) = ay, cos nx + by, sin nx. B caydyae ¢ = 1 umeem
tn(z) =t,(x+7/n), u B cuty Toit xe 3a1a4n t,(x) pasen koucranre. Ho Torna
pasencrso ||t (z)|p, = nl/tn(z)||, Bo3mozkHO sumb 115t ¢y, (2) = 0.
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B ciyuae p = 1 pasencrso B Hepasenctse ||af + bg|l1 < a|| f|l1 — b||g||1 npu
a > 0> b BosmoxkHo jmtib tipu f =0 win g =0 wim xorga f/g < 0 upu jroboM x.
Orcroza cietyer, 9To paBeHCTBO

1| < bz + 00| _ 1 o itz + 80)]
! = ki IR L Pl T PR/
@) = g | DD = Y T
k=1 sin® = 111 k=1 sm” -~
2 2
2k -7
BO3MOYKHO, JIUIIH KOTIa ty, () 1 ero cusurn t, (x4 0), e 0y = ——=——, numeior

obI1rie KOPHU ¥ TAKOBbI, YTO MEXK/LY COCETHUMU KOPHAMU by () /ty(x + ) € R
U He MEHsIeT 3HaKa, 3HAYNT, BCE 9TH NPOMEXKYTKH (paccMaTpUBaEMbIE II0 MO-
JIYJIIO 27) MMEIOT PABHYIO JUUIMHY, a UMEHHO 7/n, ¥ UX KOJMYeCTBO PaBHO 21,
a 9TO BO3MOKHO, COIVIACHO II. &) 3aa4H 8, TOJIBKO JJIsl (DYHKI[INN

A cosn(z — «) = ay cos nx + by, sin nx.

13. Jlokaxxure nepasencrso C. H. Bepuireiina st ajredbpamdecKux MHO-
rowieHoB: npu |x| < 1 jjist 11060ro MHOTOYJIEHA Py, CTEIIEHH 7

n MmaX|z|<1 |pn ()]

V1—2?

YKA3AHUE. PaccMoTpuM TpUrOHOMETPUYIECKAH MHOTOUIEH

P (2)] <

tn(z) = pp(cos ).

Ero crenenb He BbIIEe 1 COTJIACHO, HanpuMep, 3ajade 1. OueBuHO,

Pn(x) = tn(arccos ),  ||pn|| = max |pn ()] = [|tn]|

|z[<1

B cusy mepasencrsa C. H. Bepumrreiina npu |z| < 1 umeem

t/ (HI‘CCOS .%‘) ’I’Lllt || n||p ||
/ / / mn n n
Pp\T)| = t, (arccos x) arccos x| = ‘ = .
| ( )‘ ’n( ) ’ *’1—,@2 = \/1_12 \/1_12

Hepagsencrso C. H. Bepamreitna nmeer MmuOrO npuioxkenuii. B gacraocTn,
U3 HEro MOXKHO BBIBECTH cJjejytoree HepapeHcTBo 1. JI. Yebrrméra, koTopoe
PaBHOCHJIBHO 9KCTPEMAIbHOMY CBOWCTBY TPUIOHOMETPHUYECKIX MHOI'OUJIEHOB:
Cpel BCEX TaKUX MHOIOYJIEHOB IOPsiIKa 7T ¢ (PUKCUPOBAHHBIMU CTapIINMU
ko3bduUInEHTAME Ay, by, HAMMEHBITYIO HOPMY ||Ey]| (T. €. MEHUMAIBHOE YKIIO-
HEHUe OT HyJisl) UMEET a,, COS nx + by, sin ne.

14. Buisenure us nepasencrsa C. H. Bepummreiina nepasencrso 1. JI. He-

oeimeéBa ||t, || > /a2 + b2.
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YKABAHUE. Tak kak y npousBojHoii ¢/ (x) crapiiie 4jeHbl UMeT Kodd-
unmeHTsI, paBHBIE 110 MOJLYJIIO 11|ay |, 1|by|, TO, CTIONB3Ys TOXK TECTBO 3aHa4u 4
n mepasenctso C. H. Bepumreitina npn moaxoadiieM BoIOOPE Qu,, IMEEM:

< 27rk H Hzt/ 27rk: H — \/m

n?|[tn]| >

VY ykazaunoro nepaBeHCTBa JeObIMEBa (11 pABHOCHIBHOIO €My HEPABEHCTBA,
JUIst anrebpanaecKuX MHOTOUJICHOB) U3BECTHO MHOIO JIOKA3aTeIbCTB (CM., Ha-
upumep, [2,5,8,10-12,15]). Ilpumensst HepaBercTBo MunKOBCKOrO 1 33181y 9,
AQHAJIOTUYHO PEIeHUIo 3aJadu 14 MOXKHO J0Ka3aTh Cjejylomiee obobIieHne
HepaBeHCTBa JeObIméBa [Ist IPOU3BOJIBHOI HOPMSI || f(2)]|p:

ltnllp = Vaf + b7 - [lcos |-

§4. CYMMA OBPATHBIX KBAJIPATOB U EIIE OIHO
JTOKABATEJILCTBO TOXK/IECTBA M. Pucca

Hmetime 6 sudy, wmo cyuecmeyem eusé u
cedomoe JoKaA3aMeEAbCNBO, U YIHC CAMOE HAOEXHC-
noe. M cetivac ono sam 6ydem npedsasieno.

M. A. Bynrakos, «Macrep u Maprapuras

DT0 JOKaA3aTEILCTBO MMOSIBJISIETCS B KOHIIE JIJIMHHOM IIEITOYKHY 3a/a4, IIPOI0JIzKa-

TOIEeNcs B HECKOJIBKIX CEKITUSX 9TOro pasjena. llepBasi 3a/1ada coBceM MPOCTas.

11, .ctg(p/2)
5. IIpoBepbTe TOXKIECTBO T —2 +i—a

16. Jlokaxkure npu o # mm/n, rjie m — [HeJIoe YUCII0, TOXKIECTBO

ictg(a—i— Im) =2 Imz ﬁ

k=1
YKA3AHUE. I[IpumenuTe ToxKaecTBO u3 3ama4u 15.

17. Hokaxkure npu o # 2mm/n, rje m — 1ejaoe 9ucIo, TOXKIECTBO
n
.n ctg(na/2
Z 1 1 _ n =N g(na/ )

_ pilatEm) ] _gina 2 2

k=1
YKABAHUE. Ilpumenure dpopmyiry

—~ 1 [
Zl—xk_f(x)’

k=1
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rae f(x) =11 (x — ). lpu z, = e %Tw), k=1,...,n, coracHo Teopeme

Besy f(x)=a"™— ™. [Ipyroe pelenne MOXKHO MOJIY YU Th, 3aMETHB, YTO KOPHU
MHOTOYJIEHA

i(a+

(1 + x)n _ :L,neina

ectb 1/(xp — 1), Toe zx = eet=F) k=1,...,n, IpuUéM 9TO BEpHO U IpH
a = 2m7/n, rae m — nejoe YUCJI0, Hy?KHO TOJIBLKO [IPOBEPUTH, YTO TOIJA YPaB-

Henne npuanmaer Buj (1 4+ x)" — 2™, umeer crenens n — 1 u xopuu 1/(zg — 1),
- 2kT

riue T, = eZ(T), k=1,...,n — 1. Ilocie sroro npumensieM Teopemy Buera
U TIOJTyIaeM
n
Z 1 - n _n in ctg(na/2)
1 _ eilat2z) ] —gina 2 2 )
k=1

18 (T'ob6con). dokaxkure, uro KopHsimu ypashenusi (z — 1)" = (z + 1)"

SIBJISIIOTCsT KOMIUIEKCHBIE vncia 2z = i ctg(km/n), k=1,...,n — 1.

_ n
PEIIEHUE. Ypasuenne (2 — 1)” = (2 4+ 1)" paBHOCHIBHO <Z—1) =1,

snaunt, (2 — 1)/(21, + 1) = €F, ¢ = 2™/, TIposepuwm, uro 2 2% ctg(km/n)
aBigercs KopueM ypasuenus (z — 1)/(z+1) =¥ k=1,...,n — 1. Ouesnmo,
qro |z — 1| = |z + 1. Homoxkum o = w/2 — kn/n, Torma arg(zx + 1) = ay,
arg(zp — 1) = ™ — a. Orciona

Zk—l

ar — 2km
gzk—i—l o

n )

=arg(zr — 1) —arg(zp + 1) = 7 — 20

nostomy (2 — 1)/(2x + 1) = €, Tax Kax y 9TUX 9HCET COBNAIAIOT W MOJIYJIH,
U apryMeHTHI.

n—1
2 km
19. Breruuciure Z ctg” —=.

k=1
Peiedne?) . puvennm teopemy Brera k ypasnermio (z — 1) = (z + 1)™.

DT0 ypaBHeHHe MOXKHO 3anucarh B Buje (z +1)" — (2 — 1)" = 0 u, noab3ysch
dopwmyoit bunoma, B BUje

n n—1 n n—3 n n—2k—1 _
(1>z +(3)z +...+(2k+1)z +...=0.

Ero xopusiMun siBiisiiorest qncna z = ¢ ctg(kn/n), k=1,...,n — 1, cormacuo
zanade 18. U3 reopembl Buera cienyer, aTo

SZ’““)’ > Zkle(?)/(?):w’
k=1 1<k<i<n

Y Unes pemtennst npunasgiexxknt H. M. Kopo6oBy, kak mHe coobupt A. B. Yerunos.
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OTKY/Ia
n—1 n—1 2
) n—1)n-2)
zk< zk> -2 Z 2Rz = — 3
k=1 k=1 1<k<i<n
SHagur,
n—1 n—1
2 km o (n—1)(n—2)
Z ctg n Z Pk = 3
k=1 k=1
n—1 9 1
p— n _
20. [loxazkuTe paBeHCTBO Z P
k=1 sin 7
YKABAHUE. IIpumenunre TOXIeCTBO — 12 =1+ctg?z.

sSin- T
21. okaxkure npu o # mm/n, rje m — nejaoe 9ucIo, TOXKIECTBO

n
Z ctg(oz + k%) = n ctg nao.

k=1
PEMIEHUE. Mcnonb3yst TOXKITECTBO

1

1 ictgle/2)
1—eiv 2

2

_|_

3aJa491 15n BbIJICJIdd MHUMbIC 9aCTU, IIOJIyY9aeM IIPpU ¢ §é mﬂ'/n, rae m — 1meJjoe

9HCJI0, TOXKJIECTBO
n
Z ctg(a + k%) = n ctg nao.
k=1
22. Jlokaxkurte mpu o # m7r/ n, rae m — IeJI0oe IUCJIO, TOXKIECTBO

2n

S PR
1 — it BT T 1—eina 1 _cilnatw/2) T
. v
2 2 sin(2na)’

YKA3BAHUE. IIpumenure 3amaqy 21.

Dopmyna Ditnepa aJisd paga oOpaTHBIX KBaJApaToB
OTa GopMysIa MOSIBIAETCA B KOHIE CJACAYIONEH MEeMOIKN 3a,1aM.
23. JlokaKuTe TOXKIECTBA

2n—1

Z cosec ( §W> = 4n Z cosec ( ];Z) = 2n2.
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VKA3AHUE. [Ipummenure Toxaectso 1. 1) 3amaqdn 8. s qokasareabcrsa
BTOPOTO TOXKIECTBA 3aMETUTD, UYTO B IIEPBOI CyMMe caraeMble MOKHO pa30UTh
Ha, TIapbl PaBHBIX:

cosec2(4 + l<:7r> = (:osec2(l + M)

2n an 2n
24. JlokaxKuTe TOXKJIeCTBA
2n—1 1
m — 92 _
chtg( +2n> 4n® — 2n, thg (4n >f2n n.
=0

VKA3BAHME. IIpumennre 3agaay 23 u Toxkaectso ctg? x = cosec? x — 1.

B crenyiormeit 3aade, HaKOHeI, MOsSBIseTCst HGopMysia Ditrepa.

25. Breisenure u3 3amad 23, 24 dhopmysibl Ditiepa s psija 00paTHBIX

KBaJapaTOB:
o]

o0
1 1
e T L

PEIIEHKE. ITpumennm npu 0 <z <7 /2 nepapencrsa ctg? x < 1/x2 <cosec? x

(BBITEKATOIIME U3 HEPABEHCTB sin x < x < tg x) u ToxkaecTBa 3aja4 23, 24. Torga

nMeemM
— 2n—1

n—1
2 2 _ 16n? 1
2n ”_ZCtg <4n ) Z -2 (1+ 2k)2
D ERTIL
4 2n
1 aHAJIOT'MYHO

1 o
! ) Z <
— (1+ 2k 8"’
3HAYUT,
o0
> mr
2n —1)2 8"
n=1
Tak Kak
1 o 1 1 I 1, 1
IR (2n)2 2 (2n — 1)2 =12t (2n — 1)2’
n=1 n=1 n= n=1 n=1
IoJriydaeM
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cJIe10BaTEIbHO,
(o) 2
1 s

n2 6
n=1

AnaJioruyto u IIepBO€ paBE€HCTBO MO2KHO BBLIBECTH M3 BTOPOIO.

Ditrep Haén Takzke GOPMYIIBL IS Ps/ia OOPATHBIX YeTBEPTHIX CTeleHel
u T. ;1. D1n HOPMYIIBI JAIOT SIBHbIE BBIDAKEHNSI 3HAUCHUS B TOUKax Buja 2k
m3era-gynknun Puvana (eé nassiBaioT nHorga dynknueir Dittepa — Puvana).
HokazaresnbcrBa 9THX (HOPMYIT HCHONB3YIOT psiibl Pypbe 1 MOITOMY HEJTO0CTa-
TOYHO JIEMEHTAPHBI, TaK K€ KaK M OOJIBIIMHCTBO JT0KA3ATEIbCTB IPUBEIEHHOMN
BoIte popmystsl itrepa. Emé oo smemenTapHoe J0Ka3aTeIbCTBO MOKHO Haifi-
Tt B [14, 15]. Bosbioe Konmu4aecTBo Apyrux JOKa3aTeabCTB (He BCe U3 KOTOPBIX
COBCEM y2K 9JIeMeHTapHBI) nMmeercs B |7].

B koHIIe 9TOro pas/esna yKa3blBaeTCsI €IE OJHO JOKA3ATEILCTBO TOXK/IECTBA
1. 1) 3aja9n 8. B HEM ucHosnb3yercs cienyomast 3a/1a4a.

26. Jlokakute popmysry Buera — MyaBpa KpaTHBIX YIJIOB
cos na = cos" a — <g) sin? a cos™ 2 a + (Z) sinfacos" ta—...
VKABAHUE. IIpumenute bopmyry Myaspa — Ditepa €% = (&)™ u dop-
Mysay bunoma Hbrorona.

YacTHBIM cTydaeM OpU N = 2m MepBOTO TOXKIECTBA CJIEAYIONIEll 3a1adn
SIBJISIETCST TOXKJIECTBO II. 1) 3319 8.

27. JlokaxkKuTe TOXKIECTBA
n n
2 m | km\ _ 2 ofm k) _ 2
Zcosec (%—F?)—n, thg (2n+n>—n n.
k=1 k=1
PemeHMUE. CornacHo 3amade 26

4 4

n . — n . _
cosna:cos”a—<2>sm2acos" 2a+(4> sin*acos" *a—...

m(1+2k)

6 in" g0 o 61 S5 ma ct
cropon uymu. lems obe gactu Ha sin™ a # 0, 3aMeHsist Be3/ie 1pobu Sing Hactga

IIpu momcramoBke B 00e 4acTU pPaBEHCTBA 4 = nojiyvuaeM ¢ obenx

1 B CIydae HEIETHOTO N JIETIS Mg pa3 MOIyIeHHOe paBeHCTBO Ha ctg a # 0 mpu

kE=0,...,[(n—2)/2], nonyiaem paBeHCTBa
b=t (D)anty
rae m = |[n/2], z =ctga, k=0,...,m— 1. 3uauur, ypaBHeHue

xm—<g>xm71—i—...20
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o (14 2k)

uMeeT B TOYHOCTH M KOPHE# xj = ctg ,k=0,...,m—1. Ilostomy

2n
II0 TeopemMe BI/IeTa nMeeM, 9To ux cyMma
-1
< (o2 T+ 2k) (o —1)
Z ) 2n - 2 )
k=0

2

[Ipumensist Toxk1ecTBO ctg? o = cosec? x — 1, oTciona nMeeM pu n = 2m + 1

—1 2 _
Zcosec( kﬂ>:%+m:2m2+2m:n 1.

2

[Tockonbky tpu k = m, o4eBUIHO,

cosec< + kﬂ) =1, ctg(% + k—ﬂ> =0,

2n n n
ojIy4aeM
- k 211
T T\ _ n°+
Zcosec <%—|—7) =5
k=0

M 2
k=0
n n—1
D otg® —p— =) ctg’ = — =n(n 1),
k=1 k=0

TaK KaK B IOCJEIHENH CyMMe cjlaraeMble MOXKHO pa30uTh Ha Mapbl PABHBIX:

—k-1
ctg( —l—T):cth(%—F—(n p M).

Ananoruuno nMmeem

Z cosec ( lm) = Z cosec? (% + I%r) =

=0
2m A 9 1
_ of | km) _on® = _ 2
_chosec (2n+n>_2 5 +1=n"
=0

B ciiyuae n = 2m nosygyaem pasencTBa 3aja4d 23, 24, nanpumep

n—1
k7r
E cosec? (2 ) g cosec ( =n(n—1)+2m = n?
k=0
TaK KaK B IIOCJICJIHEH CyMMe caraeMble MOXKHO Pa3OUTh Ha Napbl PABHBIX:

cosec2 (L + k—W) = cosec2 (L + M)
n 2n

2n n
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TpuroHomerpudeckne TOXK/JIeCTBa,
paBHOcwiIbHBIE TOXKAecTBY M. Pucca
Nx nosBiieHnio Takzke IpeJiecTByeT MeNouKa 3a/1ad.

2k —1
28. Jlokakute mpu O = %, k=1,...,2n, m m < n TOXIECTBO

2n
Z(_l)kJrl cos mby, —o.

.9 O
= Sin. —
k=1 2

YKA3AHUE. [locrarouno npuMeHnTh GOpMyILy II.T) 3a7a49u 8 K (DyHKIUK
tn(z) = cos mz.
29. JlokaxKuTe TOXKIECTBO

(2'3_1)2 = (2_11)2 —|—ZT1 +m—14(m—2)z+...+2"2

PEMEHUE. [Ipumenss popmyay

1=z 1)1 +z+...+2"h),

nMeeM
Lm _ 1 _m _Zm—]__ m _1+Z+...—|—zm*1_ m
G—12 (-1 z-1 (z—12 =z-1_ ] P
2 _ m—1 _
:1+ZZ_11+...+ZZ—_11:1+(z+1)+...+(1+z+...+zm—2):

=m—1+(m—2)z+...+2m2
30. JlokaxkuTe TOXKIECTBO

1 _ 1 2
2sin?(p/2) 1 —cosy (ele —1)2

PemiEHUE. TlepBoe paBenctso ciemayer u3 (popMmysbl gBoiinoro yryia. Tak
Kak MoiyJib €'Y — 1 pagen 2 sin(¢/2) (y TpeyrosbHuKa ¢ BEpIINHAMU B TOYKAX

0, 1, e'¥ GOKOBBIE CTOPOHBI PABHBI €JIMHUIE, & YroJl IIPU BEPIIUHE PABEH (),
P

. Apryment uncia € — 1 pasen

MOJIYJIb JIpoOu 5 DbaBeH

(e'? —1) 2 sin?(p/2)
(p + ) /2, 3HAUUT, APIYMEHT ero KBaJpaTa PaBeH ¢ -+ T, MOITOMY apryMeHT
yKazanHoii 1pobu pasen (¢ +7) — (¢ +m) =0, T. e. 1pobb pasna 1/(2 sin?(¢/2)).
2k —1
31. Joxkaxure npu 0 = %, k=1,...,2n, TOXIeCTBO

2n 2n 2n (_1>k+1

k1 1 _ Y11 _ —
Z<_1) (eifx —1)2 Z( 1 et —1 Z 1_eon "
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PEIEHUE. Pasencrso
2n (7 1)k+1

Z 1_ei0k =1wm

k=1
ciiejyer u3 3aja4u 22 npu nojcrasoke o = 7/ (4n). Ucnosb3yst TOXKIeCTBO
samaan 29 npu m = 1 u ToxaecTBo 3agauu 30, uMeeM

2n

2n
k1 k1 1)k -
Z( ) (elek — 1)2 + Z( 1) elek — 1 Z( 1) (elak — 1)2
k=1 k=1 k=1
1 o 1
_ 1 k+1
=7 () —p =0,
k=1 sin -5

TaK KaK CJjlaraeMbl€e B CyMM€ MOXKHO pa,36I/ITb Ha ITapbl B3aUMHO IITPOTUBOIIO-

JIOZKHBIX:

k1 2 Ok n—k+2 ;2 Oon—ki1
(—1)**1sin 5 = —(—=1)*""**2gin —5
2k —1
32. [oxaxkure mipu m < n u npu 0 = %, k=1,...,2n, TOXKIECTBO
2n
Z(_l)k-‘rlemz@k —0.
k=1

VKABAHUE. [Tpumennte dopmymy 1+ 2+ ...+ 22771 = (220 —1)/(2 — 1)

npu z = —etmm/n
2k — )mw
33. Jokaxure nipu 0 = %, k=1,...,2n, u m < n TOXKIECTBA
1 2n imb 1 2n . 0
1 \k+1 e . 1 _\k41sinmby
4712( 1) .Qek_lm7 4712( 1) .29k - m
k=1 sin® —¢ k=1 sin® —~
2 2
PEmEHUE. ToxecTBo
1 2n . P
1 _1\k+1 sm mby
an Z( 1) .9 0 m
k=1 sin” -
BBLITEKAeT U3 TOXKIECTBA,
1 2n im6
1 ke
4n Z( 1) .o B i,
k=1 sin 5

ec B HéM 3amennThb €™k cormacno dopmyie Diinepa Ha i sin mby, + cos mby,
U B3sITh OT 0DEUX CTOPOH MHUMBIe YacTh. Eciu B3sTh JeficTBUTEIbHBIE YaCTH,



Hepaerncrso BepHirreiina, ToxkgectBo Pucca u popmyia Ditiepa 163

TO TIOJIYYUM €IIE€ pa3 TOXKJIECTBO 3aJadu 28. /15 1oKa3aTeIbcTBa TOXKIECTBA

| =

2n imo
R .
1 g k“ =1imn,
2 Yk
=1 Sll’l
k 2

eimOk ei(m+1)9k

———————— Ha ————— COIVIACHO TOXKJecTBY 3ajga4uu 30
4sin>(0;,/2) (ei% —1)2 ACCTBY S8/

3aMEHUB B HEM
1 J1ajiee Ha

1 m+1 0 i0 -1
—(ewk_l)z—ewk_l—m—(m—l)ezk—...—(ez kym

COTJIACHO TOKJIECTBY 3a/1a4u 29, IMOJIyINM B JIEBOI YaCTU CyMMY

_E k+1( ezekl_ 7 m + 1 —m—(m_1)ei9k+...+(ei9k)m—1):

er — 1
2n ] 2n )
_ _1\k+1 _ k+1 m+1
== (1) (eifr —1)2 > (=D ek —1
k=1 k=1
2n 2n
—(m—1) Z(_l)kJrleiQk - Z(_l)lﬁrlei(mfl)ak.
k=1 k=1

IIpumensas Toxectsa 3aga4 31 u 32, nosydaeMm Ipu m < n B IIPaBOil 9acTu
immn, 970 U TPebOBAJIOCH JI0KA3aTh.

34. Breemnre us 3amaun 33 Toxkmectso M. Pucca.

YKA3BAHUE. 3aMeHHM B CyMMe

1 k1 tn(Ok)
DB e i
k=1 sin >

TPUIOHOMETPUUECKUT MHOTOUIIEH ty(2) Ha ag + Y, (bg sin kx + aj, cos kx).
SareMm pa300bEM €€ ecTeCTBEHHBIM 00pasoM Ha 2n + 1 CyMMy H BBIYHCIAM
KaXKJYI0 U3 HUX, HOJIb3YSACh TOXKJIECTBAMU

2n 2n
1 _ 1\k+18in mb, 1 ~ 1\k+1CO0S mb,
4n Z( 1) 20 M Z( 1) 20 0
k=1 sin 5 k=1 sin 5

3a/1a9u 33 (IepBoe U3 HUX IIpUMeHsieM Ipu 1 <m < n, a Bropoe — 1ipu 0 <m <n),
[OJIy9aeM PaBEeHCTBO II.T) 3aja4u 8:
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II0TOMY 9TO IIPOU3BOJHAST
n
t(z) = E k(by cos kx — ay, sin kx).
k=1
U3 10Ka3aHHOIO PABEHCTBA CJIEJyeT II.T) 3a1a4u 8, T.e. ToxaecTBo M. Pucca.

35. Hoxkaxkure, uro ToxkIecTtBo M. Prucca paBHOCHIBHO cucTeMe TOXKIECTB

2n 2n

DRI — 0, L)~ m <,
2 9k 4n 2 ok
k=1 sin o k=1 sin 5
2k — 1)
F,quk:(T, k=1,...,2n

PEIIEHUE. B 3amate 34 nmokazaHo, KaK U3 JAHHBIX TOXKIECTB BBIBOIUTCSI
ToxktecTBO M. Pucca. VIx BbIBoM u3 ToXKiecTBa M. Pucca mosrydaercss myTém
IPSIMOI TIOJICTAHOBKY B HEIO BMECTO ty, () dyHKImii sin mx u cos mx (cMm. Tak-
JKe 3ajady 28).

§5. EIIE OAHO TOXKJECTBO TUITA TOXKJIECTBA M. PuccA

" sTo TO2KIAECTBO IIOABJIAECTCA B KOHIIE HEIIOYKH 3a1ad.

2k —1
36. Jlokaxwure ripu 0 = %, k=1,...,n, TOXKIECTBO
n 10 n 1 n 1 2
e _ - _n
Z (eifr —1)2 _Z (eir —1)2 +Zei0k_1 T4
k=1 k=1 k=1

YKA3AHUE. U3 3amaun 27 ciemyer, 910

- 0
. —2 Uk 2
1n -_ = .
Z S 5 — N
k=1

ITosromy (cormacuo 3amate 30)

3

9 _ . 4
k:l (et —1)2 k=1 4sin® 9—2]‘
2k — )m
37. Hoxkaxwure nipu 0 = %, k=1, n, TOXKJIECTBO
n
> -
1—eifc 27
k=1

YKA3BAHUE. IIpumenure 3ama4dy 17.
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2k —1

38. Hokaxkure tipu 0 = %, k=1,...,n, TOXIECTBO
. 1 _ _n2 —2n
0 _1)2 4 :
= (e —1)
YKA3AHUE. [lpumenure 3amaquu 36, 37.
2k —1

39. Jlokaxkure ipu m < n u upu 0 = <T)7T, k=1,...,n, TOXIeCTBO

n
Z ek — ().
k=1

YKABAHUE. Ilpumenure dhopmysy cyMMUPOBaHUsI T€OMETPUIECKOHN TPO-
rpeccun.

40. [loxaxxute npu m < 1 TOXKJIECTBO

n
zm@k
E =n-—2m,

k=1

2k —1

u,k’zl,...,n
n

PEIIEHUE HO,ILO6HO PpEIIeHno 3aa91 33. ,ZLJIH JOKa3aTe/JIbCTBa TOXKIECTBa
n .
elmOk
E =n(n — 2m),

.2 Ok
—1 sin” —°
k=1 D)

Sl
NS

rae 0 =

etmO 4ei(m+1)9k

@k —Dm LI ettt
SIHQ(ek/Q) Ha (eiek _ 1)2

rie 0 = , k=1,...,n, 3aMeHUM B HEM

COTJIACHO TOXKJecTBY 3ana4du 30, u jmajee Ha

_4((ei9k1_ 1)2 * e?gk+—11 tmt (m B 1)ei9k et (ewk)m_1>

coryiacHo ToxkjecTBy 3aja4u 29. [lomydyum B j1eBoit yacTu cymmy

_42( ezek ;Zj—l +m+(m—1)e _|_.._+(€i9k)m_1>:
:—4mn+2(ei0k Z ezgk (m—l)ze k_”._4ze .
k=1 o 2

ITpumensis ToxxmecrBa 3amad 37, 38, 39, moryaaem mpu m < N B IPaBoOil YacTu
2 _
—4dmn + (—4) <—%) + (—4(m + 1))7n =n? — 2mn,

9TO U TPebOBAJIOCH HOKA3ATh.
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41 (O’Xapa). Hokaxkure s J11000r0 anrebpandeckoro muorowrena f(z)
C KOMIUICKCHBIME KO3(hMUIMEHTAMI CTEHEHH 7 TOXKIECTBO

Zf/(Z): 2 Zf

=1 Sll’l

z@k Z

2

(31€Ch, KAK M B CJIEJYIONINX 33/1a9aX, 2 IPUHIMAET KOMILIEKCHbIE 3HAUCHNUS).

PEmEHUE. IlycTh
f(z)=ap+arz+...+apz"

Torga o dopmyste Myaspa — Ditsiepa

19k Z am ezmHkZ

[Toxcrapiisis noJlydeHHbIE PABEHCTBA B CYMMY

Zf

k= 1Sm

19}‘2’
2

2k —1)m
rae O = ————, k=1,...,n, 1 Meusisl NOPsIOK CyMMUDPOBAHUS B IO/ Y€H-

HOI HOBTOpHOfI CyMMe, IojgayvdaceM, 9TO OHa paBHaA
n n imo
a e!"mvk
S A, Ay =m N
2n 2 ok
m= =

W3 yrBepxkaenns 3agaquu 40 ciaeayeT paBEeHCTBO

Am:am<%—m).

[TosTomy
n n
f( 19’“2 n
3@~ Z =52 e = ) An =
k=1 sin® 2 m=0 m=0
n n
= mapy 2™ = z E may 2™ = 2f(2)
m=0 m=1

Eumg oxno mokasaresnberso Toxaecta O’ Xaper umeercs B [10].
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§ 6. HEPABEHCTBO BEPHIITENHA [1JIs1 AJITEBPAUYECKUX
MHOT'OYJIEHOB U HEPABEHCTBO CErE

Kpamuatiwut nyms meocdy deyms ucmu-
HaMU 6 deticmeumenvhotll obaacmu wacmo ae-
2AHCUM, YEPE3 KOMNAEKCHYIO NAOCKOCTID

Kax Anpamap
Onpenemmm || f||, r Kax

. 2m ‘ 1/p
(ggﬁt/Wpre“npdx>

npu p > 1, R > 0. Ilpu p = oo onpenemm || f||, r kax maxp,—g |f(2)].

42. Tokaxkure jyist 1106010 ajrebpandeckoro MHorowiena f(z) ¢ KOMILIEKC-
HbiMu Kodddurmernramu creredu n u R > 0 nepasenctsa C. H. Bepuimreitna

‘H|la>}§i|f( 2)| < %g}iﬁ’ﬂzﬂ’ 1" () lpr < F1F () lp.r-

PasencrBo jmocruraercst ToJbko tpu f(z) = az

YKA3AHUE. Ciyuait p = co. Bocnosibayemcst ToxK1ecTBOM 3a1a4u 41

1~ fle 2k — 1
Zf,(Z):gf(Z)—%Zf(—ez) 9k2¥,/{7:1,...,n,
k=1 sinz?k

" BBIIUCJ/IUM Y 0benx ero yacrei MaKCHUMYM IIO0 BCEM 2 IPU YCJIOBUN |Z|

=R. Cre-
Ba nostyunm R max,—g |f'(2)|, a cupasa, B cuy HepaBencTBa TpeyroibHIKa
la + b < |a| + |b|, numeem
n 1 Zn: f(e2) Z
|50 o S0 1 < | w70+ a2
j2l=F | 2 2n e O | |2 = on 81112 O |

W3 nepBoro ToxkaecTBa 3aa4u 27 CIeLyeT, ITO

n

1 1 n
%Z 0, 2’
2

k=1 sin?
OTKY/la UMeeM

Rmase [£/(2)] < n max |£(2)].

p < 00 PacCMaTPUBAETCs AHAJOIMYHO, HO HAJI0 UCIOJIb30BATH
HepaBeHcTBO MunkoBckoro (3amaua 10)

Cayuait 1 <
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W cronib3yst IPUHIMII MAKCUMyMa, 151 aHAJATHIeCKUX (DYHKIMIA WA JIEMMY
JI’Anambepa, 1j1si MHOTOYJIEHOB, MOXKHO M3 3aJa49i 42 BBIBECTH HEPaBEHCTBO
C. H. Bepumrreitna B ciieayomeM BU/Ie:

"(2)| <2 :
max [f(2)] < 7 max [f(2)]

O6o61menne 9Toro HepaBeHCTBa MOXKHO HaiiT B [6]. Ipyrue o6obmenus: nme-
forces B (8.

43. BuiBeanTe u3 HEpPaBEHCTB 3a/a4n 42 aHAJOIMYHBbIE HEPABEHCTBA JIJIs
MIPOU3BOHBIX ITPOU3BOJIHLHOTO MOPSJIKA.

nn—1)...n—k+1
VKABAHUE. | f*)(2)|pr < (n-1) R’E )”f(Z)Hp,R-

44. Jlokaxkure, 4TO ecjau MHOrouwiIeH f(z) yIOBJIETBODSIET HEPABEHCTBY
|f(2)| <1 upu Beex |z| < 1, To ero crapruii koadbdurmenT mo Moy He 60JIb-
mre 1. Takoe ke HEPABEHCTBO CIPABEJINBO IIPU BBITOJHEHNN YCIOBUS

2

/ |f(e)| dx < 2m.

0

YKA3AHUE. Ilpumenute 3amaqay 43.
45. BeiBennre HepaBeHcTBa 33/a4n 42 n3 HepaBeHCTBA 1I. 6) 3a1aun 11.

YKABAHUE. Coyuait npousBosibHOTO R > 0 ciemyer u3 ciaydas R = 1
C IIOMOIIBIO 3aMeHBI IepeMeHHbIX w = z/R. B cayuae R = 1 3amena mepe-
MEHHBIX 2 = €'¥ IIepeBOJUT KOMILTEKCHBIH airebpamdeckuii MHOrowIeH fr,(2)
B TPUIOHOMETPUYECKUIT MHOrOUJIEH by () ¢ KOMILIEKCHBIMU Kodbduimenramu,
Takoit uTo t,(z) = fn(e*). Ipu srom t),(z) = f/(2)iz, oTkyna

152 = It @)llps [1Fa(2)llpa = [tn(@)]p-

ITIycTb

n

tn(x) = Z(ak cos kx + by sin kx).
k=0

TpuronomerpuwdecKuit MHOTOUIEH

tr = ay, sin kx — by, cos kx
)
k=0

HA3bIBAETCSI COLPSIXKEHHBIM K ty, ().
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46. Ilycrs pr(2) = > 1, cp?®, cp = ap —ibg, k=1, ..., n. Jokaxure, 910
JJIsl IefiCTBATEILHBIX U MHUMBIX YacTell cIpaBeInBhl PABCHCTBA,

Re ( Z ckeik‘T) = Z(ak cos kx + by sin kx),

k=0 k=0
n ) n
Im ( Z cke“’”’> = Z(ak sin kx — by, cos kx).
k=0 k=0

YKA3BAHUE. [Ipumenure dpopmyiy Myaspa — Ditsiepa.

Ob603HaYUM MHOT'OYJICH
n

E (kay, cos kx + kby, sin kx)
k=1
qepe3 n ok ty,.

47. IlposepbTe, 9TO

= —t,, U =t,, ), =) =nxt, t

. *
n n =-—-nx*xt,

(aty)" = atn,  ty(z+a) = (tn(r +a))"s  (fot92)" = fo + gp-

48. BreiBeaure u3 3agaun 41 jj1st JTI060r0 TPUTOHOMETPUIECKOTO MHOTOUJIE-
Ha TOPSIJIKA N TOXKIECTBa,

n
* 1 tn(ok + 517)
()la) = Gtnle) = g5 Y =g,
k=1 sin

2
(O + )

n

/ _ 1 % 1
tn(‘r) - _§tn($) + mn Z 5 O
k=1 sin o

PEMIEHUE. TlogcraBuM B TOXKIecTBO 3aia4u 41

USSR o (Gl NG )

.29 n

BMeCTO z 1ucio e, a Bmecro f(z) — cymmy t,(x) + it (x) cormacHo 3ana4e 46.
Torma BMecTo

2f'(2) =) ke,
k=1

corylacho 3ajaue 47, MoxkHO nojcTasuth (tF) — it! (). Tax xax f(e%2) mpu
z = €' corjacHo 3amade 47, paBHO

F(ETHRY =t (x4 0;) + it’ (z + 0y) = tn(z 4+ 01) + i(tn(z + 0))",



170 C. B. I'amkos

IIpupaBHUBaAd MHUMbBIE U ,ILGI‘/JICTBI/ITGHBHBIG qacCTH TOXKJeCTBa 3aJa41 4]., nMeeM

* 1 tn ek + 37
(t/)n(x) = 9 Z )

n

k=1 sin? 92k
1 o= (0, + 2)
k
k—1 sin >
49. Jlokaxkure HepaBeHcTBa Ceré
[t @) < nlitn @), @)lp < 2t (@)l

Onu ob6pamaTcst B paBeHCTBO TOJILKO IPU t, () = ay, cos nx + by, sin nx.

VYKABAHUE. Cuyu4aii p=oco. IIpuMensist Bropoe ToxK1ecTBO 3a1a4u 48 u mep-
BO€ PABEHCTBO 3aJ1a4uu 27, UMeeM

£, ()]l 1 «
it (z)] < %Ht @)+ =5, Z 20, = nllt, ()]

sin

Cayuait 1 < p < 00 paccMaTpUBAaeTCsl aHAJOIMYIHO, HO HAJO HCIOJIB30BATH
HepaBeHCTBO MHUHKOBCKOTO.
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VTeparnun KBaJpaTHBIX PaJINKaJIOB
YU KOCUHYCHI JIYT, COU3MEPUMBIX C OKPYZKHOCTBIO

H. H. Ocunos

D710l HEDOJIBINON 3aMETKOW MbI XOTUM OOPATUTH BHUMAHHUE YUTATEsIS HA
HEKOTOPBIE UHTEPECHBIE CBSI3U MEXKy aJredpoil, TPUTOHOMETpUE U Teopueit
qncesi. XOPOIO M3BECTHO, HATPUMED, U9TO KOPHU KYOUIECKOTO yPABHEHUST

2 +ar+b=0 (1)

C BeIleCTBEeHHBIMHU KO3 UIMEHTaMu @, b B TaK HA3BIBAEMOM HENPUEOIUMOM
CAYHaE MOTYT OBITH 3AIlUCAHBI B TPUTOHOMETPUIECKOM BHJE. IJTa CBA3DL AJl-
reOpbl ¢ TPUTOHOMETpHEH CTAaHOBUTCA DoJjiee TUIyOOKOM, ecyim KO3 PUITHEHTHI
ypasteHus (1) caurarh paruoHAJbHBIMU. 31€Ch MOXKHO HOJIYyYUTh IIPUMEDHI,
KOTJIa, KOPHU COBCEM MPOCTO BBIPAYKAIOTCS 9€pPe3 TPUTOHOMETPUIECKUE (DYHK-
[UU — OHU SIBJISIFOTCsI JIMHEHHBIMU KOMOMHAIUSMEI C PAIMOHAJIBHBIME KO3 dU-
[MEHTAMHU KOCHHYCOB JIyT, COU3MEPUMBIX C OKPYKHOCTBIO (T. €. JHces BHJA
cos (27k; /m) ¢ nensivu k; u ukcupoanmbiM Harypambasm m) Y. Boree Toro,
UHOT/Ia 9TU JINHEHHBIE KOMOUHAIINN KOCHHYCOB MOTYT UMETh BECbMa, CIIEINAIb-
HBII BUJ, — 3716Ch B UTPY BMEINBACTCS y2Ke Teopus unces. PacckazaTs 06 sToM
U SIBJISIETCST OCHOBHOM TIEJTBIO 3aMETKH.

I[TAPA U3BECTHBIX ITPUMEPOB

CHavajia HAIIOMHUM YHTATEIIO JBE XOPOIIO M3BECTHBIC (M, Ha MEPBbIil
B3IVIsijl, CTAH/IAPTHBIE) ajiredpanvecKue 3aa9u ¢ COBEPIIEHHO HEOKUIAHHBIMU
PEIIeHNsIMI U KPACUBBIMHU OTBETAMI.

IlepBoiit npuMep — 9T0 OjHa U3 3aa4, npemiarapmuxcs Ha V CopocoBCKoOiA
onummira e B 1998 romy.

I[TPUMEP 1. Tpebyercs pemuTh ypaBHEHUE \/2 +vV2—V24+z =12

Y Kak clefcrBie, BOSHUKAIOT H3SIMHbIE YHCIOBBIE TOXK/IECTBA TUIIA TOXKIECTB Pamamy/i-
»kaHa (cM., HanpuMep, [6]).

MaTemaTtuueckoe npoceetletne, cep. 3, Bbin. 18, 2014(172-179)



Hrepanmn kBaapaTHbIX paJguKagoB U KOCHHYCHI JIyT 173

YIAUBUTEIBHO, HO €JIMHCTBEHHBIM KOPHEM 9TOI0 UPPAIUOHAILHOIO ypaBHe-
HUsI OKA3bIBAETCsI IUCI0 & = 2 cos (27/9).

[Iporre Bcero 0GHAPYKUTH ITO MOKHO € MOMOIIBIO CIIEIUABHON mpu2oHo-
Mempuueckol] 3aMeHbl Hen3BecTHOr0. A umenHo, Tak Kak 0 < o < 2, MOXKHO
[OJIOKUTH

x = 2cos p, (2)

riae 0 < ¢ < m/2. Torga

\/2+x:2cos§,

2—\/2+$:2sin%:2cos27r4_(p,

\/2+\/2—\/2+:c:2cos2ﬂ8_<p,

" Hallle YpaBHEHUE IIPUMET BU/J]

2r —
8

Orcroia Jjierko Haxoaum ¢ = 27 /9. O

Tor ke TPIOK ¢ TPUTOHOMETPUIECKOIl 3aMEHOIl ITOMOTaeT U B CJIeIyIOIeM

COSs

= COoS .

IpuMepe.

[TPUMEP 2. Peub uuéT 0 pereHnu CUCTeMbl YPaBHEHU

.’L'2—y:2,
y2—2’:2,
22— =2

Kazasiocs 6b1, uT0 31mech HeobbraHOTO? OmHAKO, paccykjas CTaHIAPTHO
(T. e. UCKJIIOYAsT HEM3BECTHBIE), Mbl [IOJIyYUM YPABHEHHE BOCHMOI CTeleHH:

(22 =22 =22 =2 =u. (3)

CuoBa 6yjieM HCKaTh KOPHU 9TOrO ypaBHEeHUs, uMmeromue Buj (2), rje renepb
0 < ¢ < 7. Umeem

22 —2=2cos2p, (2?—2)?—2=2cos4p,
(% —2)% — 2)? —2 = 2 cos 8,

[IO9TOMY ypaBHEHHUE IIPUHUMAET BUJ COS 8¢ = COS ¢ WJIH, II0CJIe IIPe0OPa30BAHMUI,

.99 . Tp
SIDTSIDT—O.
Orcrona HaxXoIUIM
_ [ 2r 4n b 8r 2r 4n 6n
¢€®_{079’979’97777’7}'
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Taxum 06pa3oM, MbI HAIILIE BOCEMb PA3JIMIHBIX KOPHeil ypaBHeHus (3), a 3Ha-
YUT, 9TO U €CTh BCEe KOPHU 3TOr0 ypaBHeHUs. Teneph BCe peleHust UCXOTHOMN
CHCTEMbI MOXKHO IIP€JICTaBUTh B BHUJIE

(x,y,2) = (2cos p, 2cos2p,2cosdp), rue p € P. O

...KOTOPBIE XOTEJIOCb BBl OBOBIIINTbH

[Ipesxme gem mepeiiTu K 0OOOIIEHUSIM, ClIeIaeM HECKOJIBKO HaOIIOIeHUIA.

U36aBiienne oT paJuKaaoB B IpuMepe 1 TakKe IPUBOAUT K ypaBHEHUIO (3).
ﬂeByIO JaCTb 9TOI'O YpaBHEHUA MO2KHO Pa3JIOZKUTH Ha MHO2KUTEJIX U ITOJIYyIUTh
KBaJIpaTHOE YpaBHEHUE U IBa KyOUIECKUX ypPaBHEHUS:

a)xd —32x4+1=0, 6)z3+22—-22-1=0.

Kopuu kaxoro u3 ypastenuii a)—6) UMEIOT KPACUBYIO TPUIOHOMETPHYECKYTO
dbopmy (2), npudém, KaK MOXKHO IPOBEPUTh,

2 4w 8w

?, ?, ? JJ1d ypaBHEHU A a),
ve 2w 3w 4w 6

S5 57 o7 AWIAd yDaBHeHHs ).

Kcraru, no6parbes j10 91oit GopMbI B CIydae ypaBHEHUST a) MOXKHO HAIIPSMYIO —
B 7100 ipuMenuB gopmyay Kapdano. Ypasuenne 6) 6osee XUTpoe, 371€Ch HYKHDI
JIOTIOJIHUTEJIbHBIE TPIOKH.

IIpumep 1 MoKHO OBLIO OBI JATH B 60JI€€ SK30TUIECKOM BHUJE — KAK PABEHCTBO

2+ 2—\/2+\/2+\/2—\/2+...:2cos%r,

rje Habop 3HAKOB (+, —, +) IepuoanvecKu 1oBropsiercs. beckonewnvil 6.40-

HCEHHDBLT pa&u%aﬂ B JIEBOU YacTU cjaenyer InoHunMaThb KakK npet?e/b I1ocJjIe 10Ba-
2)

TEJILHOCTU KOHEUHBIX BJIO2KEHHBIX PaJaukaioB~. B mannoMm ciiydae 3TOT mpeest
OKa3bIBACTCsI PABHBIM OJ[HOMY U3 KOpDHeil ypaBHeHUs a). MOKHO yKa3aTh aHa-
JIOPHYHOE PABEHCTBO, B KOTOPOM y4YacCTBYeT OJMH M3 KODHeH ypaBHeHust 0),

HallpuMep

2 2\/2+\/2\/2\/ﬁ=2cos27”. (4)

2 Bompoc 0 CyIIecTBOBAHMM TIPEEIa B MOJOOHOIO poia KOHCTPYKIMHSX 3aCIy?KUBAET OT-
JIeJIbHOTO BHUMaHWs U pasbupaercs, Hanpumep, B 6pomrope [3]. Mbl He Gynem Ha 3TOM
OCTAHABJIMBATHCSI.
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Ectb s apyrue npumepbl moJo6HbIX paBeHCTB? YTO 38 TPUrOHOMETPUYECKHE
BBIPAsKEHUsT MOI'YT OKA3aThCsI B MPABON YACTH U MOYKHO JIM BBIABUTH KaKHe-HU-
OyIb 3aKOHOMEPHOCTH !

B 5T0ii ¢BsI3M BCIOMHUM OJTHO XPECTOMATHIHOE paBeHCTBO: ecu a > 0, To

\/ +1/a+ a+ 1+4a

31echk mpaBasi 9aCcTh €CTh KOPEHb KBaJIpATHOro ypapHeHus < — x — a = 0.
Ecnu a panmonaabHo, TO 9TOT KOPEHb MPU YKEJAHUHN TAKYKE MOXKHO 3alicaTh
B TPUTOHOMETPHUIECKOIH popme. DTo JienaeTcs Ha OCHOBE (DOPMYJIBI Il 3HAME-
Huda keadpamuumoti cymmor Iaycca

2

p—1
B o2rk? | . . 27k? )
g(p) = E (cos » + 4 sin o)

k=0

rjie p — HeuérHoe npocroe uuco (. [1, crp. 98]): g(p) = /pupup=1 (mod 4)
u g(p) =i/p upu p = —1 (mod 4)%). Tak, manpumep, npu a = 1 moTyIM

\/1+\/1+\/1+...:1+2cos%”,

OJIHAKO IIPU JIPYTUX @ TPUTOHOMETPHYECKOE BbIPaKeHHE CIIPaBa OyIeT JIOBOJIb-
HO T'DOMO3JIKUM M HE CMOXKET KOHKYPHUPOBATH C IIPOCTBIM AJIredpanvecKuM
BeipazkerneM (1 + /14 4a)/2.

B cay4ae xopHeit KyOndecKux ypaBHEHHUI Takoll ajbTepHATUBBI HET. Tak,
ecsin ypaBHeHue 0) pemars 110 (opmysie Kapjano, o B mpaBoii yactu paBeH-
cTBa (4) MOABUTCS MAJOCUMIIATHIHOE BBIPAYKEHIE THIA

2\3ﬁ cos (arccos (S\ﬁ/lél)) 1

3

¢ 0OpaTHBIMU TPUTOHOMETPUYECKUMU (DY HKITHSIMHU.

HOBBIE ITIPUMEPHI

BosbMém 1ie10e qmciio ¢ > 2 m paccMOTPUM OECKOHEYHDBIN BJIOYKEHHBIH
paauKa:

R(a,e1,ez,e3) =, |a+er,|a+e a—i—eg\/a+el\/a+eg,/a+eg,/...

3) Ha camom merte ata dopmysta cripaBeInBa, JIJ1s JIIOOOI0 HEYETHOTO HATY PAJTBHOIO YHCJIA, P,
HO OCHOBHAsI TPYJIHOCTDb B JIOKA3ATEIbCTBE COJAEPXKUTCS UMEHHO B CJIydYae MPOCTOTO P.
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C TIOBTOPSIIOMUMCsT HaOOpoM (€1, €2, €3) 3HaKOB ¢; € {4, —}. Byznem canrars, aro
sroT HAbOp orndeH or (+, +, +) u (—, —, —). Yucno R(a, e1, ez, e3) siBisiercs
¢/IMHCTBEHHBIM KODHEM yDaBHEHHUSI

x—\/a+e1\/a+62\/a+ega:.

O‘{eBI/I,ZLHO, 9TOT KOPp€Hb HaXOIUTCs Cpedn KOpHefI YpaBHEHUA

(z* —a)® — a)® — (a +e3x) = 0.
O6osznaunMm t = egx. Umeem
(22— ) — ) = (a+1) = (I — t — @) (1)
rae duckpumunanm muorodtena F(t) € Z[t] pasen
D(F) = (16a® — 4a + 7)*(4a — 7).
Yucno D(F) Gymer TOYHBIM KBaJIPATOM [IPH 4 = dy,, TJIE
an=n>—n+2, nez.
st @ = ay, muOrOwWIeH F'(t) nOmycKaeT pasiiozKeHne
F(t) = fult)gn(t),
rje Kybudueckne MHOTOUWIEHb! fr,(x) U g, (x) umeror BuI
fn(t) —t3+nt2 (n® —2n 4+ 3)t —n3 +2n% - 3n + 1,
gn(?)
(t) =

—(n—=1t* = (n*+2)t+n> —n?+2n— 1.

[MockonbKy gp(t) = f1—n(t), MOXKHO paccMaTpPUBATBL TOJBKO CEMEiCTBO MHOIO-
wieHoB fp,(t). Takum o6paszom,

R(ap, e1, €2, e3) = est™,
rje t* — kopeHb 60 fi,(t), mbo fi_,(t). Bosee Touno, npu n > 1 Habop uuncesn
R(an,—,—,+), —R(an,— +,—), —R(an,+,—,—)
sBJIsieTCst HabopoM Kopueit f, (1), a nabop uncesn
—R(an, +,+,—), Rlan,+,— +), Rlan,—, +,+)

ectb HAOOD KOpHEHT f1_p(1).
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TEOPEMA 1. IIpu mobom n € Z mmozounen fn(t) nenpusodum nad Q.

JIOKABATEJBCTBO. /locTaToOYHO MOKA3aTh, 9YTO ypPaBHEHUE
Bt —(n?—2n+3)t—n>+2n* -3n+1=0
HEPA3PEINMO B IeJIbIX dnciax t, n. [lockosbky crapimas oHOPOHAS YACTh
340t —n’t —nd = (t —n)(t +n)?
pasjiaraercst Ha MHOXKHUTEJIN, MOYKHO ObLIO Obl IpuMeHuTh Mmemod Pynze [5]. Ho

BJIECh EITIE TIPOITIE: JIETKO BUJETD, YTO JIeBasi YacTh YpaBHEHMs Bcerja Heaérna. [

nmeem

D(fn) = (4n* — 61 +9)%,

nosromy epynna laaya Kybudeckoro MuHorodnena fp(t) ecro As [4, crp. 227],
a 3HauuT, sBJsiercs abeaesoti. Ilo meopeme Kponexepa — Bebepa (cM., Hanpu-
mep, [2, crp. 357|) kopuu muOro4IeHa fn(t) MOIyT ObITH BBIPAYKEHBI Yepes3
KOCHHYCBI JIyT, COU3MEPUMBIX ¢ OKPY?KHOCTHbI0. Ho mpm Kakux ycjoBusix 3Tn
BBIPasKeHUsI MOXKHO yKa3aTh ssBHO? Huzke MbI PEIbIBUM HEKOTOPYIO CEPHIO
SHAYEHWIA 7, /11T KOTOPBIX 3TO BO3MOKHO.

Huist mpocroro uncaa p=1 (mod 3) paccmorpum kybuyeckyro cymmy Laycca

p—1
2mek3
G(p,e) = kZ_O cos %

CrpaseymBa CJIeIyomast
TEOPEMA 2. ITycmv n = +1 (mod 3). IIpednoaostcum, wmo wucao
pn=4n2 —6n+9
aeazemces npocmoim. Tozda ece kopru fn(t) cymo wucaa

:l:G(pn, 6%) —-n
3 )

ede £, — KyOudeckulh HEGLIMEM NO MOJYAIO Dp -

J=0,1,2,

JIOKABATEJILCTBO. Bocnosbayemcest cieyonmmM yrepxKaeaueM (cM. |1,
crp. 164]): ecim myist mpocroro p = 1 (mod 3) umeeT MeCTO HpeICTABIICHAE

4p = A® +27B?, (5)

e A=1 (mod 3), o uncia G(p, &) (=0, 1, 2), e € — Kybudeckuit HeBbIUET
1[I0 MOJLYJIIO P, SIBJISIFOTCSL KOPHSIMU Y PABHEHHUSI

x5 — 3pz — Ap = 0.
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[.IIycrb n=1 (mod 3). B arom ciy4ae mist p = p,, umeem npecrasienue (5)
upu A=4n —3, B=1. Ocrajocb 3aMeTUTb, 4TO IPU L=3t+N BEPHO TOXKIECTBO
23— 3px — Ap=27f,(t).

II. IIycrs n = —1 (mod 3). B arom ciryvae jjist p = p,, COPaBEIJIUBO MIPE/I-
crassenne (5) mpu A = —4n + 3, B = 1. Teneps upu = —3t — n BepHO TOXK-
nectBo o3 — 3pxr — Ap = —27fn(1). O

TEOPEMA 3. B ycaosuax npedvdywieti meopemvs MOHCHO 83AMb €y = 2.

JIOKABATEJILCTBO. Ilpumenum cieyrommuii dpakr (cm. [1, crp. 148]): uunc-
JI0 2 SIBJISAETCS] KyOMYECKMM BBIYETOM TI0 MOJLYJIIO P TOTJIa U TOJBKO TOT/IA, KOTJIa
CIIPABE/IJIUBO TIPEJICTABICHIE

p=C?+27D* (6)
Kpowme Toro, ussecrno, uro B npezacrasienun (5) qucia |A| n |B| oupenesnensr
onHosHauHo. st p = p,, uncio |A| = |4n — 3| HeuérHO, IO9TOMY IIpeICTABIIE-
are (6) HEBO3MOKHO. O

[IpomemonCcTpUpPYeM IPUMEDPHI PABEHCTB, KOTOPBIE MOXKHO MOJYIUTD C IIO-
MOIIBIO JIOKA3aHHBIX TEOPEM JIJisl 3HaUeHuit n = —4 u n = 5:

\22—i— 22—\/22+\/22+\/ V22 + ...

c,ou;
o
]
)]
o
Nl ]
| >

w

78
5 1 ork®
\224- 22—\/22—\/22+ 22—...—§+§gocos e

..11 HOBBIE 3AJAYN

BO—HepBbIX, B YCJIOBUAX T€OPEMbI 2 XOTeJIOCh 6bI yCTaHOBUTDH, KAKOMY NMEH-
HO GECKOHEUYHOMY BJIOYKEHHOMY pajukaiy R(an, €1, €2, €3) COOTBETCTBYeT KaxK-
Iblit KopeHb fr, (t). Tlo-BugumoMy, 9TO CIIOKHBIN BOLPOC, CBSI3AHHBIN ¢ npobae-
motli Kymmepa (cm. [1, crp. 164]).

Bo-BTopnix, 66110 ObI UHTEPECHO HAMTU €Ié KaKue-HUOYIb CepUU 3Hade-
HUI 7, J1J1sI KOTOPBIX KOPHU [, () IOIyCcKaioT siBHBIE BHIPAYKEHUsT Y€Pe3 KOCHHY-
col. BeposiTHO, Ipu IOMCKe TaKUX CEPUN HYXKHO YUIUTBHIBATH PA3JIOKEHUE JIHC-
kpumuHaaTa D( fy,) Ha mpocTble COMHOKHUTEH (MBI PACCMOTPEJIH CIIydail, KOr/aa
JIMCKPUMUHAHT €CTh KBaJIPAT [POCTOIO YUCJIA). 3J€Ch MOTYT OBbITh II0JIE3HbI
KOMITbIOTEpHBIE 9KcnepuMenThl. Hanpuwmep, cienyroree pasenctso (n = 631),
HaiiIeHHOE € IOMOIIBIO KOMIIbIOTEPa, MOKHO IOIBITATHCA MPABUIHLHO CHOPMY-
JITPOBATh U 3aTeM ODODIINTE:
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397532 + 1\ | 397532 — \/397532 — \/397532 + \/397532 — V397532 — ... =

= 190 + 610 cos T — 488 cos 37”

Baech muckpuvuHanT paser (7 -613)2,

Bo-TpeThux, MOKHO CTABUTH I10JI0OHBIE 3a/a4K JJIsl JIPYIUX <IEPHOJIYe-
CKUX» GECKOHEYHBIX BJIOXKEHHBIX PaJIMKAJIOB.

HekoTopble 1paB1onogo6Hble TUIIOTE3bl U MHTEPECHBIE IPUMEPBI 110 TeMe
CTATbU 3aMHTEPECOBAHHBIN IUTATEb MOKET HAWTH IO CCBIIKE | 7).

CINCOK JIMTEPATYPHI

[1] Adepasnd K., Poysen M. Kiaccuueckoe BBeJIeHHE B COBPEMEHHYIO TEOPHUIO THCEL.
M.: Mup, 1987.

[2] Bopesuw 3. H., Ilagapesu U. P. Teopus uncesn. M.: Hayka, 1985.

[3] Basusoe B. B. Urepanuu pagukasnos. M.: IIkoua um. A. H. Kosvoroposa, «Camo-
obpazosanues, 2000.

[4] JIene C. Anrebpa. M.: Mup, 1968.

[5] Ocunos H. H. DnemeHTapHas Bepcusi MeTona PyHre nisi KyOGudyeckux ypasHe-
Huit // Maremarnka B mkose. 2012. Ne1. C. 64-69.

[6] ITpacosos B. B. Toxmectsa Pamanypkana // Maremarndeckoe IpOCBEIEHHE.
Cep. 3. Bem. 9. M.: MITHMO, 2005. C. 104-107.

[7] http://dxdy.ru/topic78185.html.

H. H. Ocunos, Cubupckuii dbeepanbhbiii yausepcurer (Kpachosipek)
nnosipov@rambler.ru



180

BI/IﬂprﬂHbIe HIapbl BbIYUCJIAIOT 7T

I A.Tanbmnepun

Iloncuér umcna coymapenuit B mpocTo#l JTUHAMHYECKOU CHCTEME
C IByMsl OMJIbSIDAHBIMY IIAPAMU TIO3BOJISET BBIYUCIUTD IUCJIO 7 C JIEO-
6oit 3asannoit Tounocthio. Onucanne 370 M300PETEHHON aBTOPOM
CHCTEMbI IIPUBOJUJIOCH B €ro 3aMeTke «Duibsapinas IuHaMudeckasi
cucreMa Jyuist ncaa m» [3]. B Hacrosimeil craThbe IPUBOIUTCS JOKa-
3aTeJIbCTBO 9TOIO YTBEPXKIEeHUsI U 00CYKIaeTCsd «TOHKasi CTPYKTypa»
qucia .

§ 1. BBEJEHUE

B camom mauase 3amedarensroit kuuru B. 1. ApHosbia o auddepenrm-
AJIbHBIX YPaBHEHUsIX 2| MOXKHO HANTH CJIe/IyIollee BHICKA3bIBAHUE: «YHCe 00HO
ssedenue Pa306020 NPOCMPAHCINGE NOZCOAAEM, PEWUML MPYOHYI0 3adavy» D).
Hamee ykazammas 3a1a4da (GOpMyTUPYETCsS W pelraeTcs. Pe3yabrar JaHHoi
CTaTbU IIOAKPEILJIAET BbICKa3bIBaHUE ApHO.Hb,Ha O IIOJIEBHOCTHU Cba3OBOFO Ipo-
CTPAHCTBA HA TpUMeEpe eIME OHON 3aJadu — 3a/1a9l BLIYUCTICHUsT 9UCIa T
¢ 71000 TOYHOCTBIO.

CyImecTByeT MHOTO CIIOCODOB BBIMUCIEHUSI T C XOPOIIIEit TOTHOCTHIO; HEKOTO-
pble M3 HUX M3BECTHBI C AHTUYHBIX BPEMEH, JAPYTHe MPUIyMAHbI OTHOCUTEIHLHO
HeJ1aBHO. STI/I METOAbI UCHOJIB3YIOT Pa3JIMIHbIC, IO/ 9aC JOBOJIbHO 3JIETAHTHDIC
uzen [8]: zeomempuueckue (BIUCHIBAHUE M ONMCHIBAHUE MPABUJIBHBIX MHOIO-
YIrOoJIbHUKOB BOKPYT' OKPY2KHOCTHU ﬂaéT, B 9aCTHOCTHU, U3BECTHbIE B aHTUYIHOCTH
3HAYCHUS 37 u 3ﬁ JUISL T0); MEoPemuKo-4ucaogvie (Teopusi HEIPEPBIBHBIX
npobeit TT03BOJIET HANTH OOBIKHOBEHHYIO NPOOH 3 MIPOCTENTITYIO AIITPOKCH-
MAITMIO YUCJIa T ¢ TOYHOCTBIO JI0 OJIHON MUJUIMOHHOI ); anasumuueckue (c uc-
IIOJIB30BaHUEM PAJ0B, UHTErpaJjioB U 6eCKOHe‘—IHbIX HpOI/ISBe,ZLeHI/II';I); 1 MHOTI'ue
JIpyTre, TpebyIolne NCIOIb30BAHI COBPEMEHHBIX 9JIEKTPOHHBIX YCTPOUCTB —
MOIIHBIX KAJbKYJIATOPOB UJIH KOMIIBIOTEPOB.

Nmeercst Tak:ke JTIOOOMBITHBIN IKCNEPUMEHMAADGHBLT METOJT JIJIsT HAXOK-
JIEHUs 7, OTKPBITHIH (hpaniy3ckuM MaremarukoM 2Kopxkem-Jlyn Jlekiepkom

1) PasoBoe IPOCTPAHCTBO MOHNMAETCH OGOBIIEHHO, KAK MPOCTPAHCTBO COCTOSHMN CHCTEMBL.
B 970it cTaThe MBI TIOJIB3YEMCS MIOHATUEM KOHGULYDAUUOHHO020 TIPOCTPAHCTBA, COCTOSIIETO
U3 TOJIOXKEHUI TOYEK, HO HE BKJIFOYAOIIEr0 UX CKOPOCTEIA.

MaTemaTtuueckoe npoceetletne, cep. 3, Bbin. 18, 2014(180-204)
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ne Biodbdonom (1707-1788) B crarse «Memyap 06 urpe franc-carreau»?) [9],
onybsmmkoBanHO B 1777 ro,uy?’). Brodbdon paccmarpuBast ciaygaiinbie 6poca-
HUsl UIJIbL JMHBL L = D /2 Ha pemérKy napasuiejbHbIX JUHUN ¢ marom D.
Wrny 6pocaior N pa3 m HOACYUTBIBAIOT UUCJIO IiepecedeHuit R ¢ jguHAAMUI
pemérku (3aMeTuM, UTo, MOCKOJIbKY HIJIa KOPOYe, YeM PACCTOSTHUE MEKLy
JIBYMsI TIOCJIEIOBATEILHBIME JIMTHUSMU, OHA KAXK I pa3 JIM0O IepeceKaeT POBHO
OJIHY JIMHUIO, JINOO He mepecekaeT Hu ojHoil ). JacTora mosiBieHnst nepecevaeHnit
¢ mHusiMu paBHa R/N; ¢ Ipyroit CTOPOHBI, MOYKHO 110Ka3aTh, YTO BEPOSITHOCTD
TOrO, YTO WIJIA [IEPECceKaeT HEKOTOPYIO JIMHUIO PEIETKU, paBHa 1 /7 (1y1st uriibt
POU3BOJIbHOI JymHbl L BepositaocTh pasHa 2L/(mD)). CpaBHuBast dacrory
1 BEPOSITHOCTD IT€PEeCeYEHUil, Mbl 3aKJII0YaeM, 9TO T IPUOJIU3UTEILHO PABHSI-
ercst N/ R — OTHOIIEHUIO YHCJIA MOIBITOK K YHCIY 3a]UKCHPOBAHHBIX HIEpece-
YeHUil ¢ TMHUSAME IJIOCKOCTH. Pasymeercst, yBeJmdeHne TOTHOCTH JOCTUIAeTCsI
3a CUBT yBEJIMYEHHs YHCIIA TOMBITOK Y.

YuraTesb MOXKET MOIKCIIEPUMEHTHPOBATh ¢ «urioit bioddonay n HaiiTh
xopotiee pubimKenue Jijis m Ha uHTepHer-caiite [13|. On Bckope ybeaurcs,
9T0 TpedyeTcs MOCTATOIHO MHOIO Opocanwii, ITOOBI MOJIyYIUTh OOjiee-MeHee
XOPOLIYIO OLIEHKY MJIS 775 K TOMY K€ HEeOOXOIMMO 0DeCHEeUnTh YCIOBHS, IIPH KO-
TOPBIX OPOCAHMUSI SIBJISTIOTCST pasHosepoamuumu. Hemocrarok metoma brodhdona
CBSI3aH C €ro BEPOITHOCTHOM MPUPOIOIl U HEBO3ZMOXKHOCTBIO I'apaHTHPOBATE 110~
JIydeHue KaKOﬁ—J'IH6O 3a,Z[aHHOI'71 TOYHOCTU B BBIYUCJIEHUAX 7T C UCIIOJIb30BaHUEM
9TOr0 METOoJIA.

B sr0it ctarbe MBI IpeICTABUM a0COJIOTHO HOBYIO MJICI0 BBIMHMCJIEHUST UUC-
Jla 7T, KOTOPYIO MOXKHO Ha3BaTb Ouavapdnol. Kak m meron Bioddomna, mam
METOJI SIBJISIETCS IKCIEPUMEHTAJBHBIM U COBEPIIEHHO HEe TPEOYET MCIOJIb30-
BaHUsT KaKUX-JIMOO COBPEMEHHBIX ycTpoiicTB. OmHAKO, B OTJIMYME OT METOJa
Bioddona, 3ToT METO IOJTHOCTLIO demepMurucmudeckuti: eJUHCTBEHHOE, ITO
HY?KHO CJEJIaTh — 3TO «3aIlYCTUTh» JTUHAMUIECKYIO CHUCTEMY, COCTOSIILYIO BCE-
ro u3 JBYX OWIbSPIHBIX IMAPOB M abCOJIOTHO YNPYToOil mperpajbl (CTEHKH),
[IOJICIUTATE 00Iee Uncio coyaapenuit I B Takoit cucreme n 3aTeM BBITACATD
9TO 9HCI0 Ha (BO3MOXKHO, JocTaTovdHo jyimHHOM!) Jsincre Gymaru. IpeBrue
FPEKH TaK UMEHHO U IMOCTYIIUIN Obl; B HAIM »K€ KOMIIbIOTEPHBIN BEK IPOIEIYPY
[OCYETa IUC/Ia YIAPOB B ONMMCAHHON JMHAMUYECKON CHCTEMe €CTECTBEHHO JI0-
BEPUTH KOMITBIOTEPY — U Ha 3TOM IIYTHU JIayKe CO31aTh HAIJISIIHBIA MYIbTMUIbM.
(Cm. Bebeaiir [14] nox nassanuem «Billiard balls count 7».)

2 Georges-Louis Leclerc, Comte de Buffon, Le Mémoire sur le jeu de Franc-Carreau.

3 Ilo JpPYTUM JAaHHBIM, CTaThs OIyOauKoBaHa B 1733 romy.

4) D j1eMeHTAPHOE TOKA3ATEILCTBO STOIO YTBEPKICHNHA, 6€3 BBIMUC/ICHHIT, NMCCTCS B KHITE
B. 1. Aprosnbaa [1]. Ero ugero on nozanmcrsosas u3 kauru 51. W. Ilepeasmana [5].
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DTO BBIIMCAHHOE HA JIUCTE IIEJIOe YUCJI0 OyIeT PABHO
314159265358979323846264338327950288419716939937510 . . .

OHo Bceria HAUMHAETCSI C TUMPBI 3 U COMEPKUT mepBble N JIeCITUIHBIX U
qncia ™ = 3,14159265 . .., KoTopble TPeOyeTCsS y3HATD.

C apyroii CTOpOHBI, HAII METOJ YUCTO TEOPETUIECKUil U, 10 BCEHl Bepo-
SATHOCTH, HAKOTJIa He OYJeT MCI0Jb30BaThCA KaK MPAKTHYECKUil cr1ocod st
HAXOXKJIEHWsT armpokcuMaruii auciaa w. OJIHAKO OH SIBJISIETCS] IIPOCTERIITNM
Cpe/ii BCeX U3BECTHBIX METOJIOB (HauuHas ¢ jipeBHuX rpekos!). Bosee Toro, sror
MEeTOJI JAaT BO3MOXKHOCTDH BBIYHC/IMTH T C JIFOOOM TOYHOCTBIO, T. €. MO3BOJISET
HANTH KaxK1y1o OTaeabiyio mudpy”) uncia .

YT0o0bI 1OIyIUTh TOYHOCTH B N JIECATUIHBIX 3HAKOB, HEOOXOJUMO JIUIIIb
B3STD IMAPHI C COOTBETCTBYIONIMME MACCAME; OMHOWEHUE MACC JOANCHO ObIMD
evi6paro® wkax N-a cmenens wucaa 100.

§ 2. [TPOLIEZIYPA

Paccmorpum JiBa mapa Kak MarepuajibHble Touku ¢ maccamu m u M. (Ta-
KUM 00pa30M, Pa3MepPhI IAPOB U UX «OKPYIVIOCTb» BO BHUMAaHUE BOOOIIE He IIPU-
HUMAaIOTCdAd; Ha3BaHUE <«IIapbI» MbI UCIIOJIB3YEeM JIJigd HATJISAIHOCTH I/IB.HO)KGHI/IH.)
[Tapsr Oy 1y T IEpEMEIATHCS BJIOJIb IOJIOKUTETBHOM L-TI0JIYOCH U CTAJIKUABATHCS
OPYT ¢ JIpyroM mpu KaxKo#t Bcrpede. Kpome Toro, menbinuii map m Oyaer
OTPaXKaThCs OT BEPTUKAJBHON CTEHKH, PACIIOIOXKEHHOH B Touke = = (.

Kaxkmoe cTrosikHOBeHME B 3TOi cucTeMe, KaK MEXKIy IapaMu, TaK U Iapa m
CO CTEHKOM, CAUTACTC a6COAOMHO YNpYyum. ITO O3HATAET, 9TO CTOJKHOBEHHUE
MEXK/Iy IapaMu YJIOBJIETBOPSET JIBYM 3aKOHAM MEXAaHUKU: 3aKOHY COXPAHEHUS
UMNYADCA W 3aKOHY COXPAHEHUS Kunemuyeckol snepeuu. Kpome Toro, mpu
OTPAXKEHUM MAJIOTO Iapa OT CTEHKH ero BEKTODP CKOPOCTH MEHSIETCS Ha IPO-
TUBOIIOJIOXKHBIN. JIpyruMu cjioBaMu, CTEHKY MOXKHO IIPEJICTABJIATH cebe Kak
HEITOABUYKHBIA OMJIbSIPAHBIN IIap OECKOHEYHON MACCHI.

Bynem ciieroBarh onmncannoit Huxke IMPOLIEIYPE.

1. Ilycts N — cburcupoBamHOe HATypaabHOE YUC/I0. BO3bMEM 1Ba OMIBLSIPI-
HBIX mapa ¢ oTHomenwnem mMacc M/m = 1007,

%) OTMerHM cpasy, 9TO BLIMAC/IEHNE T C 33JaHHON TOTHOCTBIO — 9TO HE COBCEM TO 7KE CAMOE,
9TO HAXOXKJEHWE KarxKI0# oThenbHOU mudpsl m. B maparpadax 2-8 MbI 10Ka3bIBAE€M, UTO
IIapbl «BBIYUCJIAIOT» T C JII00O 3aJaHHOI TOYHOCTHIO, a B OCcTaBIInxcs naparpadax 9-11 or-
IeTBHO 00CYKaeM WHTPUTYIONMINN BOIIPOC O «MOHKOT CMPYyKmMype» TUCIa T — O BEIYUCTICHUN
6cex €20 Yu@dp B JECATUIHON 3AIIUCH.

% Kax BCKOpE CTaHeT sicHO umraresio, unciao 100 = 10? Gepércs IUIIL MOTOMY, UTO MEI
HaXOIUM decamuwhoe TIpejacraBienue m. s npejcraBieHus m B CUCTEME CUUCJIEHUs C OC-
HOBaHUeM b HeOOXOIUMO 1OJI0KUTE M /m = b2,
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Puc. 1. Boubroit map M aBu»keTcs
B CTOPOHY MAJIOT'O HIapa m

2. IlomecTuM MeHBIIWI IIAp M MEXK/y CTEHKOM, PaCIO/IOKEHHON B HadaJe
KoOpAuHAT, U 66 bIIUM TIapom M.

3. Tonkuém”) GONBIIOH AP ¢ IPOM3BOILHOI CKOPOCTHIO O HAIIPABJICHHIO
K Majiomy (cM. puc. 1).

4. CocunraeM IMOJIHOE YUCJIO YIaPOB B CUCTEME: UUCJIO CTOJIKHOBEHUN MEXKITY
mapaMu IJII0C 9UCJI0 OTPAXKEHUN MAJIOTO IIapa OT CTEHKH.

5. Bammmem uucyo I yaapos, HalijienHoe B yHKTE 4, Ha JUcTe OyMAaru.

(3amernM, 9TO HAM HEM3BECTHO AIIPHOPHU, OYJET JIN YUCJIO YAAPOB KOHETHBIM
njin GECKOHEUHBIM; MbI JIOKA’KEM, YTO OHO BCErJla KOHEUYHO. )

§ 3. ICCJIEJOBAHUE YACTHOTO CJIYYASI

s paznuynbix 3nadenuit N IpeecTBYIONas Iporeaypa J1aéT pa3ind-
Hble 3HaUYeHUs duciaa 11 (HeKoTopble U3 KOTOPBIX MOIIM Obl OKa3aThCsi Gec-
koreuHbiME). Takum obpaszom, II = II(NV) sBaserca dynkimeil mokazaresst
crerenn N uncia 1007,

Paccvorpum nipocreiimuit ciryaait N = (), KOTOPBIE COOTBETCTBYET PaBeH-
c¢TBy Macc: m = M. 3aKOHBI COXpAHEHUsI IPUBOJST K CJIEIYIOIIEMY TIOBEJICHUIO
CUCTEMBI: €CJIN OJINH U3 TIapOB MOKOUTCS, a APYTOil CTATKHUBACTCS C HUM, TO
[I0CJIe CTOJIKHOBEHUsI HETOJBUXKHBII IMap HAYMHAET JBUIATHCH B TOYHOCTH
¢ TOM K€ CKOPOCTBIO W B TOM K€ HAIPABJICHUH, KAK JIBUTAJICA O CTOJKHO-
BEHUSI BTOPOH IIIap, TOIJia KaK BTOPOIl AP OCTAHABJIUBAETCH. DTO BBITVISLIAT
TaK, OyJATO ABUKYIIHUIACS IIap MPOXOJIUT CKBO3b HEIOJBIKHBIH 663 N3MeHEHNsT
CKOPOCTH I KAKOro JInG0 BIIMsIHIS Ha HENOIBUZKHBINA map®).

") Besmunna CKOPOCTH H€ BaKHA: €CJIN MIPABUJIBHO U3MEHUTH MacimTad BpeMeHH, TO OBICTPO
JBIKYIIUICA OOJIBIION IIap CTAHET JIBUIAThCS MeIJIEHHO B HOBOM MacmiTabe. V3menenue
MacmTaba BpeMEeH! MEHSIET SHEPTUIO BCEl CUCTEMBI, YTO SKBUBAJEHTHO N3MEHEHHIO MacIITaba
sueprun. Kak Mbl yBUIUM IO37HEE, U3MEHEHHE MACIITA0a BPEMEHU COXPAHSAET Hapasliesib-
HOCTBH Pa3BEPTKU KOHMUIYDPAIMOHHON TpaeKTopuu ¢ 0cbio Oy B KOH(MUIYPAIMOHHOM IIPO-
CTPAHCTBE U IIOATOMY HE MEHSET YUC/Ia IIePeceIeHril Pa3BEPHYTON TPACKTOPHUHU C I'DAHUIIEH
Pa3BEPTKH KOHMUTYPAITMOHHOTO ITPOCTPAHCTBA.

8 Ha camom eje, TO »Ke caMoe HaOJIIoIaeTcCsi, Korjma 00a OJMHAKOBBIX IIapa JIBUXKYT-
Cs: TIOCJIe CTOJIKHOBEHUSI OHU IIPOCTO OOMEHHUBAIOTCS CKOPOCTSIMU; MJIM, YTO SKBUBAJIEHTHO,
IPOHUKAIOT JPYT CKBO3b ApyTa 6€3 KAKOro-Jnb0 B3aUMHOI'O BIUSTHUSI. DTO PACCyKIEHUE 03~
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3aTeM ABUKYIIANCS Iap yaapsieTcss O CTEHKY U oTpazkaeTcs or neé. Cko-
POCTB IIIapa MEHSIETCsT Ha TPOTUBOIOJIOXKHYIO, ITOC/IE Iero OH MPOXOIUT Uepes
«TIPO3PAYHBINY HEMOIBUKHBIN Map U yIeTaeT Ha OECKOHETHOCTD.

Mpbr BujuM, 9TO 06Ilee YHUCJIO COyJAapeHuil B Hameil cucreme ¢ m = M
paBHO 3: 1Ba CTOJIKHOBEHHUs n ofHo orpazkenune. Crienosarensno, 11 =I1(0) = 3.

SamerumM, 9to 1udpa 3 — 310 nepBast udpa ducia 7. Jlajree Mbl yoemmcst,
qro qucso coyaapenuit 11 pasno 31 (uepsble sBa 3Haka 7) u 314 (Tpu 3HA-
ka ) mis caydaes M = 100m u M = 100?m coorserctsento, T.e. I1(1) = 31
u I1(2) = 314. Hy a ecrm M = 100°m, To KoMIbIOTEp HaledaTaeT acTpPOHO-
muaeckoe qucso 11(50), mepsbie 50 1udp KOTOPOro BhIMUCAHBI B Teopeme 1
1 COBHAIAOT ¢ mepBbiMu 50 mudpamu ducia .

§4. OCHOBHOU PE3VJIBTAT

TEOPEMA 1. Koauuecmeo coydapenud II=TI(N) 6 dunamuyeckot cucmeme,
onucannot 6 IIpouedype, ecezda koneuno u svipasicaemcs wucaom ¢ N+1 sna-
kamu II(N) = 314159265358979323846264338327950288419716939937510 ... . ,
2de nepevie N uyugpp, udyuyue nocae yudpo 3, cognadarom ¢ nepsvimu N decs-
MUNHBMU 3HAKAMU YUCAG T.

OcraToK cTaThby MOCBSIIIEH JOKA3aTEIbCTBY ITOIO YTBEPIKICHUS.

§5. KOHOUTI'YPALIMOHHOE IMTPOCTPAHCTBO CHUCTEMBI.
[TOBEJIEHUE KOH®UI'YPALIMOHHON TOYKU

[Tyctp B HavYagbHBINH MOMeHT BpeMenu ¢ = 0 mapsl m u M pPacrioIozKeHbl
B TOYKAX T( U Yo HA TOPU30HTAJILHOI npsiMoii £. B xoze nepemeniennst mapos
UX KOODAMHATHI & U Y MEHSIIOTCS BO BpeMeHHu ¢, Tak 4ro = x(t) u y = y(t),
t >0 (cm. puc. 2).

[} . ¢

0 z = a(t) v = (D)

Puc. 2. KoopruHaTh! 1mapos

BOJISIET MCHOBEHHO PENIUTDb CJIELYIONLYIO JOCTATOUHO CIOXKHYIO (Ha IEepBbIii B3IVIsA) 3a/1a4dy:
7N OIWHAKOBBIX IIAPOB JIBUKYTCS HA HEKOTOPOM PACCTOSIHUM JPYT OT JpyTa ¢ OJUHAKOBBIMUI
CKOPOCTAIMH B/0JIb TOPU30HTAJJIBLHOHN IIPSMOIl CjIeBa HAIIpaBoO, & M APYTUX TaKUX »Ke IIapoB
JIBUKYTCS AHAJOMMYHBIM O0Pa30M € OJMHAKOBBIMU CKOPOCTAME (BO3MOXKHO, OTIMIHBIMU
OT CKOPOCTEIl «JIEBBIX» 7 IIAPOB) BIOJb TOM K€ NPSIMOI CIpaBa HAJIEBO; BOIIPOC: CKOALKO
cmoaknosenul npoudotidém 6 amoti cucmeme? Iloce Bcero cka3zaHHOTO OTBET OYEBUJIEH:
ob11iee 4KCI0 YAAPOB B CUCTEMeE OYIET mn, MOCKOJIbKY MOYKHO CUUTATH, YTO KarKJbIi IIap
13 MEePBOil I'PYIIILI IPOHUKAET OECIPEIATCTBEHHO CKBO3b KaXKJIbII I1ap BTOPOI I'PYIHIILL.
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B wacraocrn, x(0) = 29 u y(0) = yo. 3ameTn™, YTO B KayKIbIii MOMEHT
BPEMEHH ¢ MAJIBbIi IIap PACIIOJIOKEH MEXKJy CTEHKOH u GoJibimm mapom M.
CremoBaTebHO,

0< a(t) <ylt) Vt=0.

B MomenT oTpazkenus: MaJIOro Iapa 1m OT CTEHKH STOT IIap BCETJa PACIIOJIOXKEH
B Hadaje KoopjuHar: x(t) = 0.

Paccmorpum ynopsiodennyio napy (x(t), y(t)) nosumwmit mapos. Eé MoxHO
IIPeJICTABIIATE cebe KaK TOUKY Ha xy-itockoctd R?. Takas TouKa HA3BIBAETCS
Kondu2ypayuonnot moukot, a 0 MHOXKECTBE BCEX KOH(MUTYPAIMOHHBIX TOIEK
FOBOPSIT KaK 0 kongueypavuonmom npocmparcmee?). (Cu. xuury [4].)

Kouduryparnmnontuoe nmpocTpaHCTBO /I pacCMaT-
pUBaeMOil JUHAMUYECKON CUCTEMbI U3 JBYX IIapOB
npejicraBisier coboit yros 45° ¢ ero BHYyTpeHHU-
MH TOYKaMM, OOPa30BAHHBIN OCHIO Y U OMCCEKTPHU-
COIf IEPBOI0 KBaJIPAHTA IIJIOCKOCTH TY, T.€. JIyIOM y=2
{(z,y) | x =y, © > 0} (cm. puc. 3). 45°

Takum obpaszom, Hapsily ¢ ucxogHol («busu-
quKoﬁ») CUCTEMOH IBYX IIAaPOB Ha IIOJIYIIPAMOMH, x
MBI Gy/IeM paccMaTpuBaTh TakKe IPYTYIO («MarTe- Pyc. 3. Kondurypammomnmoe
MATHYECKYIO» ) CHCTEMY — MATeMaTUIeCKYIO «T€Hb»  IPOCTPAHCTBO CHCTEMBI
win «obpas3» ucxoyHoit cucrembl. Obe 3TU CUCTEMBI
HA3BIBAIOTCA JUHAMUYECKUMU CUCTNEMAMU; OHU SIBJISIOTCA PA3IUIHBIMEI (HOP-
MaJIbHBIMU OIMUCAHUSIMU OJHOT'O U TOTO siBJIeHUs. B HAIINX pacCyKICHUSX MbI
OyzeM CBODOIHO TTEPEXOIUTH OT OJHOI'O OIUCAHUS K ,Iprl"OMle).

Pacemorpum mosesienne dazosoit Toukn P(t) = (z(t), y(t)).

[Tar 0 (do nepsoeo cmoaknosernus). B Havanpublii MoMeHT t = 0 KOH-
durypammonnast rouka P mmeer koopaumHaThl (T, yo). C HagamoMm orcuéra
Bpemenu Touka P = P(t) maumnaer jgsurarhbcsi B mockoctu Oxy. Masbrit
map /10 TIePBOTO CTOJKHOBEHUST HEMTOIBUKEH, CIEI0BATEIbLHO, T-KOOPIMHATA
aBmkytefics Touku P ue mensiercsa. C jipyroi#t croponsbl, 6osibImnoit map M
JIBI2KETCS B CTOPOHY MAJIOTO Iapa m, a CJIEIOBATENILHO, ero KOOPINHATA Y
YMEHBIIIAETCsl, OCTaBasICh, OJIHAKO, OOJIbIIENl YeM Xg B T€UEHUE BCETO OTPE3KA

Y

9 K oHpUry paIfoHHOe IPOCTPAHCTBO MOKET MMETh Pa3MEPHOCTh KAK MEHBIIYIO TPEX, TaK
7 OOJIBIIIYIO UJIN PABHYIO 3; MBI COXPaHsSeM CTAHIAPTHBI TEPMUH «IIPOCTPAHCTBO» HaKe JJIst
ciydast JIByMEPHOI IJIOCKOCTH.

10) Jra mues 4ACTO MCIONB3YeTCH B MATEMATHUCCKHAX MCCIICIOBAHUAX. 3aIaHHAA MOILCID
[TO/IMEHSIETCST €€ MaTeMaTUYeCKUM KOJIOM, KOTOPBIH (hOPMAJILHO OMUCHIBAET MOJE/b B HOBBIX
TepmuHax. [1om006HOE ommcaHre TOMOTAET MCCIeA0BATh TpobiieMy B 1iesioM. Ipyrum sprum
[IPUMEPOM $IBJISIETCS UTPa B IIAXMATHI U €€ CUMBOJIMYECKOE OIMCAaHUE B OyKBEHHO-IUMPOBOit

dopwme.
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BPEMEHU TIepes] MePBLIM CToJIKHOBeHHEeM. CjieqoBaTelbHO, KOH(MUTYPAIMOHHAST
Touka P JBUXKETCs ¢TPOro BHU3 K OCH & (IIapaJjuiesIbHO OCH ¥) BIUIOTH JI0 Hep-
BOI'O CTOJIKHOBEHUSI IIapOB.

[ITar 1 (nepsoe cmoaknosenue wapos). 3areM GOJIBIION AP CTATKUBACTCS
C MajbIM; B 9TOT MOMEHT BpeMmeHu t1 Mbl umeeM y(t1) = xo. asee mapsr
OTCKAKHUBAIOT JIPYr OT JApyra, U HAYMHAETCs CIACIYIONAs CTalusl JTBUKEHUSI.

Tar 2 (mescdy nepsvim CMOAKHOBEHUEM U NEPEYLM OMmpadtceruem). B Mo-
MEHT BpeMeHH t1 00a Imapa HAYMHAIOT IBUTATHCS BIOJb MOPU30HTAJILHOMN IIpsi-
Moit £. Mauiblii map JBUKETCS ¢ HEKOTOPOH CKOPOCTBIO 1, & OOJIBIIONR — CO CKO-
POCTBIO U, IPUYEM BBIITOJIHSIIOTCS 3aKOHBI COXPAHEHUS UMILY/IbCA U SHEPIHM:

2 2 2
mu + Mv =MV, m2u +A42v :M2V7 (1)

rjae V — HauaibHast (BO3MOXKHO, BecbMa OoJibinast!) ckopoctsb mapa M. Mbr
HEe CTAHEM DEIaTh 3Ty CHCTEMY YpaBHEHWIT OTHOCUTEIHHO TIEPEMEHHBIX U U V.
Harrra nesib cocTOUT JIUINB B TOM, YTOOBI OIIMCATD OBejeHne (Ha3oBOi TOUKH
nocAae TepBOTO COYIaPEHNUS.

Bosspalnasch K MCXOIHOM JUHAMUYECKONH CUCTEME U MOJIb3YsICh CUCTEMOi
ypasHeHuii (1), MbI IPUXOAUM K 3aKJIOYEHUIO, YTO HOCJE II€PBOTO CTOJKHO-
BEHUsI Iap M OyJeT OYeHb OBICTPO JBUIATbCsS B CTOPOHY CTEHKH (HOCKOJIb-
Ky OOJIBINOii Iap coolImI emy OOoJIbIIoN UMILYJIbC); Imap M Takke Impo-
y JIOJIXKUT CBOE JIBUKEHNE B CTOPOHY CTEH-
A KM, HO OyJIeT JBUTaTbCsl HECKOJIbKO MeJl-
Jiennee, dyeM panbiie. Obe KOODJIMHATHI
o p B x(t) n y(t) xouduryparumontoit rouku P
I yOBIBAIOT Ha BPEMEHHOM OTPE3KE MEXKTY

; MEPBBIM CTOJIKHOBEHHEM U OTParKEHUEM
To y==a mapa m ot creaku. Ciem0BaTebHO, KOH-
dburypanuonnasi rouka P(t) nuzkercs
BJIOJIb IIPSIMOJIMHEITHOTO OTPE3Ka BHYTPH
yriaa AOB, riae O — HAYAI0 CUCTEMBI KO-
opauHat, O A — BepTHUKAJbHAS IOJIYOCh ¥/,
a OB—ny4d y = x, UCXOAAIUN U3 Ha-

Y-

YaJia KOOPJAMHAT U JIEXKAIUA B IEPBOM
o To T gpajgpanre. Touka P(t) mepemernaercs
Puc. 4. JIBixenue jio 1 110C/1€ co croponbl OB Ha cropony OA, nupubiiu-
1IepBOro CTOJIKHOBEHHSI IITAPOB JKasgch K Havdaay cucreMbl KoopanaaTr O
(cM. puc. 4).
Tar 3 (ompastcenue wapa m om cmewnku). HecaokHO IpoBepUTh, YTO Ma~
JIBIH Iap m JBUKETCsI MIOC/Ie IEPBOro CTOJKHOBEHHs ObICTpee, Y4eM OOl
map, T.e. u > v.
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B camom gmeste, 3ameruM Jjtst Hadasa, 910 v < V. DTO 00bSICHAETCS TEM,
9T0 GOJIBIION IHIap Iepeia HEKOTOPBLIA MMIIYJILC MaJIOMYy IIapy U IIO9TOMY
CKOPOCTB ¥ DOJIBIIOTO MIapa OKA3bIBAETCS MEHBIIE HCXOIHOM.

Ymuoxkas 1mepBoe ypaHenue cucrembl (1) Ha V' u BblYUTAsl U3 Oy YeH-
HOTO PABEHCTBA YIABOCHHOE BTOPOE PABEHCTBO (UTOOBI M30ABUTLCS OT JIBOCK
B 3HAMEHATEJISIX ), TI0JIyYaeM

mu-V + Mv-V =MV?
mu2+Mv2:MV2

mu(V —u) + Muo(V —v) =0

MoV —v) =mu(u — V).

ITockombky V —v >0, Mv >0 u mu > 0, MBI MPUXONUM K BBIBOLY, uTO U — V >0,
T.e. u > V. Takum o6pasom, u > V > vl

Hasee, map m JOCTHraeT CTCHKH B He-
KOTODBIIT MOMEHT to, IPU TOM OOJIBITIONMN
map BCe eIé IIPOJIOJIKAET CBOE JBuKenne A X B
110 HAIIPpABJIEHUIO K CTeHKe. B MoMeHT to
MaJIbIi TITap OTParyKaeTcsl OT CTEHKH, ero '
CKOPOCTb MT'HOBEHHO M3MEHSETCS C U Ha
—U; UMITYJIbC IIapa CTAHOBUTCH PABHBIM
—mau, TOTJIa KaK €ro dHEPrHusl OCTAETCS
IIpErKHEeN:

[TosTomy yrous najienus @ u yroj orpaxe- O
HUS 1), 00pA30BaHHbIE OTPE3KAMU TPaeK-

T

Puc. 5. PasencrBo ¢ = i u Bropoe
TOPHH 1 OCBIO ¥, PABHBI JIPYT JIPYTY: ¢ =1 CTOJIKHOBEHUE IIAPOB
(M. pue. b).

[MTar 4 (nocae nepsozo ompasicernus om cmenku). Ilociie epBoro orpake-
Husi TouKa P(t) IBUXKeTCst 0T OCH Y 110 NPSIMOJIMHEHOMY OTPE3KY K JMArOHAJN
Yy = &, NpubIMXKasich K Hadasry KoopauHat O: eé r-KOOpIMHATA YBEIUINBAETCS,
a Y-KOODJMHATA YMEHBIIACTCA. ITO COOTBETCTBYET TOMY, UTO IIApbI COJIMKa-
IOTCS TIOCTIE OTPAXKEHUS T1apa 1M OT CTEHKU.

1) s yuporneHust Mbl pacCMaTPUBAEM CKOPOCTH IIapa, JBUXKYIIEroCs CIIpaBa HAJIEBO,
KaK IIOJIO)KUTEJIbHYIO BEJIMYUHY, & IPU €ro JIBUKEHUM CJIeBa HAIIPABO CUUTAEM CKOPOCTb
oTpuraTeabHOi. BMecTo BEKTOPOB CKOPOCTH MOXKHO OIEPUPOBATDH IIPOCTO C YUCTIAMU — C ab-
COJIIOTHBIMU 3HAYEHUSIMU CKOPOCTENL.
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BazkHO 0TMETHTB, YTO MOCKOJIBKY CTEHKA HE PACCMATPUBAETCS KaK JaCTh CH-
CTEMBI IIaPOB, IMOJHBIA UMIIYIbLC CHCTEMbI MEHSIETCSI IIPA OTPAYKEHUU OT CTEHKHI
¢ BesimanHBl mu + Mv =MV va —mu + Mwv, Torjja KaK 1oJIHast SHEPIUsl OCTaeT-
cst Toit 3xe — MV?2 /2. TIonHblil NMITYJIEC CHCTEMBI OCTA&TCS HEM3MEHHBIM B IPO-
MEXKyTKEe BPEMEHU MKy JBYMSI IIOCIEI0BATEIbHBIMI OTPAYKEHUSIMHI OT CTEHKU.

[Ilar 5 (emopoe cmoaxnosenue wapos). B Tor moment, korjga Touka P
JIOCTUTAEeT CTOPOHBI iy = = ¢pazoporo yriia AOB, mpoucxoauT BTOPOe CTOJIKHO-
BeHHe MmapoB. [lycTh OHO MPOMCXOAUT B TOYKE MPAMOIl £ ¢ KOOPAMHATON I1.
CKOpoCTH TIapOB U3MEHSTIOTCS B PE3YJIBTATE CTOJKHOBEHUS, €CJIH U] U U1 CYyTh
HOBBIE 3HAYEHHS CKOPOCTEH, TO BBHIIIOJIHSIIOTCS PABEHCTBA

2 2

muy + Mvy = —mu+ Mo, m;LlJrM;l:m;QqLJW;Q:MQVQ. (2)

B cuny paccyxmennii, aHAJIOMHYHBIX BBIIIEIIPUBEIEHHBIM, Mbl HMEEM

|U1‘ > ”U’ > ‘Ul‘.
[MTaru 6,7, ... ITocse mrara 5 MOBTOpSI€TCS UCXOMHAS CUTYAITUS:

1. Manmrit map m JABUKETCS CO CKOPOCTBIO
%] B CTOPOHY CTEHKH, TOTIa Kak 0ojb- Y
moit map M MeHseT CBOIO0 CKOPOCTH C v
Ha V1, HO, KAK W paHee, IPOJa0JaKaeT JIBU- 7
raThbCst B CTOPOHY CTEHKH. l

2. Mautblit 11ap oTpazkaeTcs OT CTEHKH, B Pe- :
3yJbTaTe Yero ero CKOPOCTb MEHSEeTCH
Cc u] Ha —Uj. e

3. MauJbrit miap BcTpedaer OOJIBINONI U B3a-
UMOJIEACTBYET C HUM. ~

ITocsie aTOrO MpOIIECC TOBTOPSETCS 32HOBO.
Takoe mmoBeeHNE CUCTEMBI HAXOIUT OTpaske-

HUE B JIBUJKEHUH KOH(UIyDaIlMOHHO# TO4- g >
ku P BayTpHu yrua (cMm. puc. 6).

OpHako abCOIOTHO HESICHO, KAKOr0 POIa
oBeJIeHNe JIEMOHCTPUPYeT ToUuka P:

Puc. 6. Koungurypanuonuast
TPAEKTOPHS

(i) mpubsmxkaercst u ona K Bepumae O Kouduryparmonnoro yriaa AOB
OECKOHEYTHO JI0JITO;

(ii) mmm ke Touka P mpubmmxkaercs K Beprimae () KOHEYHOE BPEMsi U 3aT€M
yaajsiercst o O, oTpazKkasich 0T ¢TopoH yriia AO B 6eCKOHETHO MHOIO paz'?;

12) Kerarn TOBOpsI, Jlazke ecau Touka P u Gymer mpubiamkarbest K Bepimmae () KOHETHOE
BpeMsl, OHA MOTJI& Obl 38 3TO KOHEYHOE BPEMsI COBEPIINTH OECKOHEYHOE YHUCJIO CTOJKHOBEHUI
co croponamu yriia AOB, npexie 4eM HaYaTh yaaaarbes ot O.
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(iii) mum 2Ke, HAKOHeIl, TOYKa P coBepIiaeT B CyMMe JIUIIb KOHETHOE YHUCIIO OT-
pa’KeHuil OT CTOPOH yIJIa U, HAUWHAA ¢ HEKOTOPOI'O MOMeHTa 1), IBUXKeTCs
PaBHOMEPHO U MPAMOJIMHEHHO.

Coaygan (i) u (ii) COOTBETCTBYIOT HeCKkOHEUHOMY TUCITY COYIAPEHUIT B CHCTE-
Me, T. €. CTOJIKHOBEHUI MexKJy HMIapaMy U OTPaKeHU MaJIoro Imapa OT CTEHKH,
a ciaydait (iil) — xoneurnomy IUCITy CTONKHOBEHMIT 1 oTpakernit. Teopema yTBep-
2KJAET, YTO PeasIn30BBIBATHCA OYIET BCErjia TOJBKO TPETUil Caydail, mIpuaéM
[IOJTHOE YHCJIO coylapenuil B cucreme Oyjer pasao II = 314159265 . . .

§6. PEAVKINS K BAJAYE O BUJIbSPAE BHYTPU VIVIA

Yrobb! OKa3aTh TEOPEMY, MBI CBEJEM 3ajady O JBHKeHuu (phas30Boii TOY-
ku P B yriie AOB ¢ pactBopoM 45° K 3ajate 0 OUIbsiplie BHYTPH HEKOTOPOTO
JIPYroro yria co ClIelUuaJbHLIM PACTBOPOM (.

Buavaponoti cucmemoti Ha3bIBAETCA JUHAMUYECKAS CUCTEMA, COCTOSIIA
u3 obstacTu (3aMKHYTOI, MOJOOHO KPYTy WM KBaJpaTy, WK OTKPBITOMN, Kak
yToJI) W TOYKH, JIBUXKYIEHCcst BHYTpH 3Toi objactu. Touka JBUKETCs Tpsi-
MOJIMHEHAHO C IIOCTOSIHHOH CKOPOCTBIO W OTPasKaeTcsi OT IPAHULBI 00JIaCTH
10 GHIIbSPAHOMY (MJIM ONTHYECKOMY) 3aKOHY: Y204 NAOEHUA PAGEH Y2AY OM-
pasicenus. VIHade ropopst, TOUKa B OMJILSIPIHON cucTeMe BeIéT cebst Kak JIyd
cBeta B KOMHaTe (06J1aCTH) ¢ 3epKaJIbHBIME CTEHAMU (TpaHuIeii).

Yrobbr mepeitTn K OWIbSIPAHON 3aade, BBIIOJHUM CHEHAJILHOE JIMHEMH-
HOe mpeobpazopanne T IJIOCKOCTH XYy. DTO MpeodbpazoBaHue OBLIO BIIEPBbLIE
paccmorpeno f1.T'. Cunaem B kuurax [6] u [10]. Marpuna npeobpasosanus T

(Va0
T_<O m)

IIpeobpazoBanue 1" pacTaruBaer T-KOOPAUHATY JIFOOOTO BEKTOpa B /M pa3
u y-Koopauaaty —B vV M pa3. BeeaéMm HOBbIE IlepeMeHHbIe

X =+vm-uz,
Y=VvM-y.

B TY-KOOpJAHMHaTaX €CTb

(3)
Jluneitnoe mpeobpazosanme T orobpaxkaer yronm AOB, ZAOB = 45°, B yron

AOB, LAOB = «, rae
X Vm-x m
t o= == —- = =
SYTY T .y VM

[IOCKOJIBKY Y = & Jyisi To4ek Jayda OB (cm. puc. 7).
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y Y
A B A B
T
s
45° «
19 € o X

Puc. 7. Jluneitaoe npeobpasoBarue T KOHGHUTYPAIIHOHHOIO MIPOCTPAHCTBA

Jlomamast, COOTBETCTBYIOIMIAsT TPAEKTOPUH KOHMDUTYpannonHoit Touxu P(z, y)
BuyTpu yriaa AOB, oro6pasuTcst B JIOMaHyI0, COOTBETCTBYIOILYIO TPACKTOPUH
orobpazkénnoit Toukn P = P(X,Y) = P(y/mx, v My) Bayrpu yrua AOB.

JIEMMA 1. [losederue 10601 xondueypayuontot mouku P enympu yeaa o
NOOUUHAEMCA OUNDADIHOMY 3AKOHY.

JIOKABATEJILCTBO. 3ameruM, 4To Touke P(x,y) cOOTBETCTBYET BEKTOD
ckopoctu (u,v) = (Z(t),y(t)) B MOMeHT BpemeHn ¢ (OTJIMYIHBI OT BpeMEHH
orpazkeHust), To Touka P(t) uMeer B TOT K€ MOMEHT BPEMEHU BEKTODP CKOPOCTH

w = (Vimi(t), VAL§(t)) = (Vimu, Vo).

Takum obpasom, JuHeitHOE Tpeobpa3oBa-
aue T’ KOHMUTY PAIMOHHOTO IIPOCTPAHCTBA
{(z,y)} uaaynupyer To )e camoe JmuHeii-
HOe PeodpasoBaHue B IIPOCTPAHCTBE CKO- .
pocreit {(z, 9)}.

Pacemorpum ciiefyrorye aBa crydasi: 0
ciyuaii 1, korya Touka P(X,Y) orpaxka- >
eTcs OT BepTHKaJbHON cTopoHbl X = () Ao
yriaa AOB (r.e. or ocu Y), u cayuyaii 2, LN
korga Touka P(X,Y) orpazxaercs or Ha-  w N\ w’

Y A

" M
KJIOHHO# CTOpOHBI yrja Y = EX .
Cay4uait 1: orpakeHmue OT ocu Y.

Korma masbrit mmap orpakaeTcs OT CTEHKH, (@) X
ero CKopocThb u Mensiercst Ha (—u). Torma
BEKTOD W II€PEXONUT B BEKTOP

w’ = (Vm(—u), VMv),

Puc. 8. Orpazkerue ot ocu Y
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YTO O3HAYAET BBIIOJHEHUE PABEHCTBA (0 = 1) — T. €. OMJIbsIP/HBIN 3aKOH OTpa-
JkeHust (cM. puc. 8).

Cay4aii 2: oTpa>keHue OT CTOPOHBI Y = %X . OTpaxkeHne 3TOro
THII& COOTBETCTBYIOT CTOJIKHOBEHHUIO IIAPOB B HCXOMHON JUHAMUYECKON CUCTEME.
Mpgr1 OymeMm paccMaTpuBaTh HHTEPBAJ BPEMEHH, B T€UEHUE KOTOPOrO ITPOUCXOINT
TOJIBKO 9TO CTOJIKHOBeHHUE (T.e. MHTEPBAJ BPEMEHU MEXKJLy JBYMsl [OCJIeI0Ba~
TEeJILHBIMU OTpaKEHUAMU IIapa 1M OT CTeHKI/I). B TeYeHnue 3TOro mHrepBaJia
BpPEMEHU CHUCTEMa JIBUKYIIUXCS IIapOB UMEEeT HEM3MEHHBIH NMILY/JIbC, B CTOJIK-
HOBEHHE ITIapOB HE MEHAET €ero. 9HepFI/IH TaK>Ke COXpPaHAeTC A (OH& IIOCTOdHHAQ
B XOJIe BCErO MPOIIECCa).

Hutst ymobeTBa 0003HAUNM UMITYJIBC P Uepe3 consti, a yIBOEHHYIO SHEPIU0
2F — 1gepes consty. [IpeanosoxKum, 910 MaJIBIA IIap ©MEET CKOPOCTD U, & 00JIb-
moit map umeer ckopoctb v. Cucrema (1) MoKeT OBITH 3alIUCAHA CJIEJLYOIIUM
0bpazoM:

mu + Muv = consty,

2 2 (4)

mu” + Mv® = consts.
B cucreme (4) ckpbiTa HHTEpECHAs] FeOMETPHsI. A UMEHHO PACCMOTPUM MIOCTO-
SAHHBIA BEKTOD

. / M .
B IJIOCKOCTH Xy (OH HAIIpaBJieH BJOJIb OpsiMOil Y = EX ) u 3aBUCSIIHIT
OT BpPEMEHU BEKTOP

w = (v/mu, VMv).

Torma cucremy (4) MOXKHO IepenucaTh Tak:

T @ W = consty,

()

|w| = consta.

31ech «®» — CKaJISIpPHOE IIPOM3BEJICHUE B IUIOCKOCTU XY, a «| - [» — eBKJIMI0Ba
nHa BekTopa. Popmysisl (5) orpakaror TOT (hakT, YTO €BKJIMIOBA METPHUKA,
3aMeHeHa Ha JIPDYTI'YI0 PUMAHOBY METPUKY — TaK HA3bIBAEMYIO «METPUKY KHHe-
TUYECKOiT 9Heprum» (B KOTOPOil KBAJPAT JJIMHBI BEKTOPA (U, V) €CTh YIBOCHHAS
KuHeTHuecKas sueprus mu’ + Mo?).
B cuny paBencts
n e w = |n| - |w| cos ¢ = consty,

In| =vm+ M, |w|= consty

MBI IMeeM
= 0 (m 4+ M)™Y? = consts.
2



192 I'' A. l'abnepun

O vm X

Puc. 9. Orpakenune or croporsr OB (Y =4/ %X )

[Tocsie oTpaxkeHnst Touka P JIBUKETCH ¢ HOBOIT CKOPOCTBIO W', yIOBIETBO-
psiforrieit 9Toit ke cucreme ypasaenuii (5). [TosTomy u3 Tex ke cambix coobpa-
JKEHUH [T yIJIa OTPasKeHus 1) TOUKA P OT cTOpOoHBI Y = %X yroma AOB
cyiejiyer paBeHCTBO (cM. puc. 9)

cos 1) = consts.
CirenoBare/ibHO,
VY=o,
U OWJIBSIPJIHBIN 3aKOH JIOKA3aH JJist 3T0T0 oTpakenus. CBejieHne K OUIbSIPIHOM
CUCTEeME BHYTPH YIJIa C PACTBOPOM « 3akondeHno. Mbl OyieM Ha3bIBATH YIOJI
AOB «OubsipHBIM KOH(MUTYPAIMOHHBIM TPOCTPAHCTBOM» UCXOIHON TUHAMU-
9eCKOM CHCTEMBI. O

§ 7. UUCJIO BUJIbAPIHBIX OTPAYKEHUN
BHYTPU VIJIA AOB

JIEMMA 2. 1. Maxcumanrvroe 4ucio ompastceruti OusbapoHot mouky 6Hym-
pu yeaa AOB no scem 603Mm02CHBIM OUADADPOHDIM MPAEKMOPUAM KOHEUHO.

2. 9mo wucao pasho T/, ecau T /o — yeaoe wucao, u pasho [r/a)+ 1, ecau
7/ me asasemes ueavim (3decw | - | 0snanaem ueayro wacmo wucaa).

3. Ecau nauarvroili ayd 6usvbApoHot mpaexmopuu napasiener 00not u3d
CMOPOH, Y2l , MO NOAHOE YUCAO OMPAHCEHUT OAA MPAEKMOPUL TAK020 8UJG
Ha eQUNULY MEHDUE MAKCUMAaALH020 (M. e. pasho m/a—1 npun/a€Z u[r/a],

ecru /o ¢ 7).

JIOKABATEJILCTBO. IlocTtpoum paspéptky yria AOB BMecTe ¢ OMIBIPI-
HOII TpaeKTopuel 7y BHYTpH Hero. J[yist 3Toro Hy>KHO IPOCTO OTPa3UTh YIoJI
OTHOCHUTEJIbHO €ro CTOPOH W PACCMOTPETb 00pa3 TPaeKTOPUHU -~y IIPH ITUX
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Puc. 10. Pa3Béprka OHIBSIDIAHON TPAEKTOPHH

orpaxkeHusix. O6pa3 TpaeKTOPUH IIPeJICTABIIIET COOO0 MPIMYTO K, TPOXOIAIILY O
Yepe3 BCIO MOCJIEI0BATEILHOCTD OTPAXKEHHBIX YIVIOB — «KOPUI0p» (cM. puc. 10).

[Ipsmasi k mepecekaeT, OYE€BUIHO, JIUIIL KOHEYHOE UUCJIO KOMHUI yrja «
B 9TOM Kopujope. Ho dncio mepeceuennii co cTopoHaMu OTPayKEHHBIX YIJIOB
B KOPUJOPE PABHO YHUCJIYy OTPaXKeHUIl TPAECKTOPHUHU 7Y OT CTOPOH UCXOHOIO yIJIa.
CrenoBaTelbHO, YUCIO OUIBSIPIHBIX OTparkKeHuit KoHedHo. Kcam n — makcn-
MAaJIbHO BO3MOXKHOE YHCJI0 OTpazkKeHuii, To jmbo na =7, mbo na >t > (n— 1)«
(cm. pue. 10). B mepBoM cirydae MBI uMeeM n = 7/, TOrga KakK BO BTOPOM
ciydae mnpsiMasi k He mepecekaeT MOC/IEIHIO CTOPOHY yIjia B KOPHJIOpE, H,
cTaJsio ObITh, YUCJIO0 HepecedeHuii Oyuer Ha eauHUIly MeHblne: n = [7/a] — 1.
Ecnu ke npsimast k napaJsuiesibHa CTOPOHE YIJIA (v, TO TOCJEHEE BOZMOXKHOE
[epeceveHne Co CTOPOHOM YTIyia UCKIIoYaeTcs. TeM caMbIM JieMMa, jloKa3aHa. [

§ 8. JIOKABATEJILCTBO TEOPEMBIL: I = 314159265...

Mu1 xoTes 661 0OPATUTL BHUMAHKME YUTATEsI Ha CJICLYIONIYIO CyIeCTBEH-
HYIO0 0OCOOEHHOCTH CHCTEMbI «CTeHKa — Iap — map». JIBukenue B 3Toi cucreme
COOTBETCTBYET 0COOOMY JIy4y 7 Ha PasBEPTKE OMIILAPIHOIO KOHMUI'Y PALIMOHHOIO
npocrpancrea o = AOB: 31oT J1yu josKeH ObITh Tapasuiesier ocu Y (em. puc. 11).

B camomMm gese, mepBbIil OTPe30K OUIIBAPIHON TPACKTOPUN HAIIPABJIEH BHU3
K ocu X, U CJIEIOBATEJILHO, TAPAJIIEJIEH OCU Y, IMOCKOJIbKY MAJIbIA map ObLI
HEITOBUZKEH B CAMOM HadaJie MMPOIecca. SHATHUT, JIyI k — pa3BépTKa OUIbAPI-
HOIl TPAEKTOPUU 7y, T. €. IPOJIOJIZKEHNE IePBOT0, BEPTUKAJBLHOTO €6 OTPEe3Ka, —
mapaJuiesieH ocu Y. 3aMeTuM, 9TO yKa3aHHasl MapaslIeIbHOCTE Jayda k ocu Y
UMeeT MeCTO BHE 3aBHCHMOCTH OT 3HaUYeHHsI HavaJbHOI ckopoctu V mapa M
(cmorpu cHocky K nyHKTY 3 IIporeaypsr).
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Takum 06pa3oM, B COOTBETCTBUU C JIEMMOU 2,
IIyHKT 2, YMCJIO0 OTPAYKEHH I OT CTOPOH yI/Ia (v DPABHO
[7/a], 3a uckimovenneM Toro ciydasi, Korja T/ —
1esioe uucsa0. B HaleM ciydae mveem

a = arctg 4/ % = arctg , /m.TW = arctg 107V,

Hnst N=0 nonyuyaem a=arctgl=n/4dur/a=4€2Z,
TaK 4YTO BBITIOJIHEHA JIEMMAa, 2, IIYHKT 3: YUCJIO OTpa-
»kennit pasHo [4] — 1 = 3. Oxnako B ciaygae N > 1
yrox a = arctg 107V, He MoxkeT GBITH IIpeCTABIEH
B Bugie 7/k, tne k > 1 nesoe; B jeicTBATEIBHO-
CTHU 9TOT YyIr'OJI, TaK 2K€ KaK 1 HpOI/I3BOJII)HI)HU/I yroJi
Busia arctg(p/q), rie p u ¢ — pas3jindHble HATYPaJib-
HBIE YUCJIA, HE MOYKET U3MEPSTHCS PAUUOHANOHBIM
IHUCJIOM I'PajycoB, B dacTHOCTH “mcsaoM (180/k)°
(mokazaTesbCTBO TOro (hakrta IpuBeAeHO B |7]).
CremoBaTeIbHO, B 9TOM CiIydae paboTaeT BTOpast
9aCThb JIEMMBI 2: YHCJIO OTPAXKEHUH PaBHO

I(N) = {W} (6)

D10 — TouHast GHOpMyTIa; cefiIac Mbl BOCIOIb3YEMCsT AMMTPOKCUMAITHEH ISt
apciia arctg 107V ., 4T06BI YIPOCTUTH BBIPAsKEHIE (6).

OcHoBHAast WjIesT OCTABINENCS TACTH STOTO Maparpada COCTOUT B CJIETYIOTIEM.
Ecimi Mbl 3aMenuM 3uaMenarean apobu 7/arctg 107V ma memmoro Gosbiree
— =7 10V,
B TOM CJiydae, KOTJIa Iejiasi 9acTh UCXOHON JApOoOU COBITAIAET C IEJION YacThio

Puc. 11. Jlyu k
napaJiiesied ocu Y

anco 107N, To MOMyYNMM HECKOJIBKO MEHbIee OTHOIICHHE

YMEHBIIIEHHOM IpOOM, MbI MOYXKEM 3aMEHUTDH €€ Ha 910 u jJact Ham N

™
10-N 1"
TOYHBIX 3HaKOB YUCJIa T.
OILHaKO CUTYyallsgl HEMHOI'O CJIOZKHEE, 9EM 9TO MOZXKET IIOKa3aThCd Ha HepBbIﬁ

B3IJISII;

ueavie wacmu deyx dpobeti, ucrodnot (6) u annporcumuposannot [m/10~N],
MO2YM, 6000ULe 2060PA, OKAZAMBCA PASAUMHBLMU!

K cuacrbio, eciim ancio N JOCTATOYHO BEJIUKO, TO OHU BCErya OYIyT OT/IH-
qaTbest camoe Gostbitiee Ha 1. OObsSICHUM, TOYEMY 9TO TaK.
O6oszraunm z = 10~ . Hamomumnwm, |aro

z o0

z oo
_ dt N nxntlt L
arctga:—/1+t2—/2(—t) dt_z;)(_l) P R el sl SaPERP
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a caemoBaTenbHo, arctg x ~ r Korga x — 0. Mbl cobupaemMcst IIOICTaBIATD T
BMecTo arctg x B dhopmyiy (6).

JIEMMA 3. (a) 1im< 1 —l>:O; (6)< 1 —l)<x0/mx>0.

r—olarctgxr x arctg x T

JIOKA3ATEJILCTBO. (a) 3amensist arctg & ero TeiI0pOBCKIM PA3JIOZKEHIEM,

[TOJTy YaeM
x% | ad 1 2
R T G s e 375,
arctgx x  rarctgx 3 b - 72
(-5 +5-) =3+

upu & — 0, TIOCKOJIBKY TIPejies JIPOGHOrO COMHOXKUTENS paBeH 1/3.

(6) DT0 HEPABEHCTBO MOXKHO JIETKO BBIBECTHU U3 JIOKA3ATEILCTBA IIyHKTA (2).
OzHAKO ecThb Apyroe, HE3aBUCUMOE, JIOKA3aTe/IbCTBO. PaceMoTpuM (byHKIHIO
f(x) = (1 + 2?) arctgz — x. Tlockonsky f'(z) = 2z arctgx > 0 mig = > 0
u f(0) =0, mpr mmeenm f(x) > 0 mst Becex > 0. Y. 1 1. O

U3 nynkra (a) JeMMbI 3 CJIELyeT, ITO

s 7
arctg 10~V 10—V

— 0 mpu N — oo.

Taxum obpazom,
m N
— _=~7-10
arctg 10— ’

ecaun N 10cTaTovHO BeqUKO. IlosTomy aubo

—_— —7r P . N =
() = [arctg 10_N} [ - 107

=[(3,1415 ... ay_1ay ...) - 10Y] = 31415 ... an_1an, (7)

hiiz(e%e}
HN:[L]: 10N+ 1 = 31415 ... an— 1L (8

(N) arctg 10—V [ J+ aN-1aN + (8)
[TocneHsIsT BOBMOXKHOCTD CO3/IA6T JIOMOJHUTEIbHYIO Tipobiiemy. JleficTBuTeb-
1o, dopmyist (7) u (8) rapanrupyior, uro (N+1)-3uaunoe auciao II(N) coxep-
kut Jmbo nepsbie N, 6o nepsbie N + 1 Tounbix nudp dncaa m (HadnHast
¢ udpsrt 3),

3a UCKJIIOYEHUEM CJIydasi,
Korga Kakue-to k > 1 mociaeaux mudp
yucyga 31415 ... anN CyTh JI€BATKH.

Huxke (cm. korer § 10) Mbl NpujiéM K 3aKJIIOUEHUIO, YTO [TOCTIETHUNA CIIy-
Jaii He MOXKeT uMeThb MecTa (110 Kpaiineii mepe korga N He npesocxoaut 200
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MIJIJTHOHOB) WJIH YK€ PEATM3YeTCsl ¢ HIITOXKHOI BeposiTHOCTBIO. Tak nim nnade,

0

I(N) — [r-10V] = { L (9)

Takum 06pa3oM, HE CUUTas ITOrO IOCJEHErO IPEJIIOJIOKEHNS, TEOPEMA
JIOKa3aHa:

OuNbApAHBbIE MIADBHI BBIYUCISIOT T
C IPOM3BOJIbHOII HaIlepEJ 3aJaHHOM TOYHOCTHIO.
§9. APUOMETUYECKAS [TPUPOJIA YUCJIA T

Ecmu

m=3,1415...a;999...9an11 ...,

N—k neBsiTOK

npuiaéM ap < 9, any1 < 9, To w3 dbopmyIsl (8) ciemxyer paBeHCTBO

II(N)=[r-10N]+1=31415...0a;999...9+1=31415... (az +1)000...0.

N—k neBsaTOK N—Fk uyseit

Taxkum 0b6paszom, B pacemarpuBaeMoM ciaydae II(INV) mpaér Tosbko k < N ToYHBIX
mudp 7, Torga kak nocsieganne N — k mudp B II(N) He coBagaoT ¢ cooTBeT-
cTByONMME udpaMu Iucaa .

K cuactbio, 910 ciyydaercs (ecim BoobIe cirydaercs!) dpe3BblYaiiHO PejiKo
U He BJIUSET Ha OONIMii Pe3yJIbTaT, KaCAIONMHACA NOAHOU NOCAECIOBAMEALHOCTIU
yeavix wuces II(N) npu N — 00: HOC/IEI0BATEILHOCTD TIE€PBBIX P duce
I1(0), I1(1), II(2), ..., II(N), ... crabuiamsmpyeTcs, Ha4YMHAS C HEKOTOPOTO
quciaa [I(N), m09ToMy MbI B KOHEYHOM CUETE BCE-TAKU CMOXKEM y3HATH BCE
uudps! uncia 7w (yBeamanBas Maccy M = m - 100V B 100 pa3 1Ist KazKI0T0
CJIEJIYIOIIErO IPUOJINIKEHNS ).

Opnako HaMHOrO Gosee BepodaTHO, 9To (opmyna (8) soxkua st Becex N.
B srom ciayuae Beerga paboraer dopmyna (7), u roryga uucso II(NN) maér pos-
HO N TOYHBIX JIECATUIHBIX P aucia 7. Mol obcynum 3Ty, 60jiee BEPOSITHYIO,
BO3MOXKHOCTH B CJIJLyIOIIEeM raparpade.

§ 10. HECKOJIBKO APUOGMETUYECKUX BOIIPOCOB
U OJJTHA TUITIOTE3A: «TOHKAS CTPYKTYPA YUCJIA 7>

Bruto 6bl mpekpacuo, eciin Obl ipu Bcex N IpaBUILHON OKa3bIBAJIACDH
dbopmyna (7), natomast rounoe 3nauerne I[I(N), a paBencrso (8) Hukorya Obl
HE MMeJIO0 MeCTa.

B 570l ¢BSI3M MOYKHO TIOCTABUTH CJEYIOINIHE IeThIPE BOIPOCA.



Bujibsipable mapbl BBIYHCISIIOT T 197

Bompoc 1. Bepna sin dopmysma (7)

o) -~ )
arctg 10—N 10—V

JJIsT BCeX JOCTAaTOYHO 6obiux N7
Bomnpoc 2. Bepro m, 9T0 77151 JTI000T0 MOJTOXKUTETHEHOTO UPPAUUOHANADHO20
YUCAG G W JJIA JTIOOOTO JOCTATOYHO MAJIOTO ITOJIOXKUTEIHLHOIO X UMeeT MEeCTO

ez = 5]

BOHpOC 3. Bruinosasiercs ju AJIgd BCeX JOCTaTOYIHO bosbmux N PpaBEHCTBO

PaBEHCTBO

[arctg;(rl/N)] - [17]\7} !

Bompoc 4. Bepuo jiu paBeHCTBO

Vi1 [\
[arctg 10—N] N {10—N}

JIJ1s1 BCeX JiocTaTodHo 6onpmux N7

Borpoc 2 npeacrasiisier coboii gasieko uayiee o0o0IIeHre BOIpoca 1, Torma
KaK BOIPOCHI 3 1 4 BIOJIHE aHAJIOTMIHBI BOIPOCY 1 ¥ MOJIyIarOTCsI, €CJIU 3aMe-
mur 107N na 1 /N umu ke 7 Ha v/2 cooTBeTCTBEHHO. ABTOD YBEDPEH, UTO OTBET
Ha Bopoc 1 — «JIA», XOTs U He MOXKeT 3TOro JI0Ka3aThb. B To ke BpeMs aBTopy
M3BECTHBI TOYHBIE OTBETHI CO CTPOTUMHU JIOKA3ATEHLCTBAMU HA OCTAJIbHBIE TPH
Borpoca (cM. cieyromuii naparpad).

Yro Kacaercd Bompoca 1, TO COBpEMEHHas MaTEMaTHUKa HE B COCTOsTHUU
HA HErO0 OTBETHUTD; BO BCSIKOM CJIydae, HECKOJILKO BEJIYIINX CIEIHAUCTOB B T€O-
PHUH YHUCEJT U CMEXKHBIX BOIIPOCAX YOEXKIaIl aBTOPa 9TO# CTaTbU, UTO COBPEMEH-
Hasl MATEeMATHKA Ky/a KakK JaJeKa OT PEIleHus JaHHoi mpobsieMbl. BoT epeBos
Ha pYCCKI/Iﬁ ASBIK IIUTATHI U3 JICKTPOHHOI'O ITNCbMa M3BECTHOI'O aBCTpaHI/IﬁCKO-
ro maremaruka Asda an sep [lyprena (Alf van der Poorten) asropy: «...Cero-
JHSIIHUA YPOBEHb 3HAHUI HACTOJILKO CJIad, ITO, JIUIThL OOHAPYKUB MIPUMEPHO
TN HeBSTOK, CJIELYIONINX HOAP/L Beyes 3a N IepBbIMU JIeCATUIHBIME ITUpPaMu
YUCJIA T, 1 MOT' ObI YTBEP2K/IaTh, YTO TAKOTO OBITL He MoxkeT. Ho Kk MoeMy riry6o-
KOMY COXKAJIEHUIO, YPOBEHDb PA3BUTHs COBPEMEHHOU MATeMaTUKU He MO3BOJISET
ckazarb (a Tem Oojiee JI0Ka3aTh), 4TO Bejeld 3a N HEepBBIME JIeCATUIHBIMU
3HakaMu gduciaa m He MoryT unaru N + € (rae € < N) neBarok moapsia. ['oBopio
00 3TOM ¢ CcOXKaJIeHMEM, ITOCKOJIbKY Jijisi Bac 3T0 — Bo3BpallleHne K HCXOTHOMY
npenoJioxkernto. [Ipocreiiiast n3BecTHast MHe paboTa HA JAHHYIO TEMY — MOSI
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crapas crarbs [11] ,, Jokazameavcmeo, komopoe nponycmun Jiaep®, omydiu-
KoBaHHasd B KypHaJe ,Mathematical Intelligencer” B 1979 r.».

WNubivu ciiopamu, Asid Bar mep Ilypren yTBepKgaeT, 4To B 4HCIE T 38 [ep-
Boit 1udpoit 3 He miayT 7 JeBATOK; 3a Iudpavmu 31 He mayr 14 IEBATOK,
¥ Tak jajee, Kak Obl JaJleKO Mbl HU IIPOJABUHYJINCH B IECATUIHON 3AIUCH T.
ABropckuit Boripoc 1 cocTouT B TOM, 9TO cpaldy ke 3a nepBbiMu N nndpamu
quciia T He MOKeT uaru Habop m3 N JIeBATOK; JaTh OTBET Ha dTOT BOIIPOC
MaTeMaTHKa IIO0Ka OecCuIbHa, UTO C COKaJeHHeM U orMedaeT BaH zep Ilypren
B CBOEM IIHCHME.

C apyroit cTOpoHBI, IMeeTCs Psal, PaKTOB, KOTOPBIE OIPABIALIBAIOT YBEPeH-
HOCTh aBTOpPa B TOM, 4YTO OTBET Ha Bomupoc 1 mosoxkutesen. [Ipexme Bcero,
MOYKHO TTOKa3aTh, 9TO

paserncmeo (8) (rkozda x omsemy (7) dobasasemca avwmas eJuHUYA) CNPaseo-
AUBO 6 MOM U TOABKO MOM CAYuae, kozda cmpoka nepsux 2N decamurunvis
anakos wucaa w codepotcum N—1 desamor 6 ceoeli npasoti nososume.

B camowm gente, gst > 0 coryiacHO JiemMMe 3, IyHKT 2,

1l
arctg x x
[oncrapnss x = - 107, noayuaem
0 N ™
—— - 1077 < —.
arctg 10— 10N

st Toro urober uncaa [10V 7] u } ObLIM pa3/InYHbl (& 3HAYMUT,

™
[arctg 10-N
oTaMYasuch 66l poBHO Ha 1), HeoGxoxuMO, 4To0BI 3a nepBbiMu N 1udpamu
B JIECATUYIHOM TipejicTaBiennn T ciaenobaan N —1 gessarok. Ho eciu 661 510 BbI-
HOJIHSTIOCH JJIsl OECKOHEwH020 MHodcecmea 3nasenul N, To (BepxHee) 3HAUEHUE
IUIOTHOCTHU JIEBSAITOK B JIECATUTIHOM TIPEJICTABICHUHU T COCTABUJIO OBI 110 KpaiiHeit
mepe 1/2. A 310 BecbMa HENPaBIONOI00HO!

Yuraresib MOXKET JIEFKO IIPOBEPUTH, UCIIOJIb3Ysl HHTEPHET-CAlT
mathoverflow.net/questions/62868,
4TO

«nocaedosamenvrocms 999999999 (9 desamok) Hu pasy He scmpevaemcs 6 cmpo-
xe nepsvir 200 000 000 yugdp wucaa 7, navunas ¢ noduyuu 0».

To xe camoe OTHOCHUTCSI BOOOINE KO BCEM JECATHYIHBIM Iudpam, Kpome
nudpsl 6, KOTOpast MosIBJIsieTcst B 310t ke crpoke u3 200 000 000 mudp 9 pas
IIOJIPsiJT, HaUYMHasl ¢ ro3uiiun 45 681 781 oT Havasa AECATUIHOTO PA3JIOXKEHUS 7.
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Takum obpazom, He TOJIBKO MOJIOBUHA 13 1epBbix 200 MuLUIMOHOB 1Tudp
YHCJIa T HE COCTOUT U3 JIEBATOK (KaK JOJIZKHO ObLIO Obl CJIyIUThCs, €CJIi Obl pa-
BEHCTBO (8) BBIMOIHSIOCH), HO MAKCHMAJbHAS TEMOYKa U3 TOCIEIOBATETbHBIX
JIEBSITOK UMEET JIUIID JJTAHY BOCEMDB!

DTO MOKA3BIBALT, MTPEXKIE BCETO, ITO HAII METOJ, JJIs HAXOKICHUS TUCITA T
TOYeH, 1o Kpaiftneit mepe 10 200 MUJIJITMOHOB 3HAKOB.

Kpome Toro, Hec/I0:KHO IOACIUTATH BEPOSITHOCTH COOBITHSI, COCTOSIIIETO
B TOM, 9TO HEKOTOPOE IEJI0€ TUCJIO COJMEPKUTCH B O0BLEIMHEHUN BCEX MHTEPBa-
708 ¢ Korramu /107" u 7 /arctg 10™" gt n > 2 - 108, Jlmna otHOTO TAKOro
HHTEpBaJIa cocTaBsier pumepto 7 - 107" /3; Gymem cuuTarh, 9To 3T0 KaK pas
U €CTh BEPOSITHOCTL TOT'O, UYTO B MHTEPBAJI IIOMAJACT HEKOTOPOE MEJI0e UHUCJIO.
CyMMupPysl BEJIMYMHBI 3THX BEPOATHOCTEH 1O BeeM 3HaudeHmsM 1 > 2 - 108,
MIOJTyYAeM OIEHKY JIJIsl TIOJTHOM BEPOSITHOCTH

0 8
. 10— T 10—2~10 +1
p= >, 3 - 27 '
n=2-108

OT0 HNpaKTUIECKH HYJIb!
Bce sTu paccykaeHusl MO3BOJISIOT HaM ¢POPMYJIMPOBATH BOIIPOC 1 B BHJE
CJIEIYIONIEl TUITOTE3bI.
T'unoresa: (A). Jaa mobozo namypasorozo wucaa N umeem mecmo pa-
BEHCMEBO - .
{arctg 10*N} B {10*1\’} '

(B). Aas mobozo namypaavrozo wucaa N nocaedosamesvrocms 2N nepevir
yudp wucaa ™ ne mooscem oxkanvwusamoses N—1 nocaedosamesvrvimu desam-

Kamu:
m#3,1415...any99...99...
——— ——

N mapp N—1 aessaTok

Takum 06pazoM, MbI JIOKA3aJ1 3Ty TUHOTE3y Jjid Bcex N, He MPEBOCXO/IsI-
mux 200 MUJTHOHOB, U C BEPOSITHOCTHIO

- 10—2.108+1

1- 57 ~

nnst Bcex N, 6oabiux 200 MUILIHOHOB.

§11. OTBETHI HA BOIIPOCHI 2, 3 1 4

Bonpoc 2. Oreer Ha BOIpoC 2 OTpULIATESIEH.

yTBEP)KZLEHI/IE 1. Pasencmeso [%} = [%:| HE MOIHCEM BBINOANHATNOCA
dan ecex 3nauenuli x.



200 I A. Taibnepun

JOKA3ATEJLCTBO. Ilycth a — mostokurenbHoe ducio (HEBazKHO, palii-
onasibHoe mim Het). Ilonoxxum = = tg(a/n). Torga seBast yacTh paBeHCTBA
IPUHIMAET 3HAYCHHE N, B TO BPEMsl KaK IpaBasi 9acTh CTPOro MeHbIie n (Io-

ckosbKy a/n < tg(a/n)). (Masoe u3menenune 3uadennst r = tg(a/n) e MeHsier
a

a o
> |:Ei|, TaK 49TO JJId IIEJIOTO MHTEpBaJla 3HaY€HUU T

HEPABEHCTBA
arctg x
PaBEHCTBO U3 YTBEPXKJIEHHUsI | HE MOXKET BBIIOJHSITHCSI. ) O
Bomnpoc 3. Bseném obosnauenue Ly = [L}
P s N arctg(1/N)

YTBEPXKAEHUE 2. Jlas scex anaverut N = 23 8vinoaniemcs o0Ho u3 06yx
pasencms — aubo Ly = [t N], aubo Lyy1 = [m(N + 1)].

JOKABATENLCTBO. domycrum nporusuoe: Ly # [ N]u Ly 1 7#[n(N+1)].
Torna Ly > 7N u Ly41 > n(N + 1). CornacHo jemme 3, MyHKT 2,

s
arctg x

Y
<7T33‘+E,

oTKy/a, nonaras * = 1/N u xz = 1/(N + 1), noaydaem JBa HepaBeHCTBA:

s
N+1

7TN+%>LN>7TN n 71(N+1)<Lyy <7(N+1)+

Boranranne sTux HepaBeHCTB IaéT

i
N+1°

s

N<LN+1—LN<7T+

T —

Ecmu N >23, tom — % >3um+ NLH <4, TaK 9TO MBI TIOJTy4YaeM HEPABEHCTBO

3< Lyy1— Ly <4,

KOTOpPO€ HEBO3MOXKHO, ub0 L1 — Ly 1iesoe. YTBep2KJieHIE JOKA3AHO. ]
Bomnpoc 4. Otser Ha Boripoc 4 — «J[A».

YTBEPXKAEHUE 3. Jasa docmamouno bosvuwur yeavr N umeem mecmo

A M

paserHcmeo [

arctg 10—N 10-N
JJOKABATEJILCTBO. Mut numtem g(z)=0o( f(x)) npu 2—0, ecom lin%] %:0.
T—
IIpu z — 0 umeem
2
2 2 T 2 2
arg{;x - x‘;[ - xzx - %(14_%—’_0(%3))'
x— % +o(zt) 1- §+6(x3)

[Tonoxum /3

_ 2 —10-N

MN— [m}, F,HGZEN—lo .
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Torma
V2
arctg rn 2 Mn,
U 3HAYUT,
2 T 2 M
TN TN TN |, 3
1+ 3 + O(IN)

Jomnycrum, uro, nanpotus, [v2/xy] < My misa mekoroporo N. (3amerm,
ato B aToM ciydae My — [v2/zy] = 1.) Torya BemosmsieTca Tak»e Hepa-
BencTBO V2/xNn < My (uenoe uucio My JeXKAT MexKLy HeneabiMu \/2/xy
u \/2/arctg ), a 3HauMT,
2
Mpy > f =

IN

OTCIO,H& ciaeayeT HepaBeHCTBO

2
xif(lJr%NJra(x?\,)) > My > Y2,

ITojcrasum BMecTo 2y 3HadeHne 10~V ; TIOJTYIUM

—2N
V210N < My < V2 10N(1+ e +a(10*3N)) -

N
— V3. (10N + 10—+ 6(10_2N)>.

BosBojst B kBajzipar, mosiydaeM HEpPaBEHCTBO

1072N
9

2.102N < M? < 2(102N +2+ + 5(10*N)) =2.10%V + 5 +0(107"),

B unTepnae

(2 102V, 2.102N 4 %)

FIMEETCst JIUIIb OJHO TieJoe 9ucio, a umenuo 2 - 102V + 1. Buauwnr,

M =2-102N +1.
2-102N +1=2-1+1=0 (mod 3)

2-102N +1=2-14+1=3#0 (mod9).
DT0 NPOTUBOPEIUT TOMY (PAKTY, UTO €CJIU HOJHBINH KBapaT JeJUTCSI Ha 3, TO

2
OH J0/I7KeH mennThbest n Ha 9. Crenoarenbro, My = IOTN} , I YTBEpXKJIeHNE
JIOKa3aHo. 0
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§12. POACTBEHHASA JJUHAMUYECKAA CUCTEMA,
TAKYKE BBIYUCJ/IAIOMIAA 7

Cucrema «cmenxa — Marvkl wap — 60avwot wap» MOXKET ObITb 3aMEHEHA
Jpyroii cucTeMoii, Koropas Toxe cuntaer ducso II(N). Dra HoBasi cucreMa co-
CTOUT TOJIbKO M3 IIAPOB U HE COJIEPKUT HEIOIBUKHOIO OTPAKATEJISA-TIPErPAIBI.

IIpencraBuMm cebe mperpajy Kak ILIOCKOe 3epKaJjo. /IByMm mrapam MCXOI-
HO¥ CHCTEMBI COOTBETCTBYIOT UX 3€PKAJIbHBIE OTPAYKEHUs 10 JPYT'YIO CTOPOHY
zepkana. Korga mmap m oTpaaeTcs OT 3epKaja, TO KE CaMOe MPOUCXOUT
U C €ro 3epKaJIbHBIM 00pa3oM (TOJBKO C JAPYroii CTOpOoHBI 3epkasa). Korma
Mapbl CTAJKUBAKOTCS IPYT C JIPYTOM, CTAJKUBAIOTCA U UX OTPAYKEHUS.

Teneps ynaiumM 3T0O 3€pKaJIo, a MAPBI-OTPAXKEHUs 3aMEHUM I1apOoil HACTOS-
[UX [IAPOB C TEMU K€ MaccamMu m U M, ITO U MaCChl UCXOIHBIX MAPOB-IIPO-
obpazor. Korma jgpa MaJjbIx mapa JBUXKYTCS HABCTPETy JAPYT JAPYTY C OJMHAKO-
BBIMU CKOPOCTSIMU U 3aTE€M CTAJKUBAIOTCS, OHU IIPOCTO OOMEHUBAIOTCS CBOMMHU
CKOPOCTSIMU WJIW, JIPYTUME CJIOBAMH, IIPOXOISAT JPYT CKBO3b JIpyra 06e3 Kako-
ro-mbo B3aMMHOIO BJMsiHUs (MBI yKe 06CyKaasm 910 Beie). [laper mapos
(M —m) u (m— M) cTaJKuBAIOTCs OTHOBPEMEHHO, 1 MbI (DUKCHPYEM 3TO COOBI-
THe Kak ojiHO crosikHoBeHue. [Ipu sTux yciaoBusx B cucreme (M —m —m — M)
HACUYUTBIBAETCSI TO YKe UUCJI0 CTOJIKHOBeHui 11, 910 n B paHee paccMOTPEHHOIT
cucreMe «CTeHKa —m — M».

Mex 1y nByMsi CUCTEMAaMU — UCXOJHON CO CTEHKON M PACIIUPEHHOI ¢ de-
TBIPbMS IIAPAME — UMEETCS PsiJl PA3JIMIHIA.

1. Crenka B II€pBOil CHCTEMe UI'PAET POJIb IIapa OECKOHEYHON MacChl, TOrIa
KaK BO BTOPOIi CHCTEME HET HU HEIOIABHXKHOI'O IPEISITCTBHUs, HU IIAPOB
OECKOHETHOM MAaCChI.

2. KondurypalnoHHoe MpoCcTpaHCTBO IIEPBOil CHCTEMBI JIBYMEPHO, TOLJIA KaK
JUIST PACHIUPEHHON CHCTEMBI KOH(DUI'YPAIMOHHOE ITPOCTPAHCTBO HUMEET Pas-
MEPHOCTH 4: OHO IPEJCTAaBJSIET CODON HPSIMYIO CYMMY ABYX HMIACHTHYHBIX
KO KOH(MUIYPAIMOHHOI'O MMPOCTPAHCTBA [IEPBOH CHUCTEMBI U 00JIaIaeT
€CTEeCTBEeHHBIMHU CAMMETPUSIMU.

3. B ncxommoit cucreme HeoOXOAUMO Pa3/ndaTh OTCKOKH OT CTEHKH (T.e€. OT-
paxKeHus1) U coyJapeHust mapos. [loc/ie CTOIKHOBEHUSI CO CTEHKON UMITYJIbC
cucreMbl (Iapbl MAPOB) U3MEHSIETCs, & IPU COYIAPEHNUN IAapOB JIPYT C JIPYy-
rOM 9TOI'0 He IIPOUCXOAUT. BO BTOPOM Ke crucreMe HaOJIOJAIOTCS TOJILKO
CTOJIKHOBEHUsI IIIAPOB, & OTOMY UCHOJIb3YeTCst TOIbKO (hopmysa (1) miu (4).

O0beauHsIET JBE CUCTEMBI TO, YTO OHHU BBIIOJIHSIIOT OJHY U TY K€ (DYHKIIIIO:

HoACYUThIBaIOT yncJao 1!
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§ 13. BAKJIIOUYUTEJIbHBIE 3BAMEYAHU S

ABTOp M306pENT OUITLSIPIHBIN METO, JJIsT HAXOKIEHUST TUCIa 7, KOTJA TOTO-
BWJI JIJIsi MaTeMaTndeckoro kojutokeuyma B Eastern Illinois University mokijia
0 CTOJIKHOBEHHsIX 1IapoB (110 Tak HasbiBaeMoil mpobseme Cunasi). Korja npore-
Jlypa BBIYUCJEHUS T C MOMOIIBIO JBYX IIAPOB ObLIa MPEJCTABJICHA ayUTOPUN,
B Pe3yJIbTaT MOHAYALY HUKTO He moBepui. Ho 3aTeMm aBTOp IMPUBE/T HOKA3ATE b=
CTBO, IPOCTOTA KOTOPOTO YOE/IMIa BCeX U KarXKJO0ro.

[Tozamee aBTOp paccKa3bIBAJI O CBOEM OTKPLITHH €IE B HECKOJIBKUX aMepH-
KAHCKHUX U €BPOIEHCKUX YHUBEPCUTETAX C HEM3MEHHON peakIimeil ayJuTOpuu:
[IOHAYAJIY ITOJIHOE HEJOBEpHE, a 3aTEM IIOJIHOE IMPUHATHE BBUIY OUYEBUIHOCTU
JIOKa3aTeJILCTBA.

C skcrnepuMeHTaTBHOM ((bU3UUECKOl) TOUYKHM 3PEHUsI OCHOBHAsI TEOpEMa
JAHHON cTaThu (cM. §§ 2—4) MOJIHOCTBHIO JOKa3aHa: OTHOIIEHUE JBYX PEATHHBIX
macce M /m, ucnosib3yrolreecs B IPOIE/LyPe BBIYUCIEHUS] T, HE MOXKET [PEBOC-
XOJUTH YHC/Ia ATOMOB BO BCe/IeHHOi, KOTopoe MHOro MeHbIne yem 10200000000
(1a camoM ke jiete 310 wmcao mHe npesocxomut gaxke 1020Y); mo Mbl 3maem
(u3 ceru VlHTEpHET), UTO HAII METOJ JIAET TOYHYIO [I0CJIE[0BATEIBHOCTD IIEPBBIX
200 000 000 mucp uuciia 7. OgHAKO ¢ MATEMATUIECKON TOUKHU 3peHus chop-
MYJIUPOBAHHAS 3/I€Ch TUIIOTE3a MPEJICTABIIACTCS HAM IMO-HACTOSIIEMY CJIOKHOMN
MaTeMaTHIeCKOl mpobJIeMOii, B HACTOSIIEE BPeMsi COBEPIIIEHHO HEIOCTYITHOM.

BJIATOJJAPHOCTU

[Ipexxme Bcero, mHe xodercs mobiaromapuTh mnpodeccopa Aiipy Pozen-
rosibiia (Ira Rosenholtz, Eastern Illinois University), koropsrii y6eann menst
HAIINCATH U OIyOJIMKOBATDH 3Ty CTAThHIO.

¢ npusHaTEIeH TaKXKe BCEM, KTO IPUIJIAIIAJ MEHs C JIOKJIAJIOM Ha MaTe-
MaTHIecKue u (pU3NIeCKue CeMUHAPDI, KOJJIOKBIHYMbBI U 3aCeIaHUsT MATEMATHU-
geckux KJayboB. Ocobo st xoTes 6B YIIOMSIHYTh aMEPUKAHCKUX TTPOMECCOPOB:
John Wetzel; Anatoly Katok; Michael Bosherniatzan; Nikolai Chernov; Keith
Burns; Paul Sally; George Berzsenyi, a Takxke eBporeiickux mpodeccopos:
Sergio Albeverio; Yuri Kondratiev; Phillip Blanchard; Aleksandr Plakhov; Carlo
Boldrighini. 4 Takxke mesran MOKJIaIbl HA 3Ty TEMY B HECKOJbKUX JIETHHUX
MaTeMaTHIeCKUX JIarepsx i MKOJbHUKOB, KOTOPbIe ITpoBoaminch B Nebraska
University, — B 9TOM Jiarepe €KerojiHo roTOBAT aMePUKAHCKYIO0 KOMAaHTy JIJIs
yaactusi B MexxIyHapoIHOM MaTeMaTHIeCcKoil oumnuae; B «Zoom Academy»,
California State Fullerton; a Tak:ke B Jyierteii mkosie «CoBpeMeHHas MaTEeMaTH-
ka» ([lyb6ua, Poccust). S npunomty 6s1arojlapHOCTh BCEM OpraHU3aTOPaM THX
Jlarepei m JIeTHE ITKOJIBI.
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Xo04y BbIPA3UTh TAKKe IIPU3HATEILHOCTH MOEMY JIpyTy podeccopy Yapasy

Hemvany (C. Delman, Eastern Illinois University), KoTopblii mpodnTan ucxo/-
HYIO PYKOIIUCH B QHIVIMIICKOM BapUAHTE U IPEJJIOKII MHOXKECTBO YIIyUIIEHUH.

1

[a—

[2

—_—

3

—

[4

—_

[5]

6
[7]

—

18]
9]

[10]
[11]

[12]
[13]

[14]

CIIUCOK JIMTEPATYPbI

Aproavd B. . Maremarudeckoe nonumanue mpupoabl. M.: MITHMO, 2011.
C.85-87 (3adaua Brodgora u unmezparsvhas 2€omMempus).

Aproavd B. H. O6bikHoBeHHbIe nuddepeninuaibable ypasaenusi. M.: MITHMO,
2012. C.4-15 (3adaua 1).

Tasvnepun I A. Busummapiaast iuHaMuYeckas cucreMa Juist aucia m // Marema-
tudeckoe npocserienne. Cep. 3. Bein. 5. M.: MITHMO, 2001. C. 137-138.

Taavnepun I A., 3emaaros A. H. Maremarnaeckne 6usbspipl // Bubmmoredxa
«KBanT». Beir. 77. M.: Hayka, 1990.

Iepeavmar 4. H. 3anumarenpHast reoMeTpus (Ha BOJLHOM BO3JIyXe H JIOMA).
Bropoe ucnpasiennoe nznanue. J1.: Bpewmst, 1927. C.190-193 (Bpocanue uzavy).

Cunat 4. I'. Beenenune B sprojudaeckyio reopuio. M.: @azuc, 1996.

HIxaapexus /. O., Yenyos H. H., Henom U. M. VI30pannbie 3a/1a91 U TEOPEMBI
semeHTapHoil MmaTemaTuku. Apudmernka u anrebpa. M.: @uzmaraut. 2001. C. 56

(3adaua 239(6)).
Beckmann P. A History of II. Golem Press, 1971.

de Buffon G. L. L. Comte Sur le jeu de franc-carreau, 1777.
Cwm. Takke BeO-cafiT http://www.cut-the-knot.com/fta/Buffon/buffon9.htm.

Sinai Ya. G. Introduction to Ergodic Theory. Princeton University Press, Prince-
ton, N.J., 1976.

van der Poorten A. A proof that Euler missed // Math. Intelligencer. 1979. V.1,
Ned. P.195-203.

Beb-caiiT, mocBaménnsiit uncty m: mathoverflow.net/questions/62868.

Beb-caitt, mocsaménnbrit urime Broddona:
http://stud4.tuwien.ac.at/~e9527412/Buffon.html.

Beb-caiiT, NOCBAMIEHHBIA COYIAPEHUIO IIAPOB B CUCTEME <«CMEHKA — Wap M —
wap M» (Mmynbrdunsm cosman Bepoit Pommroit): http://youtu.be/4UhPTrHIprk.

I'. A.Tanbnepun, Eastern Illinois University, USA

ggalperin@eiu.edu, ggalperin2@gmail.com



205

KomMmibioTepHoe J10Ka3aTeIbCTBO
TeopeMbl 00 MHIIEHTPaX

H. H. Ocunos

B npounsBosibHOM TpeyToJbHUKE IIPOBEJ OMCCEKTPUCHI U B KaXK-
JIBbII U3 IIecTH 00PAa30BABIINAXCS TPEYTOJIbHUKOB BIMCAIN OKPYKHOCTb.
Teopema 006 WHIIEHTpPAX YTBEPXKJIAET, YTO IEHTPHI ITUX IIECTH OKPYK-
HOCTell JiexKaT Ha OJIHOM KPUBOM BTOPOTO Mopsijika. B crarbe mpu-
BOJUTCS BBIYUCJIUTEIBHOE JOKA3ATEIbCTBO 9TOM TeopeMbl U €€ 0600-
IEHUs C UCIOJIb30BAHUEM CHCTEMbI KOMIIBIOTEPHOU airebpnl Maple.
st apdekTuBHOM peaan3annn BLIMUCACHNN TPUMEHsIeTCs ajaredpa
KOMILJIEKCHBIX YUCE.

§ 1. BBEJIEHUE

B wemasneil crarbe [5| ObLIT HpPUBEIEH NEJbIi DPsijl CXOIHBIX MEXKIY CO-
60if TEOMETPUIECKUX TUIIOTE3, KOTOPBIE, BEPOSITHO, POJUJINCL B PE3yJIbTaTe
9KCIIEPUMEHTOB ¢ KAKOH-HUOYAbL cucmemoti JuHamuieckoti 2e0MemMpPul, TUIA
GeoGebra [7|. Hacrosiiast cTaThst HOCBSIIIEHA JTOKA3aTEIbCTBY OJHON M3 3THX
PHIOTE3, KOTOPYIO MbI Oy/IeM Ha3blBaTh 2unomesoli 06 unyenmpazy . Copay-
JUPYEM €e€.

[Tycts ABC — npousBosbHbIil Tpeyroibuuk, AAy, BBy, CC] — ero buccek-
Tpuckl, | —unnenTp rpeyroibauka ABC, Py, Py, P3, Py, Ps, Ps — uHIIEHTPBI
tpeyrosnbaukoB AB1I, A1BI, BC11I, B1CI, CA1I, C1 Al coorercreenno. ['u-
1I0Te3a yTBEPK/IA€eT, ITO IIeCTh NHIEHTPOB Pj jeXKaT Ha O[HOM 3JIJINIICE.

Ota runoresa BepHa. TouHee, cupaBeiIuBa CIELyIONIAs]

TEOPEMA OB MHUEHTPAX. [lecmv unuenmpos Pj aeostcam na 00not
KPUBOT 6MOP020 NOPAJIKA.

WHTYUTUBHO OYeBHUIHO, Ja M PUCYHKH B GeoGebra ITOKA3bIBAIOT, YTO 3TOI
KpUBOii Oyaer sjuinrc. [loueMy MMeHHO SJLIUIIC, & He, CKaykeM, rumepbosia?
DTUM BOIPOCOM MbI He OyieM 3aHMMATbCHA, HO JaJM HEKOE eCTECTBEHHOE
(B paMKax IIPUMEHsIEMOr0 3/1eCh MeTojia) 060bIIeHIe TeopeMbl 00 MHIIEHTPaX.

2 Hruyenmpom TpeyrosibHUKa HA3BIBAETCS IIEHTD €r0 BIIMCAHHON OKPYKHOCTH.

MaTemaTtuueckoe npoceelieHne, cep. 3, sbin. 18, 2014(205-216)
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Hamr cmoco6 mokasaresbcTBa TeOpeMbl 00 MHIEHTPAX OyIeT OMUpaThCs
HA a.42e0pY KOMNAECKCHHIL YUCEA U CUMBOAbHBIE Sbivucienud. O TPUMEHEHNN
KOMIIIEKCHBIX 9UCEJT B IIJIAHUMETPHH XOPOIIO U JJABHO U3BECTHO (CM., HAIIPUMED,
kuuru 2] u [4]). IockonbKy npumércss uMeThb J1eJ10 ¢ 'POMO3IKUME OYKBEHHbI-
MU BBIPAXKEHUSMU, HAM TIOHAI00UTCH KaKasg-HUOYIb CUCeEMa KOMNLIomeprot
anzebpu, vanpumep Maple [8|. Kak Bcé s10 paboraer, Mbl IPEIBAPUTEIBLHO
IIOSICHUM Ha 6OJIee IIPOCTBIX IIpUMeEpax. T‘II/ITaTe.Hb JOJIZKEH YMETDH BBIIIOJTHATDH
CTaHJIAPTHBIE ajrebpandecKue Olepaluy HaJl KOMIUIEKCHBIMUA YHCJIAMU U TIOHU-
MaTh '€OMETPUYECKUIN CMBICJT 3TUX OIEPAIUA.

ITomuepkuéM pUHIUTIHATIBHOE OTJINYHE TEXHUIECKUX UHCTPYMEHTOB, KOTO-
pble MOXKHO IIPUMEHSITD JIJIsl IIPOBEPKU IeOMeTpuIecKuX runore3. C moMomibio
CUCTEMBI JINHAMUYECKON M€OMETPUE MbI MOYKEM JIOKA3aTEILHO OIIPOBEPIHYTH I'U-
[OTE3Y, BBITIOJTHUB BCEe HEOOXOIMMBbIE TOCTPOEHUS C IOCTATOTHON TOTHOCTHIO. Tak,
MOYKHO [0Ka3aTh, UTO [IePBble J[Be TUIIOTe3bl 13 5] ommbouHbL: IpH BapbUPOBa-
HUU COOTBETCTBYIONIUX PUCYHKOB HETPYIHO OOHAPYKUTDH SIBHBIE KOHTPIIPUMEDHI.
O 1HaKO JjIst CTPOroro 060CHOBAHUS IIPABIOIOI00HON THIIOTE3bI IPUOJIMKEHHBIX
[IOCTPOEHMUH, JIazKe OYeHb TOYHBIX, HeJocTaTouHo. CucreMa KOMIBIOTEPHON aJ-
reOpbl TIO3BOJISIET B ONPEIEJIEHHOM CMBIC/IE OCYIIECTBJISITH abDCOIFOTHO TOYHBIE
reOMETPUYECKUE [TOCTPOCHUS, ¥ Y HAC TOSBJISETCS MIAHC JI0KA3aTh THIIOTE3Y.

Paszymeercst, asmomamuueckut memod TOKA3aTEIBCTBA C €r0 CUMBOJIBHBI-
MM BBIYUCIEHUSIMI — HE CAMBII JIydImii criocod 000CHOBaHUsT T€OMETPUIECKOI
runore3bl. Ho 9T0 nearh, KOrjua mo-IpyroMy He IHOJIy9daeTcs, a JI0Ka3aTeIbHO
CYJUTH O TUIOTE3e X04ercs. ['urnore3a 06 MHIEHTPAX HA JAHHBI MOMEHT UMEeT
MMEHHO Takoil craryc. OTMeTHM, 4TO HEKOTOpbIE M'MIOTe3bl U3 [5]| joryckaror
YUCTO T€OMETPUYECKOe 0DOCHOBAHIE, 1 3aNHTEPECOBAHHBIN YUTATEH MOXKET 110~
IBITATHCST HANTH YTO-TO TIO0J00HOE U JIJIsi TUIIOTE3bI 00 UHIIEHTPAX ([O-BUIUMOMY,
pasraJiaTh 3ara Ky JIIAICA MOXKHO TOJIBKO TeOMETPUUECKUMU PACCy K JICHUSIMH ).

B KoHIe cTaThu MBI KPATKO OOCY/IUM €Ié JIBe THIOTe3bl U3 |5, cBs3aHHbIe
¢ KOHCTPYKIIHE XOPOIIIO U3BECTHON meopemvt Mopaes. ABToMaTHIeCKI METO
[IPOBEPKH TTOKA3BIBAET, UYTO ITU IUIIOTE3bI TAKXKE BEPHBI, IIPUIEM Jaxke B OoJiee
obremM BHUIE.

§ 2. TTAPA TIPUMEPOB, WITIOCTPUPYIOIIUX METO/]

YTob6b! MOKA3aTh YUTATEO, KAK PAbOTAET aBTOMATUYUECKUII METO/I, OCHO-
BaHHBII Ha ajrebpe KOMIIJIEKCHBIX YHCEJI, Mbl PEIUM JiBe OTHOCUTEIHLHO HOBBIX
reomerpudecknx 3agaqn?). IlepBas U3 HUX HpeIJIAragach Ha PECHOHAIBLHOM

2 Ha camom JieJie 9TH 33491 IIPOCTO MEPBBIMHU MOJIBEPHYJIUCH 1101 PyKYy. VumrocTpupoBaTh
MeTOo/, MOXKHO 33/1a9aMU U3 JJOBOJIBHO IMIMPOKOTO KJIACCa, IIPU 3TOM, UTO WHTEPECHO, METOJ,
HEYYBCTBUTEJEH K TOMY, HACKOJIBKO CJIOKHBIM MOXKET OKa3aTbhCs NeOMETPUUECKOe pelleHne
3a/1a491.
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starre XXXIX Beepoccuiickoit ommmma bl MKOJILHAKOB (3ama4da 11.4), a Bro-
past — 310 3a7a4a 5296, onybsmkoBaHHasT B XKypHaJe «MaTemaTuka B IIKOJIE»
(Ne2 3a 2013 ron).

BBeJIEM Ha IIOCKOCTH CUCTEMY JIEKapTOBLIX KoopauHar. Ecjm Touka 9Toi
IJIOCKOCTH HMMeeT KOODJMHATHI (a,b), TO OTOXKIECTBUM €€ € KOMILIEKCHBIM
qucsioM a + bi. JIBymepHblit BeKTop (a, b) TakyKe OTOXKJIECTBUM C ITUM UUCJIOM.
CaMy IUIOCKOCTB TIpU 3TOM OyJIeM Ha3bIBaTh KOMNAEKCHOT, UMesT B BULY TaKyIO
UHTEPIIPETAINIO TOYEK U BEKTOPOB.

[Tycre (P, v) obo3HaYaeT HPSMYIO, IIPOXOJIAILYIO Yepe3 TouKy P B Hampas-
Jeanr BekTopa v. OCHOBHasl MPOLEAYypa B aBTOMATHYECKOM METOJEe — 3TO
BBIUHUC/IEHHE TOYKHN nepecedenusi Z upsiMbix [(P,v) un [(Q,w) no dopwmyie,
KOTOPYIO YUTATEJIIO MIPEJJIAraeTCsi BHIBECTH CAMOCTOSITEIHHO:
~ v(Qw — Qw) — w(Pv — Pv)

VW — VW

Z

(S,ZLer " naJjiee 9epTa CBEPXY O3HaA4YaeT KOMNAECKCHOE COTLp.ﬂOfC@HU@).

3A0A4YA 1 (. A. Usnes). B okpyxkuocts 2 Buucan tpeyroiasauk ABC.
[Mycrs P u Q@ — cepenumnt 1Byx nayr AC okpyxuoctu €. [lycts M — ocHoBammne
MEPIEHINKYJISAPa, OMYNIeHHOro u3 Toukn () Ha npsamyio AB. Jlokaxkure, ITo
OKPY2KHOCTB, OIUCAHHAsi OKOJIO Tpeyrojbiauka BMC, nesut mnomosaMm oTpe-
30k BP.

N3 dbopMmynmupoBKH 381841 Mbl yOpaJId HECYIIECTBEHHBIE JIJI aBTOMATHYIE-
CKOr0 MeTOj1a TpeboBaHus (THIIa OCTPOyTroJbHOCTH Tpeyroabauka ABC'), KoTo-
pble B HEKOTOPOM CMBICJIE HEOOXOINMBI TIPU TPAIUITMOHHOM CIIOCODE PEeITeHUsT
3a,1a41.

PEWEHUE. Bymem cuntars TpeyroabHuK ABC pacmoloKeHHBIM Ha, KOM-
[JIEKCHOM TLJIOCKOCTH TaK, 9TO {) — 9TO eIMHAIHASI OKPYKHOCTh |z| = 1, npuaém

P = 1. TTonoxum
A=z, B=nz,

rJie 21, Z2 — KOMIIJIGKCHBIE YHCJIA, JIJIs KOTOPBIX |21 = |22]| = 1. Torza
T 1

Q:—P:—]‘7 C:A:—,

21

a TouKy M MOXKHO HOJIyYUTh KakK TOUKY Iepecedenus npsMbix [(Q, (B — A)i)
ul(A,B— A):
M= 2129+ 21+20—1
= 5 i

Borauciaum meatp O OKpY>KHOCTH W, OIMMCAHHON 0K0JIO Tpeyrobauka BMC,

u cepeauny L orpeska BP:
29— 1 29+ 1
= = L = .
0 2z — 1) 2
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Hocrarouno ybeaurbes, uro L € w, T.e. uro |OL| pasno, nanpuwmep, |OB).

PaccmoTrpum guciio
L-0 _ zmz+2—2
B-0 B 22:12’2—22—1

1 mokazkeM, 4To |w| = 1. B camom merse, nmeem

w =

-1 -1 -1
o 2 2tz =2 14z -2z 1
- — — — - - 9y
2211221f221f1 2—21— 2129 w

9TO U TpeOOBAJIOCH. O

B sTom IIpuMepe BCE BBIKJIQJIKU JIETKO IIPOAEJIaTh BPYIHYIO, HO TaK OBIBAET
KpaﬁHe PEAKO: TP aBTOMAaTHUYICCKOM I10/IX0O/1€ 0OBLIYHO IIPUXOIUTCA UMEThb J1€J10
C 'POMO3JAKUMU BbIPDazKECHUAMMU.

3a7A4A 2 (C. C. Tacmyparos). B rpeyrosbuuke ABC nposenu Guccex-

tpucy CL, a B tpeyronbanku CAL w CBL Buucam OKpy»KHOCTH, KOTOPBIE
Kacatorcst npsiMmoit AB B Toukax M u N coorBercTBeHHO. JloOKaXknuTe paBeHCTBO

2 1 1
|CL] — |LN|  |AM[

PEIIEHUE. [IpumeMm OKpyKHOCTD, BIMCAHHYTO B TpeyroabHuK C'AL, 3a eu-
HUYHYIO; B YacTHOCTH, €€ neHTp I = 0. Ilycrs ona kacaercst cropon CA u C'L
B Toukax L1 m A coorsercrsenno. Ilomoxxum

Alzzl, L1222, M223,

rie |z1] = |22 = |23] = 1. Torma
22’223 o 22’123 o 22122
_Z2+237 _Zl-f—Zg,7 _Zl+22'

Jlnst Beraucaenns Touku N cHavaja HailaéM 1menTp J OKPYXKHOCTHU, BIIMCAH-
HO#t B TpeyrosibHuk C'BL. OH MoxkeT ObITh HAllJIEH KaK TOYKA MEPECeUcHUs
upsimbix (L, (L — I)i) u I(C, I' — C), tne I' — Touka, cummerpudHas Touke [
orHocuTesibHO Tipstmoit C'L. Tlosyunm

g 22123(2% + 2129 — 2123 + 2223)
(Zl + 23)(2’% -+ 2223)

Teneps TouKy N MOYKHO HAWTH KaK MMPOEKIUIO TOUYKK J Ha npsmyo AL:

2123(223 + 2122 — 2123 + 32023 — 23)

N =
(21 + 23) (22 + 2223)

3 T€OMETPUYECKUX COOOPaKEeHUI TpeyroJbHIUK BCEra er ocT-
n 1§ AL M 0
pPOyTObHBIM. Ec/in ero cauTarsb nosodHcumesbho opueHmupo8aHHviMm, TO OYIyT
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CIIpaBE/JINBbI paBEHCTBaA

2i21 (ZQ - 2’3)
(21 + 22) (21 + 23)

(22 — 23)

)
am| =125 op) =

(,ILOK&S&TG.HBCTBO OCTaBJIdEeM YHUTATEJIIO B Ka9eCTBE pra)KHeHI/IH). OquI/I,ILHO,
PaB€HCTBO, KOTOpPOE Tpe6yeTCﬂ J0Ka3aTb B 3aJa49€, paBHOCUJIbHO PaBEHCTBY

1 2 \2 1
(\AM| + |CL|> = NP (1)

Iockomeky |LN|?> = (L — N)(L — N), nam joctaTodno 3arpys3uThb B (1) Haii-
JleHHble Bbille Bbipaykenus jist |AM|, |CL|, L, N u 3arem y6eaurbcsi, 9TO

MOJTyIUTCST TOYKIECTBO OTHOCUTEIBHO 21, 22, 23. DTy PYTUHY, KOHETHO, CIEIyeT
[IPEJIOCTABUTH KOMIIBIOTEDY. O

MpbI npuBesn IpUMeEpH! 33189 U3 KJIacca IJIAHIMETPUIECKIX TEOPEM Tak
HA3BIBAEMOI'O PAYUOHAALHO20 Muna. dnraresb, KOTOPBI X0Tes Obl ITO3HAKO-
MHTBCSI ¢ QJITOPUTMUYIECKIME aCIHeKTaMI JaHHOIO II0JX0/a OoJiee JIeTaIbHO,
MOXKET [IOCMOTPETh CTaThio [3].

§ 3. JIOKABATEJIbCTBO TEOPEMbBI OB MHIIEHTPAX

CrauaJia TOSICHUM, 3a9eM HY2KHbI KOMIIJIEKCHBIE TUCJIA, T. €. OYEMY CTaH-
JMapTHBII METOM KOOPJINHAT He IPUBOIUT K ycIexy. Beab mepBoe, YTO TPUXOIUT
Ha YM, —3TO BOCIIOJIb30BATHCS M3BECTHBIMU (DOPMYJIAMU )i KOOPAUHAT WH-
MeHTpa Tpeyroabauka. s nnnentpa I Tpeyronbauka ABC oHI TaKOBBL:

_ |AB|C, + |BC|A, + |CA|B, _ |AB|C, + |BC|A, + |CA|B,

I =
r |AB| + |BC| + |CA| Y |AB| + |BC| + |CA]

(Ay m A, obosnauaror KoopaumHarel Touku A u T. 1.). Ha mepsblii B3rusg
IpUMeHeHue 3Tux (hopMys Kazkercss 6€300MIHBIM, HO ONTUMHU3M IT0yOaBUT-
Csl, KaK TOJIbKO Mbl [OJIyYUM HUTOTOBBIE BBIPAXKEHUS JJIsi KOOPJAMHAT MIECTH
HHIEHTPOB Pj — 9TO J0BOJIBHO TPOMO3JKHE Keadpammsie paduranss (U3-3a pac-
crosinmii |AB| u 1. 11.), npuuém eaoorcernvie (moToMy 9To hbopMyIaMu HYKHO
[OJIb30BATHCs JBaK/1bl). OHE OCTAHYTCsI TPOMO3JIKIME JlazKe TOT/Ia, KOTJIa Mbl,
SKOHOMS Ha OYKBEHHBIX IEPEMEHHBIX, BBEJIEM CHCTEMY KOODJIMHAT TaK, 4TOObI

A=(0,0), B=(1,0).

Bupouewm, nHazexia na ycrnex emié 6yJeT, MOCKOJIbKY BO3MOXKHOCTU COBPEMEH-
HBIX CHUCTEM KOMIIBIOTEPHOI aJireOphl JeiicTBuTeIbHO Bejiuku. Ho He B Ha-
el cUTyanun, Korjga Hy>KHO HEKUI Ollpe/ie/IuTe/b (3a131/1(:${1um71 OT KOOpJAMHAT
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ToYeK Pj 1M COCTaBJIEHHBIl 110 aHAJIOHU C ompeienanreseM (4), cM. HukKe)
MPOBEPUTDH HA TOXKJIECTBEHHOE PABEHCTBO HYJIIO. DTOT ONPEIETUTEb OKA3bIBa-
eTCsT «HeCheTOOHBIMY 71T Maple — MPU TIONBITKE €r0 BBIYUCINTH MPOTPAMMA
JIOBOJIBHO OBICTPO MCUEPIBIBAET BCIO JOCTYITHYIO IAMSTh U 3aBUCAET, HE BbIIAB
HUKAKOTO pe3y/brara’),

Takum obpazom, 3ajiada COCTOUT B TOM, YTOOBI IIPEIBAPUTENBHO IIPEJ-
CTaBUThL KOODJIMHATBEI MHIIEHTPOB P; B yjnobosapumom suje. Kax kazkercd,
KOMIIJIEKCHBIE YHCJIa — JIEKBATHBIN U, TVIABHOE, OOIIEIOCTYIHBI HHCTPYMEHT
JJIsl pelieHnsl STOM 3a;gaq1/14).

O6o3naunm yriael Tpeyroibanka ABC depes a, 3, 7. Byaem caurars, 9To

HaIIl TpeyFO.HI)HI/IK pacnonomeH Ha KOMH.HGKCHOfI IIJIOCKOCTHI TaK, qTOo
A=0, B=1

(BeIIeCTBEHHYIO OCh MPEACTABUM cebe TOPU30HTAJIBHO 1 UIyIIeil cieBa Halpa-
BO, MHIMYIO OCh — HAIIPABJIEHHOI BEPTHKAJbHO BBepX, TouKy C — jexkarreit
B BEPXHEH MMOJIYIIJIOCKOCTH).

ITostoxkum

—cos @ aisn® b—cosL tisinl  c—cosd +isind
a—cos4+zsm4, b—cos4—|—zsm , c-cos4+zsm4.

IIycrs Takzke ¢ = cos 45° + i sin 45° — 4nci10, JIJIsT KOTOPOT'O BBLIIOJHEHO PaBeH-
CTBO

¢t+1=0. (2)
Yucna a, b, ¢ *MEIOT TPOCTON T€OMETPUIECKUI CMBIC: OHIH OTBEYAIOT 38 MTOBO-
POTHI Ha YeTBEPTH YIJIOB «, (3, . [lockosbky o + 8+ v = 180°, cupasesiuBo
ToxkecTtBO abc = (. Vcnonb3ysa HaIu CTaH apTHBIE ODO3HAYMEHUS I IIepe-
MEHHBIX, IIOJIOXKHUM a = 21, b = zo. Torma

¢

2122

[TepeiiiéM HETIOCPEJICTBEHHO K BhIYUCAeHUsIM. Touky C' MOXKHO HOJIyIUTh
KaK TOUKy nepecedenns npsambix [(A, a*) n (B, ™), a Touky I — Kak TOUKy

%) Tak GbL1O y aBTopa. JTO, KOHEUYHO, HE O3HAYAET, YTO y 0OJiee UCKYIIEHHOTO B KOMIIBIO-
TEpHOI ajrebpe 4UTATEJsI CIyIUTCS TO XK€ CAMOE, €CJIM OH 3aXO4YeT IIOBTOPUTH I10/I00HBII
9KcnepuMenT. BosmoxkHO, ipu 6osiee rpaMoTHON sKcutyaTanuu Maple Bcé-taku cipaBuTcst
C T€M I'POMOBJKHUM OIpPEIETUTEIEM, JTUO0 ITO CIeaeT KaKasg-HUOYAb Apyras CUCTEMa KOM-
nbiorepHoit asrebpel. Ho B smro6om cirydae npuaércst 9To-TO IPULyMBIBATH — IIPOCTON METOZ,
rpy06oii cuiIbl He paboTaer.

4 B ob1em ciyuae Juis aBTOMATHYCCKOTO JOKA3ATCLCTBA TCOMETPHUCCKIX TEOPEM MOXKHO
MIPHUBJIEYD «TAXKEIYIO APTUJLIEPUIO KOMMYTATUBHON anre6per» (B. W, Aprosby), 910 06BIMHO
[O/Ipa3yMeBaeT IPUMEHEHNE PA3JIMYHBIX AJIFOPUTMOB JJisi PAOOTHI C CUCTNEMAMU NOAUHOMU-
anrvroir ypasrernud (cM., Hanpumep, [6]).
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nepecevenns npambix [(A, a?) n (B, b~?). Boraucienns gaior:

-0, -
z?zgfl ’ zfz%—l ’

C:

Hanee paccmorpuM, HanpuMmep, Tpeyroabuk ABil. Kak HeTpy HO yBUIETH,

a+p
5

/IAB; = % LAIB, =

CaenoBarebHo, nHIIEHTP Py Tpeyroibauka ABil MOXKHO BBIYUCIUTH KaK TOY-
Ky mepecedenus npambix [(A, (I — A)a) w I(I, (A —Ia=1b1):

2 (2 — 1)
(2123 —1)(2723 +1)

P =

Amnayioruano unnenTp Po Tpeyronbauka A; Bl —3To Touka miepecedenust mpsi-

veix [(B, (I — B)b~Y u I(I, (B — I)ab):

225 — V(2225 + 2723 + 27 + 23)

P, =
? (28 — )22 + 1)

Hamnee Haxoaum
23 (23 — 1)(2125 — (Patey — (Pefed +1)
(2125 = 1)(2f = ¢?23)

3J1ecb B UTOIOBOM BBIPAXKEHUU BIIEPBbIE NOsBIIsieTCs 9ucyio (. B BbipaxkeHusx
JJ1s1 UHIIEHTPOB

Py=I1(B,(I-B)b)NI(I,(B—1)btc )=

Py =1(C,(I-C)eY)nI(I,(C —I)be),
Ps=1(C, (I -C)e)NI(I,(C—Date™),
Ps=1(A, (I —AaY)nI{, (A-Iac),

KOTOpBIE MBI HE TIPUBOJIUM, OHO TaK>Ke MOSBUTCS.
Ha nmexapToBoii miockocTn ¢ KoopJuHaTaMu (', y) IPOU3BOJIBHYIO KPUBYIO
BTOPOT'O MOPS/IKa MOYXKHO 33JIaTh YPaBHEHUEM

kx? + lzy + my® + ux + vy +w = 0.
Ha KOMILJIEKCHOM MJIOCKOCTH MOYKHO HCIIOJIB30BATH KOMNAEKCHVLE KOOPOUHANbY
(2,2) = (z + 1y, z — iy),
B KOTOPBIX KpUBas BTOPOI'O IOPSIKA ONUCHIBACTCA YPABHECHUEM

K224 Lzz+MzZ>+Uz+VZ+W =0.
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Taxum 006pa3oM, MBI HOJIZKHBI JJOKA3aTh CYIIECTBOBAHIE HEMPUSUAALHO20 HADO-
pa ko3 bunuentor K, L, ..., W, 1t KOTOphIX Oy/IyT BBIIIOJHEHBI PABEHCTBA

KP}+ LPPj+ MP?+UP;+VPj+ W =0, j=12..,6. (3)
Kak uzsecrso (cm., Hanpumep, [1]), 9170 paBHOCHIBLHO TOMY, YTO onpedesument
A(Ph7P6):det([P‘]zan-ﬁ]a-F]27-P]7-ﬁj7 1]?:1) (4)

cucmemvl, aunetinoir ypasrenud (3) ¢ nenspecrubivu K, L, ... W pasen Hytio.
Bripazkenne jjis KaxKJIoro U3 HHIEHTPOB P nMeeT IIPOCTyIo CTPYKTYPY —
9TO pallMoHAJIbHALA JIPOoOb OT 21, 22 u (. Bulpaxkenue Jist ]7] MOXKHO TTOJIYUUTh,
ec/Ii B BBIPAKeHUH Jisd Pj BCIOJy 3aMEHHUTDL 21 Ha 2, 1 2 na 2y Yy ¢Cma ¢L
fcHo, 9TO IPpU STOM MOy IUTCS PAIMOHAIbHAS IPOOb TAKOTO ke Buga. [loaTomy
BbIunc/ieHne B Maple onpegenuresist (4) He MOXKeT ObITh TPOOIEMOIA.
JleticTBuTe/IbHO, Maple 3a HECKOJIBKO CEKYH/[ PACKPBIBAET STOT OIIPEIesIN-
TeJib, HO BMECTO OXKUJIAEMOI'0 HYJIsi MBI BHJIMM BEChMa IT'POMO3/IKYIO PAIlMOHAb-

HYIO JIPOOb:
Y P f(z1, 22, ()

APy, ..., Ps) = .
9(2’1, 22, C)

Onnako ( —He mepeMmenHasi, a PUKCHPOBAHHOE THUCJIO, JjIs KOTOPOTO MMEET
MECTO PaBEHCTBO (2) W BOT 110 MOJIYJIFO 3TOTO PABEHCTBA BCS JIPOOb UyAECHBIM

00pa30M MpeBpaIaeTcss B HYJIb:
APy, ..., P) =0.

Y0661 B 3TOM yOeuThCA, HocTaTodHo f(z1, 22, ¢) mogemuts Ha ¢* + 1 ¢ ocrar-
KOM (KaK OJ[MH MHOTOWIEH JIEJISAT ¢ OCTATKOM HA JIDYIOil) M YBUJETh, YTO
OCTaTOK HYJICBOIl.

Nrax, noKa3aHO, Y4TO BCE IIECTh MHIEHTPOB Fj jlexKaT Ha ONHOII KPUBOii
BTOpOTO Topsizka. Kak yxke ormedasnoch, 9Tofl KpuBoit OyaeT smmwumc. s
JTOKa3aTeIbCTBA JOCTATOYHO MOMOKUTE W = 1 U, BEIYUCAUB KOIDMOUITUEHTEI
K, L, M, ydbenuTbcs B CIIPaBeIINBOCTH HEPABEHCTBA

L? —4KM > 0.

Ojtnako Beipaxkenust jyist K, L, M 0Ka3bIBaIOTCs CJAUINMKOM I'POMO3JIKUMM, U HA
9TOM IIyTH [OJIy9UTh CTPOIOE JIOKA3ATEIHCTBO ObLIO OBl 3aTPYIHUTEIBHO.

§4. IIOJIHASI TEOPEMA OB MHIEHTPAX

B xagecTBe cBOCOOpa3HON KOMIIEHCAIINN MbI chOpMyIupyeM OoJsiee oOIImin
pe3ysbTar, BKJIIOYAONMil B cebsd TeopeMy 00 MHIEHTpax. Bmecre ¢ mHIIEH-
tpamu P; Tpeyrompuukos AB1I, AiBI, BCiI, BiCI, CA1l, C1Al Gynem
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paccMaTpUBATDL U EHTPBI OKPY2KHOCTEN, 8HESNUCAHHOIL B 9TU TPEYTOJILHIKH.
Ob6ozHaunm vepes PX [EHTDP BHEBIIMCAHHON B ] -l TPEYTOJIbHUK OKPYKHOCTH,
JIEXKAIUH [TPOTUB BeleI/IHBI X (mampumep, P4 —3TO IEHTD BHEBIHUCAHHO
B Tpeyrojibiuk B1C 1 OKpY>KHOCTH, KOTODBIN PAaCIIOJIO2KEH POTUB BEPIIHU-
ubl Bp). Tounee, nac OymyT nHTEpecoBaTh mecTépkn ToueK (Q1, ..., Qg), r1e
()j — 210 mubo unnenTp Fj, 1mbo OJUH U3 LIEHTPOB PjX . OiHa U3 HUX, & UMEHHO
(Py, ..., Ps), obiasaer TeM CBOWCTBOM, YTO €€ TOYKHU [PUHAJJIEIKAT OJHOM
KPUBOII BTOPOro nopsijika. VHTEepecHasi 0COOEHHOCTb HAIIETO JIOKA3ATEIbCTBA
9TOT0 (PAKTa COCTOUT B TOM, UTO MOXKHO CPa3y IPEIbsIBUTH €IE OHY IIECTEPKY
TOYEK C TaKUM K€ CBOICTBOM.

JleficTBUTEIBHO, BO BCEX BBIUUCJICHUSX C yYacTueM ( BaXKHO OBLIO TOJBLKO
TO, 9TO HTO YHCJIO YJOBIETBOPsIeT paBeHCTBY (2). BosbMméM Ternepn

¢ = cos (—45°) + i sin (—45°).

Tak Kak paBeHCTBO (2) no-npexkHeMy Oy1eT BEpHbIM, TO, HAIIPIMED, BbIParKeHHe
JJIA TOYKH IIepecedeHns

I(B, (I —BYb)NII,(B—-1Nbtch)

HE U3MEHWUTCSI, HO €r0 260MEMPUHECKUL CMBICJI CTAHET JPYTUM — BMECTO UHIIEH-
Tpa P3 MBI IOJIyYNM, KAK HETPYIHO BUIETH, IEHTD Pf. AHaJIOrIIHO BBIpaXKe-
HUS, nonyquHme paHee Jytst mHIEHTPOB Py, Ps, Py, Terepb Oy1yT IpecTaB/IsiTh
IEHTPHI P4 PA1 P6 COOTBETCTBEHHO. fICHO, 9TO OYKBEHHBIE BBIPAYKEHUS
nnis onpenenureneit A(Py, ..., Ps) u A(Py, Py, PP, PB1 PA1 , P& 6ynyr Tox-
JIECTBEHHO COBIIQJIaTh. SHAYHUT, €CJIU yIPOIIEHNE TEPBOI0 U3 HUX IT0 MOJLYJIIO
paBeHCTBa (2) MPHBEJIO K HYJIO, TO POBHO TO K€ CIIYUHTCS H CO BTOPBIMY).
Wrak, MbI 1apoM IOJIYYWJIA, ITO BCE TOUKHU IIECTEPKH

(P, Py, PP, PPt P PAY

TaKKe JiexKaT Ha, OJIHON KpuBOi BTOpOro nopsjka. Ho Tenepb, Kak BUJIHO U3
PUCYHKOB B GeoGebra, 9Toil KpuBOil MOXKeT OBITH HE TOJBLKO SJLIHIIC, HO U I'-
epboJra.

Jlasiee, X0Tst OBl U3 CHIOPTUBHOT'O MHTEPECA, MOXKHO OTBICKATH BCE IIECTEPKU
(Q1,...,Q¢) ¢ aruMm cBoiicTBoM. [IOCKOIBKY BBIpasKeHUS [IJIs1 [IEHTPOB PjX
HUYEM IIPUHIMINAILHO HE OTIMYAIOTCA OT BbIparKeHWit [ MHIEHTPOB Pj
(IPOBEPHUTH 9TO — OUEpETHOE YIIPAXKHEHE JIJIs TUTATEJIs), BBIYUCICHUE JTF0O0TO

5) DTy BaXKHYIO UJEIO AA2e0PAUNECK020 CONPANCEHUA JIYHIe CHAYAIa IPOLYyMaTh Ha CIICIY-
fomeM 6oJiee IIPOCTOM IIPUMEPE: €CJIM BBIIOJIHAETCs paBeHCTBO Buaa (1 + \/5)2013 =7+ 5V2,
rje v, § — paliOHAJIbHbIE YUCJIA, TO CIPABEIJINBO U paBeHCTBO (1 — V2)2013 = ¢ — 5\/2.
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u3 onpeenureneit A(Qq, ..., Q) Oyaer He coXKHee, YeM BBIUUCIECHIE OIpPe-
nenuresisi (4). Tlouemy Gbl HE IPUMEHUTH IOJTHBIH KOMIIBIOTEPHBI 11epebop?

BruiouaeM KOMIIBIOTEP U Y€pe3 HEKOTOPOEe BPEMsi OOHAPYKUBAEM B TOTHO-
cru 32 mecTépku, yist KoTopbix A(Q1, ..., Qs) = 0. Bor ux cnucok:

Py, Py, P3, Py, Ps, FPs),

Py, Py, Pl, Pl P! P,
Py, Py, PSY PE PE PEY,
,P27P01 P4aPA1 P,
7P27P3 7PBl PAl P6>
pl, P, Pt PE. PE, PO,

Py, Py, Ps, Py, PL, P,
P, P, P2 PP PE PSY),
Py, Py, PP, PP PP,
Pl P}, PE PP PY PSY),
pl, Pl PO PE, P2 P,
PI’P27P37P47P57P6)

(
(
(
P, (
P (
(

(
(
(
(
(
(

(31ech Kaxkias MecTépKa, 3a UCKJIIYEHUEM TIePBOil U TOC/Ie/IHel, IMeeT eI
0 J[BE aHAJIOTMYIHBIX). UnTaresb B KA4eCTBE Pa3BJICUeHNs MOXKET IIOPUCOBATH

KAapTUHKU B GeoGebra M IO3IKCIIEPUMEHTAPOBATD C HMu®) .

§ 5. JIBE TMIIOTE3bl O KOHCTPYKIUM TEOPEMbBI MOP/JIES

JIrobomy JrobuTeN 0 reoMeTpun, 0E3yCJIOBHO, XOPOIIO 3HAKOMAa TeopeMa
MopJiest: eci B MPOU3BOJIBLHOM Tpeyroibaunke ABC npoBecTH TPHCEKTPUCHI
AAy, AAs, BBy, BBy, CC1, CC5, TO TOYKHU TIepeceveHns: map TPUCEKTPUC
BBy u CCy, CCy u AAs, AA1 u BBy 00pa3yioT IpaBUIbHBIA TPEYroIbHUK.

JlokazaTb 3Ty TeopeMy aBTOMATUYECKUM METOJIOM HE MPEJCTABIIAET HIKAKO-
ro Tpyaa. Ilycts, Kak u BbIIIE, v, 5, ¥ — yrisl Tpeyroiabanka ABC. TTomoxum

a = co +zs1n3—zl,
B . B
b:COS§+’LSl 3 = 22,
—cos ) tisind = S
6—0083+181 3 73

rje ¢ = cos 60° 4 ¢ sin 60° — yucsio0, yI0BIETBOPSIONIEE PABEHCTBY
¢C—¢+1=0. (5)

O60o3HauMM TOYKHU II€peCceYeHus yYKA3aHHBIX Iap TpucekTpuc udepes X, Y, Z
coorBercTBeHHO. CHOBa npuHsiB A =0, B =1, MbI BoruucmM Touky C, a 3aTeM

6) ABTOp JOJIZKEH Y€CTHO IIPU3HATLCA, 9YTO HE CIIPAaBUJICA C TAKUM KOJIMIECCTBOM BHE3AITHO
CBAJIMBIIUXCA Ha T'OJIOBY JJIJIMIICOB U FI/IHep6OII n HE MOXKET NIPEIJIOZKHUTDH CKOIII)-HI/I6y,ILI)
BHSATHOI UX K.Ha.CCI/I(I)I/IKa.LLI/II/I.
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Touku /4, X,Y:
6(,6
_ 3 -3 _21(22 1)
€ =1(A,a*) NI(B, b = T,
20,2
_ )
Z=UA0) 1B = T,

(8 - DS+ 2+ (- 1)
(s825 —)(225+¢) 7

#1238 — 1)(25 +¢)

(2123 — 1)(2123 + ()

Teneps mocTaToqHO YyOEIUTHCS B BEPHOCTU PABEHCTBA

X =IUB,bv"HnIC,(B-C)c 1) =

Y =1(4,a*) NI(C, (A-C)e) =

Y- Z=(X-2)

npu yeaosun (5). U ono, padymeercst, OKa3bIBAETCsI BEPHBIM.

HuuyTh He ciioxKHee j10ka3aTh U ciejyromnue jase runoress u3 [5]. Ilepsas
13 HUX YTBEPXKJAET, UTO OCHOBaHUs TpucekTpuc Ay, Ao, By, Be, C1, Cy nexar
Ha OIHOM 3JuIAIice. Bo BTOPOI MUIIOTE3€e 9TO K€ YTBEPXKIACTCI OTHOCUTEILHO
Touek nepecedenus nap rpucekrpuc AA; u BB, CCou AAsy, BB1uCCq, AAs
u BBy, CCy u AAy, BBy u CCy (0603naunm stu Toukn X1, Xo, Y1, Yo, 771,
Z5 cOOTBETCTBEHHO). [IpeicTaBuB Kaxkayto u3 Touek Aq, ..., Zo panuoHaJIbHOI
JApOOLIO OT 21, 29 U (, MBI 3aT€M aBTOMATHYECKH OOHAPYKUM, YTO

A(Ala A27 Bla BQ7 017 CQ) = A(Xla X27 Y17 }/27 Zl: Z2> =0.

Ha camowm jienie yTBEp:KIeHUsT 3TUX TUIIOTE3 CIIPABEIUBEI /TS TPOU3BOJILHBIX
geBnaH AAj, AAs, BBy, BBs, CCy, CCy, yI0BJIETBOPSIONINX YCIOBHSIM

/CAAy = /BAA,, /ABBy=/CBB,, /BCCy= /ACC).

Kak Hu cTpaHHO, aBTOMaTHYeCKasl IPOBEPKa (OHA MPEJOCTAB/ISETCS TUTATEIIIO
B Ka4YeCTBE 3aK/IIOUUTEILHOIO YIPAXKHEHUsI) 3/1€Ch JlayKe JIOTHIECKU IIPOIIE,
4eM B 4aCTHOM CJIydae TPUCEKTPHUC.
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OO0 oHOI 3ajgade
0 OHMcceKTpucax 1 ToukaxX bpokapa

B. M. ZKypasnés, II. 1. CamoBost

BBEJIEHUE

Bes nmpeyBenunuenns MOXKHO CKa3aTh, YTO O PABHOOEIPEHHOM TPEYTOJIbLHUKE
3HAET KaXKJbIil IMKO/JIHHUK, TOCETUBIINI HECKOJILKO YPOKOB reoMeTpun. B camom
HadaJle U3yJIeHNs TeOMETPUH B IIIKOJIE€ JOKA3BIBAIOT TEOPEMBI O TOM, UTO €CJIU
TPEYTOJIbHUK PaBHOOEIPEHHBII, TO Y HETO PABHBI COOTBETCTBYIOIINE YTJIbI, MEJU-
aHbI, OMCCEKTPUCHI U BBHICOTHI. BEpHBI 1 00paATHBIE YTBEPXKICHUS, & UMEHHO: €CJIN
y TPEyroJbHUKA JiBa yIJia WA JIBe MeJIUaHbl (BbICOTBI, OUCCEKTPUCHI) PABHBI,
TO 9TOT TPEYTOJbHUK paBHOOEIpPEHHBIN. B momyasapHoii uTeparype Mo reoMer-
pUn CIyvaio paBeHCTBa OMCCEKTPHUC yieaeHO 0coboe BHUMAaHUE, U TOT CJIydail
HazbiBaeTcst TeopeMoit [ITeitnepa — Jlemyca. ITo anagorum Mbl TOTOBBI IIPEIIIO-
JIOXKHUTD, 9TO €CJIN B TPEYTOJIbHUKE B3SITH JIBA IPYTUX OJHOTHUITHBIX 9JIEMEHTA, TO
U3 UX PaBEHCTBA OyJeT cjaeqoBaTh PaBHOOEIPEHHOCTH UCXOMHOIO TPEYTOJIbHUKA.

BosbMéM 1TpOM3BOILHBIN TPEYTOJBHUK W PACCMOTPUM B HEM TPEYTOJIbLHU-
Ku, 0Opa30BaHHbIE OCHOBAHWSIMU MeJIMaH, BLICOT min buccekTpuc. Herpymuo
JI0Ka3aTh, 9TO B PaBHOOEIPEHHOM TPEYTrOJbHUKE OCHOBAHUST MEIUAH, BBICOT
W OUCCEKTPHUC TaKKe 00pa3yoT paBHOOEIPEHHBIH TpeyroibHUK. HTYUTUBHO
MBI OXKIJIAEM, UTO €CJIU PACCMOTPETh OOpaTHBIE YTBEPKJICHUSI, TO OHU TAKIKe
OKaXKyTcsd BepHbIMU. 1IpoBepka /1t crydas MeInaH U BLICOT MTOATBEPKIAET ITOT
dakt. Tem mopaszuresbHee Kaxkercs 3aa4da, npuaymannas 1. @. [lapeirunbiv,
0 TOM, 9TO CyIIECTBYIOT Pa3HOCTOPOHHUE TPEYTOJbHIKHI TaKNe, YTO TPEYTOJbHI-
K1, 0Opa30BAHHBIC OCHOBAHUSIMU UX OMCCEKTPUC, SIBJISIOTCS PABHOOEIPEHHBIMU.

Ha ypokax reomerpum B IIIKOJIE HE JIAIOT ONpEJIE/ICHHE aHTHONCCEKTPHUC,
XOTS TO MOHATHE JOCTATOYHO JABHO U3YYAeTCs U UCIIOJIb3yeTcs. B paMKax 3Toit
HEOOJIBINON CTATBN MBI XOTHM IIOCMOTPETH Ha PABHOOEIPEHHOCTH TPEYTOJIHLHUKA
Jepe3 M3ydeHre ero aHTUuONUCCEKTpuUc. JJonoIHITeILHO MBI TAKXKE PACCMOTPUM
c/lydayd YeBHAaHHBIX TPEYTrOJbHUKOB TOo4Yek Bpokapa. Hameemcsi, aTo mpuse-
JIEHHBIE IIPUMEPBI yOEIAT YnuTaTeel, ITO JarKe TaKOU IPOCTOi 0O0bEKT, Kak
PaBHOOEIPEHHDIN TPEYTOJILHUK, MOXKET IIPEIOIHECTH eI1é HEMAJIO CIOPIPU30B.

MaTemaTtuueckoe npoceelieHne, cep. 3, Bbin. 18, 2014(217-229)
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CoBceM HEJIABHO ABTOPBI ¢ MHTEPECOM O3HAKOMUJIUCH C KHUTOM 110 reoMeT-
pun, U3JAHHON B Hadaje MPOIIIOro Beka. B apyroe Bpemsi, 9T0OBI IPOINTATH
9Ty KHUTY, aBTOPAM IIPUIIIOCH OBl MMOUCKATL €€ PAPUTETHLIN IK3eMILIIp B Oub-
JINOTEKE WJIU KIATH €€ MOSBIeHNs] B AaHTUKBAPHOM Marasuie. B Beke HbIHEITHEM
BO3MOXKHOCTh 3HAKOMCTBA, C KHUTOM, IIyCTh M U3/IAHHOM OoJiee cTa JieT Ha3a]l,
npenocrasiasier Uarepuer. B mganmom ciyaae peus muaér o kaure JI. Edpe-
MoBa, «HoBast reomerpusi TpeyroJibHUKa», KoTopasi Oblia m3gana B Ojecce
B 1902 rony. Kuura HacTOIbKO TOHPABUIACH aBTOPAM, UTO HEKOTOPBIE OIIpeie-
JIEHWSI, BOSHUKAIOIINE B 9TOI CTAThe, MbI IIO3aUMCTBYEM U3 HeE.

B npenuciioBun Mbl ykKe yHOMSIHYJIUM TEPMUH «aHTHOUCCEKTPUCHI». XOTS
AHTUOMCCEKTPUCHI HE N3yYIAIOTCS B IIKOJIBHOM KypPCe T€OMETPUN, HEKOTOPBIE MX
CBOWCTBa aHAJIOTUYIHBI CBOHCTBAM MeJuaH ujian OmccekTpuc. Takum obpasoM,
M3yYeHre MKOJbHUKAMU CBONCTB aHTUONCCEKTPHUC BIIOJIHE JIOCTYITHO Ha 3aHS-
TUAX KPY2KKOB 10 MaTeMaTHKe mwin (PaKyIbTaTuBaX.

Nrak, BBeIEM HEOOXOAMMBIE HAM OIPeIe/TEHHSI.

JlBe TOYKM HA CTOPOHE TPEYTOJbHUKA, PABHOOTCTOSIIAE OT CEPEIUHBI 3TOMI
CTOPOHBI, HA3BIBAIOTCS U30MOMUMECKUMY TOUYKaMU. JBe mpsiMble, COeIIMHSIIO-
[I[Ie BEPIINHY TPEYTOJbHUKA ¢ U30TOMUIECKUMHU TOUYKAMU IIPOTUBOIIOJIOYKHOM
CTOPOHBI, HA3BIBAIOTCS U30MOMUYECKUMU NPAMDBIMY TPEYTOJTbHAKA.

VIIPAKHEHHUE 1 (cMm. [2]). Ha croponax BC, AC, AB tpeyronsuuka ABC
B3saThl Toukn Aj, By, C1 coorBercrBeHHO, ipuuéMm mpsimbie AA, BBy, CCy
MePeCceKatoTCst B OHON TouKe. JIoKaxKnTe, 9TO M30TOMUIECKNE ¢ HUMU TPSIMBbIe
AAs, BBy, CC5 TakaKe epeceKatoTcsi B OJHON TOUKeE.

JLsT IIKOJIbHIKOB, U3y YABIIIX TeopeMy UeBbl, T0Ka3aTeILCTBO 9TOTO YIIPAXK-
HEHUsI HE COCTABUT TPY/IA.

[Tpsimble, n30oTOMUYECKHE C BHYTPEHHUMU UJIA BHEITHUMEU OUCCEKTPUCAMHU
TPEYTroJIbHUKA, HA3BIBAIOTCS BHYTPEHHUMU UJIU BHEITHUMU GHMUOUCCEKMPUCH-
MU ITOTO TPEYTOJTbHUKA.

N3 Hamrero ynpakKHeHUsSI MbI Cpa3y ke IoJydaeM cjejicTBue. [1oCKoIbKy
OUCCEKTPUCHI TIEPECEKAIOTCsS B OJIHON TOYKE, BHYTPEHHUE aHTUOUCCEKTPUCHI
TaKKe IePeceKaroTcs B OJTHOM TOYKe.

Touka nepecedenus TPEX aHTUOUCCEKTPUC TPEYTOJIbHUKA HA3BIBAETCS UeH-
mpom anmubduccekmpuc. TpeyroJbHUK UMeeT JeThIpe IeHTPa aHTUONCCEKTPHUC:
OIMH BHYTPEHHUI U TPU BHEITHUX.

B masnpmetiniem it yIpOIEHUsT U3JIOXKEHUsT MBI Oy/IeM pacCMaTpPUBATD
TOJILKO BHYTPEHHUE aHTUOMCCEKTPUCHI, IIPU 9TOM OyIeM Ha3bIBATH UX IIPOCTO
AHTUONCCEKTPUCAMHE, OITYCKAsl CJIOBO BHYTPEHHHUE.
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MpI 3HaeM, 4TO OMCCEKTPHUCA HEeJIUT IIPOTUBOIIOJIOXKHYIO CTOPOHY Ha OTpPEe3-
KM, IIPOIOPIMOHAJLHBIE MpHIeKamuM cropoHaM. CiieqoBaTe/bHO, PeIleHne
CJIEIYIOIIETO YIPAKHEHNsT MPAKTHIECKH HEMEIJIEHHO BHLITEKAET U3 OIpeesie-
HUS aHTHOUCCEKTPHC.

YIPAXKHEHUE 2. Ilycth anTuOnccekTpuca, BLIXOIAIIAs U3 BePIIUHLI B

AK _ BC

rpeyrosibauka ABC, nepecekaer AC' B Touke K. Jlokazarsb, 9T0O KO~ AL

Bepuémcst Kk paBHOOEPEHHBIM TPEYTOJTBHUKAM.

TEOPEMA 1. Tpeyzosvhuk Aeasemcs pasHoOeOpeHHvM mMo20a U MOAbKO
mozda, xo2da dee €20 aHMUOUCCEKMPUCDH, PAGHDL.

Kak Buanm, B JaHHOM ciIydae CBOMCTBA aHTUOUCCEKTPUC AHAJOTHIHBI CBO-
cTBaM MeJIraH U OMCCEKTPHC.

Mpur yaxe ymomunasm o Teopeme [llreitnepa — Jlemyca, nokasbiBatomeii, 4To
13 PaBEHCTBa JIBYX OMCCEKTPUC CaeayeT paBHOOEIPEHHOCTb TpeyroabHuka. Lu-
TUPYEMOCTHb 9TOH TeOpeMbl B IOIYJISIPHOW JUTepaType CBsI3aHA C TEM, UTO
M3HAYAJIBHO OBLIO M3BECTHO TOJIBKO aarebpamdeckoe I0Ka3aTeIbCTBO 3TOTO
daxTa, 1 TOJBKO MO3THEe OBLIN HANIEHBI T€OMETPUYIECKHUE T0KA3aTEeIbCTBA.

Yro kacaercd Halreir TeopeMbl 1, TO MOXKHO HAWTH HECKOJILKO He CJIHIII-
KOM CJIOXKHBIX T'€OMETPUYECKUX JIOKA3ATEIbCTB «HEOOXOAUMOCTHY , 8 UMEHHO:
€CJI TPEYTOJBHIUK PaBHOOEIPEHHBIN, TO €10 aHTHONCCEKTPHUCH paBHbI. OIHAKO
OTKPBITBIM BOIIPOCOM OCTa€TCsl IIOMCK I'€OMETPUYIECKOTO JO0KA3aTe/IbCTBA «I0-
CTaTOYHOCTH» , & MMEHHO: €CJIN JBe aHTUONCCEKTPUCHI TPEYTOJIbHUKA, PABHBI, TO
TPEYroJbHUK paBHOOEAPEHHBIH. B 1aHHOM cilydae aBTOPBI XOTST MPEIJIOKUTH
ajredpanIeckoe JT0KA3aTENHCTBO «IOCTATOTHOCTHY .

JlJ1st yIpoImeHusT 3alucy UCIOIb3yeM OOIIenpuHsIThie 0003Hadenusd. [lycrn
a, b, c 06o3HAYAIOT JJTUHBI CTOPOH TpeyroybHuka. depes kg, ky, k. 0bo3HaAIIM
JUITMHBI aHTHONCCEKTPHUC, IPOBEIEHHBIX K CTOPOHAM a, b, ¢ coorBeTcTBeHHO. Ham
[TOHAIOOUTCST HECKOIBKO MTPOMEXKYTOUYHBIX PE3YJIbTaTOB, KOTOPhIE MbI CHOPMY-
JIUPYEM B BUJIE YIPAXKHEHUN.

YHOPAXKHEHUE 3. Jlokaxxute, 9TO KBAAPAT JJIUHBI aHTUONCCEKTPUCHI MOXK-
HO HalTu 1o GopmyJie

2
k2 = b2+ 2 — be — 40C_ :(b+c)2—bc(3+

a
(b+c) (b+c)2>'

Ham n3BecTHO HECKOBKO JTOKA3ATETHCTB 9TOTO YTBEPXKIACHUS C MCITOTH30-
BaHHEM TeopeMbl KocuHycoB mwim ¢popmysibl Ctioapra. Hageemcs, aTo aurarein
JIOKAZKyT 9TOT PaKT CAMOCTOSITETHHO.

Ceituac Mbl choOpMyIUpyEM U JOKaxKeM Oojiee obImumii haxT, u3 KOTOPOro
OymeT caeIoBaTh TOKA3ATEIBCTBO «JIOCTATOTHOCTHY TEOPEeMbI 1.
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YHUPAXKHEHUE 4. Ecim a 2 b > ¢, 1o kg < kp < k.
>

c
JTOKA3ATEJILCTBO. Ilycth a > b, Torja u3 ynpaxkHeHust 3 CJieyer

b2ac 32 2 a’be
@to? b* — ¢ +bc+—(b+c)2—

= (a—b)(a+b—0>+“bc<<bfc)2 - <a+bc>2> =0

k2 — k2 =a®+c* —ac—

Buaunr, kg, < kp. AHATIOTUYHO JIOKa3bIBAEM OCTABINAECS HEPABEHCTBA. O

Nrak, 66sbinas aHTUONCCEKTPUCA IIPOBEICHA K MEHbIIell CTOpOHe.

Teneps sicHO, YTO €Cn ABE AHTHONCCEKTPUCHI PABHBI, TO TPEYTOJLHUK PaB-
HOOepeHHBIN. TeMm caMbIM ajaredpamdeckoe JJOKa3aTeIbCTBO «JIOCTATOYHOCTH»
B TeopeMe 1 3aBepIIeHo.

II

Paccmorpum Terneps TpeyrosibHUK, 00PA30BAHHBIN OCHOBAHUSAME aHTUOUC-
CEKTpHC.

YIPAXKHEHUE 5. /lokaxkuTe, 9TO TPEyroJbHUK, 0OPa30BaHHbBIN OCHOBAHU-
SIMHM aHTHOUCCEKTPUC PABHODEIPEHHOI'O TPEYTOJIbHUKA, TAKXKE SBJISETCS PaB-
HOOEIpEHHBIM.

ME! He Oy/1eM OCTaHABIMBATHCS HA PEIIEHNN ITOT0 YIIPaXKHEHUS, IIOCKOJIBKY,
KaK HaM KarKeTCs, OHO MMEET MAaCCy Da3JMYHBIX I'€OMETPUYECKUX PEIIeHHIl,
KOTODBIE€ MOI'YT OBITH JIETKO Hall/IeHbl ITKOJIbHUKAM.

Hac unrepecyer obparnas 3ajada. B 910l cBA3M HAIIOMHUM yHIOMUHABIILY-
1ocd 3as1ady, npuaymanayo . ©. [Hlapeiruasiv.

YIPAYKHEHUE 6 (cm. [7, crp. 154, 158-159, zamaqa 58|). IIpo naxubii
TPEYroJIbHUK M3BECTHO, YTO TPEYTOJIbHUK, OOPA30BaHHbBIN OCHOBAHUSIMU €ro
GUCCEKTPHUC, ABJsIeTCs PaBHOOEIPEHHBIM. ByIeT i1 BepHBIM yTBepZK/IeHHe, 9TO
U JJAHHBI TPEyTrOJIbHUK SBJISETCs PABHOOEIPEHHBIM?

DTa 3a1a4a Obl1a onybaukoBara B 1982 roxy. Hecmorpst Ha mipocroTy dop-
MYJIMPOBKH, IIPU TOIBITKE €€ PelleHns 00HAPYKUBAIOTCS OIBOIHBIE KAMHHU.
st wmroctpannu Mer npusegéM nmrary M. [lapbiruaa us ero crareu [8):
«Ilycrs Ay, By, C1 — ocHoBanust buccekrpuc Tpeyroibauka ABC. Ecin A1 By =
= A,C1, a Tpeyrosipauk ABC — He paBHOOeIpeHHBI, TO ero yrog A Tymoit

n cos A JIeXKUT B MHTEpPBAJE (—i; —174_5> ... K coxkasrennio, aBTop He cyMeJ

[IOCTPOUTH KOHKPETHBIN [IPUMeD TPeyroJabHUKa (TO eCTh TOUYHO yKa3aTh BeJIk-
YMHBI BCEX €ro YIJIOB WU JJIMHBI CTOPOH) CO CTOJIb S9K30TUYECKUM CBOHCTBOM.
MoKeT OBITD, 9TO YIACTCS TUTATENSIM XKYPHATA! >
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[lepBbIit M3BECTHBIN HAM IIPUIMED TAKOT'O TPEYTOJIbBHUKA C YKA3aHUEM BesIH-
YMH BCeX ero ymioB ObL1 noctpoeH B [6]. IMocienyromue mybsinkaum Ha Ty
TEeMy IOSBUJINCH TOJIBKO B HadaJle 3TOI'O BEKa.

Y1PAKHEHUE 7 (C. Tokapes, XXVII typuup ropogos). lan TpeyrojbHUK
ABC, B koTOpOM 1IpoBeieHbl buccekTpuchl AA1, BB1 u CCy. 3BecTHO, 4TO
BesmauHbl yruioB A, B u C orHocsarest Kak 4:2: 1. Jlokaxkwure, uto A1 B1 = A1Ch.

Hawm uzBecTHO TpU pasmnTIHBIX OMYOJINKOBAHHBIX TEOMETPUIECKIUX PEITICHUST
ynpaxkuenust 7 (cm. [3,5,9]), B [5] ¢ npumenennem Tpuronomerpun. Koneuno,
CYIIECTBYIOT U JIPYTUE TPUMEPBI, XOTS U HE CTOJb U3SITHBIE.

Cretaem HEOOJIBIITYIO ODODIIAIOIIYIO PEMAPKY.

Boobire rosopsi, ecam Mbl pacCMaTpPUBAaEM TPH IPsIMbIE, IPOXOJISINNE YePe3
BEPIINHBI TPEYTOJbHUKA U IEPECEKAIONTNECH B OJIHOW TOYKE BHYTPH TPEYTOJIb-
HUKA, TO JJIs TAKUX NPAMBIX BBINOIHsSeTCA Teopema deswl. Ilostomy Tpe-
YTOJIbHUK, 0OPA30BAHHBIIl OCHOBAHUSME STHX [PSIMbBIX, HA3bIBAETCH YEBUAHHBIM
TPEYTOJbHUKOM TOUYKHU IepPecedeHrs 9TUX IPAMBIX. Tak, HalpuMep, YeBUaHHbII
TPEYTrOJIbHUK TOYKHU IIePECEYEHUs] MEJUAH SIBJISETCH TPEYTOJHLHUKOM 00pa3o-
BaHHBIM CPEJIHUME JIMHUSMHA UCXOJIHOTO TPEYTOJbHUKA.

Kak mbI y2Ke ormMedasin, eciu TpeyroJbHUK, 0Opa30BaHHBI OCHOBAHUSIMA
M€JINaH WU BBICOT, PABHOOEIPEHHBIN, TO U UCXOJHBII TPEYroJIbHUK paBHOOET-
pennbiit. C 1pyroit CTOPOHBI, €CJIN YeBUAHHBIN TPEYTOJIbHIK TOUKH [T€PECeTeHUsT
HuccekTpuc (IEeHTpa BIIMCAHHON OKPYKHOCTH) PABHOOEIPEHHBI, TO Heobs3a-
TEJLHO UCXOIHBIN TPEYTONLHUK SIBISETCS PABHOOEIPEHHBIM.

UccnenoBanue 3T0oro BOIpoca Jiis cJrydasi aHTUOMCCEKTPUC JTAET HAM BIIOJTHE
O/THO3HAYHBIN 0TBeT. AHTHOMCCEKTPHUCHI HE JTAI0T HAM KOHTPIPHIMEPOB, U C y<Ié-
TOM YIIPaKHEHUS H BEPHA CJIELYIONIAs TeopeMa.

TEOPEMA 2. Tpeyeorvrur Asasemcsa pasrHobedpermvim mozdd U MoAbKo
moezda, k0206 MPEY20AbHUK, 00PA308aHNVIT OCHOBAHUAMY €20 GHMUOUCCEKMPUC,
maxoice pasrobedpermvii.

JIOKABATE/JILCTBO. MbI yke 00Cyau/in, 9TO 10KA3aTEIbCTBO «HEOOX0H-
MOCTH» COCTaBJISIET CYTh YIIPaXKHEHUsI 5, KOTOPOE MbI OCTABJIsIEM UUTATEJISIM.

Ocraérest MpeiyIoKUTh aredpandeckoe JOKa3aTeIbCTBO «IOCTATOTHOCTH Y
a UMEHHO: €CJIM TPEYyroJbHUK, 0OPa30BaHHbBI OCHOBAHUAMI AHTHONCCEKTPHC,
PaBHOOEIPEHHBIN, TO U MCXOJHBIN TPEYTOJbHUK PABHOOEIPEHHBIH.

IIycts a, b, c— JUIMHBI CTOPOH TPEYTOJBHUKA, & (, [3, 7y — IPOTHBOJIEXKAIIIE
yriel, A, B, C'— coorBercrByforiue Bepimuabl, Ay, By, C1 — OCHOBaHWS aHTHU-
OMCCEKTPIC.

[Tpenmonoxkum, aro A1C7 = A1 Bj.

W3 yuparkuenust 2 cjiemyer, 9To

_ _ab_ _ _ac _«¢cb ke
BAlib—f—c’ CAlib—kc’ BClia—Fb’ By =
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[Ipumenum Teopemy KocunycoB K Tpeyronbankam A1 BCT u A1 B1C. Yuréwm,
gro A1C1 = A1 B1, nonydum

ab \? be \? ab be _( ac 2 be \?2 ac bc
(b+c> +<a+b> _2b+ca+bcosﬁ_(b+0) +(a+0) _2b+ca+ccosv'

[Ipumennm TeopeMy KOCHHYCOB K mcXomHoMmy Tpeyroabauky ABC. Umeem

2accos B=a’+c —b® u 2abcosy=a®+b—

CrenmaeM TOACTAHOBKY U TOJTYIUM

(bcf0>2+ (abfb>2_ bQ(Z()ajj:r)(ccj;z)z) - (bcjrCC)2+ (a[fC)Q_ Cz(g)a—ij)?jjrz)z)'

Teneps HAM CJle/IyeT IEPEHECTH CIaraeMble B OJIHY YacTh ypaBHEeHUs (HAIpUMeD,
JIEBYIO), IPUBECTH K OOIIEMY 3HAMEHATEJIIO, PA3/IOKUTh THCIUTEb Ha MHOKHI-
TEJIU U MPUPABHATL €ro K HYJI0. [I0CKOJIbKY 9TU BBIKIAJIKKA HOCAT IPOMO3IKUIA,
TEeXHUYECKUIl XapakKTep, UX OIyCTUM U IIPUBEJIEM JIUIIb PA3JI0ZKeHUEe YUCJIU-
Tesid HA MHOYKUTEIU. B HacTosIee BpeMs TaKNe BBIKJIAJIKH MOYKHO IIPOBECTHU
HE TOJIBKO HCIIMCAB HECKOJIHLKO JIMCTOB OyMaru, HO TaKKe [MPUMEHUB OHJIAIH
KaJIbKYIATOPHI. VTak, MBI ITOJIy9aeM PaBEHCTBO

a(b—c)(b+c)(a® + a*b+ a?b + ab* + a*c + adbe + a®b e + 3abdc + 20 c +
+a?bc?® + 4ab®® + 263¢% + a®cP + 3abc® + 26% + a?b e+ act + 2bct) =0,

BO3MOKHOE TOJIbKO 1ipu b = ¢. Ciie1oBaTeIbHO, UCXOMHBIN TPEYTOJIBHUK SIBJIs-
eTcs paBHOOEIPEHHBIM.
Tem cambIM TeopeMa, 2 JIOKa3aHA. [

DaKTUIECKH MBI [TOJIy9aeM HeHCcUYepraeMblil MaTepuaJl JJIsl HCCJIEI0OBAHISI
CUTyallnii, KOrjaa U3 paBHOOEJIPEHHOCTH YEBUAHHOI'O TPEYIOJbHUKA CJELyeT
paBHOOEIPEHHOCTD UCXOIHOTO TPEYroabHnKa. KoHevuHo, B JAHHOM CIydae Heob-
XOJMMO PaCCMaTPUBATL HE IPOU3BOJILHBIE TOYKH, 8 TaK HA3BIBAEMbIE «IICHTPHI»
TpeyrojbauKa. C 3HIMKIIONEANEN IeHTPOB Tpeyrojbanka Kimapka KumbepsinH-
ra MOXKHO O3HAKOMUTBLCSI Ha CaiiTe

http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.

B nmacrosimiee Bpems ora nacautbiBaeT 6osiee 5000 1eHTPOB TpEeyroabHUKA.
Pesynbrarnl 110 4eBHAHHBIM TpeyroJbHUKaM Todek 2Keprommna, Harems
u Jlemyana moxxHo Hajitu B [10]. 3mech Mbl coOOIM, YTO U3 PABHOGEIPEHHO-
CTH 9eBHAHHOTO TpeyrojbHuKa Toukn 2Keprouna wian Touku Haresst ciaemyer
PaBHOOEIPEHHOCTh MCXOJIHOI'O TPEYTroJibHUKa. B ciydae paBHOOEIPEHHOCTH
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YEeBHAHHOI'O TPEYTOJbHUKA TOYKM JleMyaHna yaaércs MoCTPpOUTh KOHTPIPUMED,
T. €. CYyIIECTBYET Pa3HOCTOPOHHUI TPEYrOJbHUK, ¥ KOTOPOI'O0 YeBUAaHHBIA Tpe-
YTOJILHUK TOYKH JleMyaHa siBIsieTCs paBHOOEIPEHHBIM.

B zakioyeHne Mbl pACCMOTPHM 3Ty 3aJla4y JIJjIs YeBUAHHOTO TPEYTrOJIbHIKA,
Touyek Bpoxkapa.

I1I

Hamomuaum onpenenenne. Touku P u (), jexkalie BHYTPU TPEYTOJIbHAKA
ABC, HasbiBaioTcs nepeoti u 6mopoti moukoti Bpoxapa, eciy BBIIOJIHEHDBI Pa-
BerctBa / PAC=/PCB=/PBAu /QAB=/QCA=/QBC cooTBeTCTBEHHO
(cm. pue. 1).

B

Puc. 1

YIPAXKHEHUE 8. [lycTth yeBmana, BBIXOJAIAs U3 BEPIIMHLI B U mPOXo-
JisITiast depe3 mepByio Touky bpokapa P tpeyrompauka ABC, mepecekaer AC
B Touke By (cm. puc. 2). dmunbl cropon rtpeyroibauka ABC' pasubl a, b, c.
Haitoure CB;.

Hecmorpst Ha mpocToTy hOpMyTHPOBKY, HAWTH A
OTBET HA MOCTABJIEHHBLIN BOIIPOC HE TAK-TO JIETKO.
IIpu sTOM mcnob30BaTHL OIpeeaeHne ToYeK Bpo-
Kapa He BHOJHe yrnaércs. Bceé BcTaér Ha cBOM Me-
CcTa, KaK TOJBKO MBI CJIeaeM OO/ HUTE/ILHBIE
[TOCTPOEHUSI.

PeEmEHUE. Iycrs CB; = .
[Tocrpoum Ha croponax TpeyrosibHuka ABC
BO BHEITHUE CTOPOHBI TPEYTOJLHUKH, MOJ0OHBIE

HUCXOIHOMY, TaK {ITO
ANABC ~ AByCA ~ ABCAy; ~ ABCYA,

upu stoMm BC' || ABg, AB || A2C, AC || BCy (cm. puc. 3).

By, _ AC ¥
dc = po Cenosarenpio, ABy = 7

Torma nmeem
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A,

Puc. 3

[Tpu TakoMm mocTpoennu Takzxke mnosydaeM, 9to AAByB; ~ ACBB; (cwm.

. ABQ o ABl E o b—x
[1], [4, crp. 50-51]). Torma BC = B0 CICAOBATENBHO, —5 = — . B urore
_d® . o

PaccmarpuBast apyrue napbl moJ00HBIX TPEYTOJIBHUKOB, HAHIEM, 9TO

2 3
c ac a
TRie AlBZaQ—i-cQ7 C’Al:a2+c2’

AC = P B
L PP L 1
rie Touku A; u Cy onpenesenbl anajorudio Bi. [locrponM deBuaHHBI Tpe-
yroJibHUK 1epBoit Touku Bpokapa P. Ilocmorpum, npu Kakux yCIOBUSX OH
MOKeT ObITh PABHOOEIPEHHBIM (CM. PHC. 3).
Ucnonb3yem MeTo1, KOTOPBI MBI y2Ke IIPUMEHSJIN B TeopeMe 2.
[IpumennM TeopeMy KOCHHYCOB K HUCXOTHOMY TpeyroybHuKy ABC. Umeem
b2 4 c? —a? a’®+c? —b? a?+b> —c?
cosq=-——7-——, cosf="—7F—"— U COSYy=—7"7—.
2bc ’ B 2ac v 2ab
[Ipumensist Teopemy KocuHycoB K Tpeyrosbankam A1 B1C, A1 BCy u AB1(CY,
HafaeM

2 2 3 2 2 3
AlB%:<ab>—|—( a )_2 a’b a cosy =

112+b2 G,2+02 a2+62 (l2+02
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:( a2b )2 ( a3 )2_(04(a2+b2c2)

a2+b2 a2+02 a2+b2)(a2+c2>'

Amnanornyno

A C?

( c3 )2 < ac2 )2 C4(a2 + C2 - b2)
b + 2 a? + c? (a® + ) (b + ¢2)’

it = () o)~

a2 + b2 b2 + 2 aZ + 02) (B2 + c2)

Eciu ncxonuwiii rpeyroisuuk ABC paBHOCTOPOHHHUIA, T. €. @ = b = ¢, TO 1epBas
¥ BTOpasi TOYKUA Bpokapa COBIAIAIOT C IEHTPOM TPEYTOJbHUKA U OYEBUIHO,
9TO WX YEeBUAHHBIN TPEYTOJbHUK IPABUILHBIN.

j1st TpOCTOTHI UBJIOXKEHUS B JTAJIBHEHIIINX PACCYKIEHUAX OyIeM CIUTaTh,
qr0o TpeyroabHuK ABC He sIBJsieTcss paBHOCTOPOHHIIM.

[IpenmonokumM, 9TO UeBUAHHBIN TPEYyTOJbHUK IepBoil Toukn Bpokapa P
SIBJISTETCSI PABHOOEIPEHHBIM.

Pacemorpum ciayuaii, korma A1 B1 = A1Ch. Ionygaem

a? +b2)(a? + ¢2) -
() ()
(

- b2 + ¢2 a2+ ¢2 a2+c2)(b2+c2)'

( a2b )2+< a3 )2_(a4(a2—|—b2—02)

a? + b2 a? + ¢2

Teneps HAM CJIe/IyeT IEPEHECTH CJIAraeMble B OJTHY YaCTh YPABHEHUsI, IPUBECTH
K ODII[eMy 3HAMEHATEJIIO, PA3JI0KUTh YUCJIUTE/b HA MHOYKUTEIU U IIPUPABHSITD
ero K nymno. Eciau nponesiaTh 9TH BBIYUCICHUsI, TO B UUCIUTENIE MbI IIOJIYIUM
BBIpazKCHNE

b?(a®+c?) (—a6b4 +a?b%c? —2a°?c? — a*b*c* + 3a?b* c* — 2a0¢t +- b5t + aQbQCﬁ) .

Beeném obosnavenne it MHOXKUTEJISI, ABJIAIONIETOCST MHOTOYJIEHOM OT TPEX
IIepeMeHHbIX

F(a,b, c)=—a®b* +a?b°c* — 2a5b%* — a®v?c* + 3a®b et — 2a%¢* +05¢ + 228,

Ecim

A1 By = A1Ch,

TO
F(a,b,c)=—a%*+a?b%c® —2a°0?? — ab?c* +3a2b c* —2a5 A +-b8 ¢ +a?b? 8 =0.

Hns cnygaes A1 By = B1Ch u B1Cy = A1Cy MBI HOJIyYUM aHAJIOCUIHELIE COOT-
HOIIEHUSI, OTJIMYAIOIIUECS JINIID ITUKINIECKON IIepecTaHOBKOM IIepEMEHHDBIX.
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NTak, MBI mOKa3aIn CIAETYIONIYI0 TEOPEMY.

TEOPEMA 3 (1). Yesuannwiii mpeyzorvhux nepeoti mowku Bpokapa aeasn-
eMCA PasHobedPEHIbIM, ECAY CIMOPOHDBL MPEYLOALHUKGE YOIOBALMBOPAIOM 00HOMY
U3 MPET COOMHOWEHUTLL:

F(a,b,c) =0, F(bec,a)=0, F(cab)=0.

Bosiee Toro, MoxkHO yOeauThCs, YTO B PABHOOEIPEHHOM TPEYTrOJbHUKE, KO-
TOPBIN HE SIBJISIETCS] PABHOCTOPOHHUM, YE€BHAHHBIE TPEYTOJHHUKUA €r0 TOUYEK
Bpoxkapa ne agasomces paBHOOEIPEHHBIMU.

YIIPAYKHEHUE 9. Jlokaxkute, 9To ecym b = ¢ # a, TO
A1B1 # A1C1,  ALBy # A1Cy, A1By # A1Ch.

st perienust ynpaXKHeHus JTOCTATOYHO TTOBTOPUTH JTOKA3aTe/ILCTBO TEOPe-
MBI 3, PACCMOTPEB COOTBETCTBYIOIIIE PA3HOCTH KBa/IPATOB CTOPOH YEBHAHHOT'O
TpeyrojbHUKa TOUkd bpokapa. HeobxoumMblie BBIAUCIEHNST MOXKHO ITPOBECTH,
MCOJTB3Ys puc. 4 K ynpaxkaenuio 10.

[IpuBeém puMep PazHOCTOPOHHEIO TPEYTOJIbHUKA, Y KOTOPOrO YeBUAH-
HBII TPEyTOJIbHUK IepBoit Toukn Bpokapa siBisiercss paBHoOeapeHHbIM. [l s
sToro B coornomenun F(a,b,c) = 0 pocrarodno mosoxurs b =2 u ¢ = 1.
Yro6s! HafiTH @, HeOOXoaUMO peruTh ypasrenue 13a% + 2a* — 5842 — 32 = 0.
C 1moMoIIbio 3aMeHbl TIePEeMEHHOI OHO CBOJIUTCH K KyOMYeCKOMY ypaBHEHHUIO,
KOTOpPOE MOXKHO PEIIUTDL, UCIOJB3Ys hopmysbl Kapmano. Herpynuno nposeputs,
ITO OHO MMeEEeT MOJIOKUTEIBLHBIN TeficTBUTEIbHBIN KopeHb a =~ 1,5094556. I1pu
9TOM HEPABEHCTBA TPEYTOJbHUKA OYIYT BLIITOJHEHDI.

Paccyxkienust, KOTOpbIe MbI ITPOBOJIMIIN JIJIst IEPBO TOYKU Bpokapa, MOXKHO
IpoJIesaTh U JJIsi BTOPOil Touku Bpokapa. AHAJOTMIHO MBI MOYKEM MTOCTPOUTH
Ha CTOpOHax TpeyroybHuKa ABC' BO BHEIIHHE CTOPOHBI TPEYTOJbHUKHY, 10100~
HBIE MCXOJTHOMY, TaK ITO

ANABC ~ ACABy ~ ANC4AB ~ ACA4B,

upu stom BC || ACy, AB || CBy, AC || BA4. Haneemcs, aro umrarens ca-
MOCTOSITEJILHO HAPHUCYET COOTBETCTBYIOIINI PUCYHOK IIPU TAKOM OIIUCAHUU.
Torma Touka () Oymer obiieit Toukoil mepecedenust upsambix AAy, BByu CCy
¢ yeBnaHHBIM TpeyrojbaukoM AszBsC3. Ilpogenas anagorndHbie BHIYACIEHUS,
HailIEM JTJIMHBI OTPE3KOB
_ be? 0 A
AB3 = b2 + 2’ CBs = b2 + 2’ ACs = a? + %’
2 3 ab2

- =-_* = _ar
CSB_a2+02’ AsB a? +b%’ CAs a? +b%’



06 oxnoit 3amage o buccekrpucax n Toukax Bpokapa 227

Eciin mbr morpebyem, 4T00bI Y€BHAHHBIH TPEYTOJbHUK BTOPOW TOYKM bBpokapa
OBbLT PaBHOOEIPEHHBIM, TO MPUIAEM K COOTHOIIEHUSIM, KOTOPbIE aHAJOTMIHBI
COOTHOIIEHUSIM 13 TeopeMbl 3(1), OHM OTIMYIAIOTCS TOJIBKO MOPSIKOM TEPEMEH-
HBIX.

TEOPEMA 3 (2). Yesuarnwiii mpeyzosvruk emopot mouku Bpoxapa a6as-
EMCA PABHOOEOPEHHDIM, ECAU CIMOPOHDL MPEY20ALHUKG YOOBAEMBOPAIOM OOHOMY
u3 mpéx coommowerut:

F(a,c,b) =0, F(bya,c)=0, F(c,ba)=0.

Bosuukaer ecrecTBeHHBII

Bormpoc: ecau wesuarmviii mpeyzosvrux nepsoti mowku Bpoxapa pasHo-
bedpennoit, mo 6ydem au pasrobedpertbiM YeGUAHHBT MPEY20ALHUK 8MOPOT
mouxu Bpoxapa?

OTBer HA 5TOT BOIPOC OTPUIATE/THHBIA.

[Ipu periennu COOTBETCTBYIOIIEH CHCTEMBI U3 JIBYX COOTHOITEHUI MBI TIO-
JIyIUM, 9TO peIlleHre BO3MOXKHO, TOJIBKO eC/ii 00e TOUKU bpokapa coBmaiaror,
U MBI TIOJTy9IaeM, ITO UCXOTHBIN TPEYTOJBHUK SIBIISIETCST PABHOCTOPOHHIIM.

leficTBUTEIBHO, IPEJIIIOIOXKUM, ITO BBIITOJTHEHO

F(a,b,c) =0,
F(a,c,b) =0.
Torma
0= F(a,b,c)— F(a,cb) = (b> — ) (a®? 4+ a%c + a*b?? + b2 ).

Buaunt, b = ¢ u u3 F(a, b, b) = 0 creayer, aro a = b = c.
[TockombKy

F(a,b,c)—F(b,a,c)=(b*—a?)(a*b*+3a*b*c* +3a*b* 2 +3a* * +7a?bc* +3b1 )
u
F(a,b,¢) — F(c,b,a) = (¢ — a®)(0® + ) (a? + b)) (a®b? 4 2a%% + b2c?),

B OCTABIIUXCS CJIyUasX MbI IIOJIyIUM TOT K€ Pe3yJIbTaT.

Mp! BugmuM, 9TO IPU UCCJICIOBAHUU PABHOOEIPEHHOCTU UE€BUAHHBIX TPE-
YTOJILHUKOB TOYEK BpoKapa MbI [TOJIy9aeM CUTYAINIO, CYIIECTBEHHO OTIMYAIO-
IIIyIOCsT OT U3BECTHBIX HaM paHee. 11o Bceit BUAUMOCTH, 3TO CBSI3aHO C T€M, UTO
TOYKA Bpokapa 3aBUCAT OT BEPIIUH «HECUMMeTPU4HO». C JIpyroii CTOPOHBI,
OlIpe/IeIeHIe CePEIMHBI OTPE3Ka MK Ty TouKaMu Bpokapa 6ojiee CHMMeTPUIHO.
W curyarus «HUCIpPaBIISETCS», €CIM MBI PACCMOTPUM YE€BHAHHBIN TPEYTrOJIHLHUK
TOYKU, SBJIAIONIENC CepeuHON OTpe3Ka, COeIUHSAIONIETO MEPBYIO U BTOPYIO
Touku Bpokapa.
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c % 1 B, B,

Puc. 4

YHPAXKHEHUE 10. JlokaxkuTe, 4TO B paBHOOEIPEHHOM TPEYTOJbHUKE e~
BHAHHBIN TPEYTOJILHUK CEPEJINHBI OTPE3KA, COETUHSIONIETO IIEPBYIO U BTOPYIO
TOuKM Bpokapa, siBiisieTcss paBHOOEIPEHHBIM.

PEMEHUE. TTocko/bKY MCXOIHBII TPEyroJabHUK paBHOOeIpeHHbIil (puc. 4),
€ro mepBasi 1 BTopas TOYKH Bpokapa cHMMETPUIHBI OTHOCUTEIBHO OCH CHMMET-
puu. CienoBaresibHO, TOYKa M, ABJISIONIAsICS CEPEIUHON OTPE3Ka, COEIUHSIIOIIE-
r'0 MEePBYIO U BTOPYIO ToUKU Bpokapa, Oymer jiexkaTh Ha 310 ocu. Toraa, B cuiy
CUMMETPUHN, YeBHAHHBINA TPEeyroJbHUK TOYKH M Oyer paBHOOEIPEHHBIM.

L1t caMOCTOATEILHOTO UCCIIEIOBAHNS IIPEJIIaraeM UNTaTeJIAM CJIELYIONLYIO
3a/1a49y.

SAJIAYA [1JIsd UCCJIENOBAHUA. [Ipo TpeyrosbHUK M3BECTHO, UTO B HEM
YEeBUAHHBIN TPEYTOJLHUK TOYKU, SABJIAIONIEHCI cepeuHoil OTpe3Ka, COeInHsIIO-
IIET0 TIEPBYIO U BTOPYIO TOYKU Bpokapa, sBJsieTcst paBHOOeIpeHHbIM. BepHo i,
YTO JAHHBIA TPEYTOJbHUK TAKXKe PABHOOEIPEHHBIN?
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Hpeno;:aBaHI/Ie MaTeMaTUuKN

Haquoe TBOPYE€CTBO HIKOJIbHUKOB!
rae MI/ICb nrie peaﬂbHOCTb?

A. 4. Besio

THocsawaemes namamu P. B. [Tavxkuna,
0P2aHU3AMOPa U 8JOTHOBUMENS
Beepoccutickoti xondepenyun yuauurca
«FOnocmow, nayka, Kysvmypas

§ 1. BBEJEHUE

Bo BuemkosbHOII paboTe MO MaTeMaTHUKe PACHPOCTPAHEHO JIBa IOIXOIA.
Bosbimas gactb BHEK/TACCHON pabOTHI MKOJIHHAKOB IPSMO MJIHM KOCBEHHO CB3a-
Ha C OJIUMITAAIAMU MJIU NHBIMHA COPEBHOBAHUSIMHU TIO PEMIEHUIO YETKO TTOCTABJIEH-
HBIX 33J1a7 B Y)KECTKUX BPEMEHHBIX paMKkax. Jlarke ecjim pyKOBOIUTEb KPYKKA
3asIBJISIET, 9TO HEe 3aHUMAETCs TOATOTOBKOM K OJUMIINAIAM, MaTEPUAIbI KPY K-
Ka B OOJIBITION CTEITeHN OCHOBaHBbI Ha OJIMMITUATHBIX 3aj1adax. OJImMIIna THbIi
[OJIXOJ UMEET CBOU JIOCTOMHCTBA M HEJOCTATKH, €My HOCBSAIIEHA CTaThs |2].

Bropoit mogxos nipeicrapiisgier coboil IPOEKTHYIO AEATEILHOCT U TECHO CBSI-
3aH C HAy9IHLIMUA KOH(MDEpPEHIUAMA yIanmxcst. [IpoeKTHDIN TOAX01, B OT/IAYINE
OT 3aJ[a"HOTO MOX0/Ia, MeHee Crenuduyen s MaTeMaTuK, U BbIpaOOTaHHbIE
YMEHU JIerde MePeHOCITCs U Ha apyrue Hayku. Hayarbie KordepeHnn mKoJb-
HHUKOB 3a4aCTyIO0 IIPOBOJSATCA Cpa3y 110 HECKOJIBKUM IIpeJiMeTaM, MaTeMaTUuKa
[IPU 9TOM SIBJISIETCSI OJHUM U3 Hanpas/eHuit. OHU SIBJISTIOTCST aJIbTEPHATUBHOI
dopMoil 1eATeTbHOCTH, TTO3BOJISIONIEN YBUAETh U Pa3BUTh B IIKOJILHUKE [T0JIE3-
HbIE JIJIsT HAyIHON paboThl KAIECTBA, KOTOPbIE OJIMMITNA/IbI HE PACKPBIBAIOT. DTH

MaTemaTtuueckoe npoceelieHne, cep. 3, Bbin. 18, 2014(231-247)
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JIBa MOIX0JIa B3AaUMHO JIOMOJTHUTEIBHDBI. Hajio cTpeMuThes K TOMY, YTOOBI IIPEIo-
JlaBaTeN N, UCIIOBEIYIONNEe TOT U WHOMN TOIXO0/T, He KOHKYPUPOBAJIH MEXKJLY CO-
0oit, & COTPYIHUYIAIN, TOHUMAJH JIPYT APyra. B BRIMTPBINIE OKaXKEeTCA yICeHUK.

ApTop 60osiee 10 jieT ObLT PYKOBOJIUTEIEM MATEMATHIECKON CEKITUU KOH(pE-
pernuu «[Touck», npoxomusmeit 8 JTHTTM (/lome HAYyIHO-TEXHUIECKOTO TBOD-
YecTBa MOJIOJEKM ), husinase MocKOBCKOro ropoJICKoro JIBOpIa JeTCKoro (FoHO-
IIIECKOTr0) TBOPYECTBA, & TaKzKe UJIEHOM SKCIEPTHOro coBera Bcepoccniickoii
KoH(pepennun yaamuxca «FOHocTb, HayKa, Ky/JIbTypay, IPOXOAUBIIEH 10 UHU-
nunatuse P. B. Ilnbikuna. Kpome Toro, aBrop csbiie 20 jieT sBJIsjics PyKOBO/IN-
TejieM IPOEKTOB Ha JleTHell koHdepeHInN TypHUpa TOPoJoB. JanHas crarbs —
MOIIBITKA, OCMBICJINTD, CACTEMATH3UPOBATD U IepeiaTh OIBIT pabOThI, OH OTHO-
CUTCSI K KOH(DEPEHIUSIM IO MaTeMaTHKe, HO MHOT'HE aCIEKThI ABJISIIOTCST OOIIIMEI
U BaXXHBIMHY JIJTsI HAY THBIX KOH(MEPEHIUH MKOJIBHIKOB U 0 JIPYTUM IIPEIMETAM.

Crpykrypa crarbu. llociie ucropun Borpoca Mbl 00CYXK/IaeM aKaIeMU-
YeCcKHue MEeHHOCTHU, NI JOCTUXKEHUS KOTOPBIX OCODEHHO II0JIe3HA ITPOEKTHAS
JIeATEIbHOCTD. 3aTeM 00CYKIAI0TC KPUTUIECKHE 3aMeUYatnsi, METOJIUKA ITPOBe-
JieHus, B 0COOEHHOCTU CTPATErUIECKUE BEIY — IPUHIIAIIBI OPTaHI3AIUN KIOPU
U OIEHKU JIOKJIaJIOB. B 3ak/iovyeHre roBOPUTCs O HePCIEeKTHBAX.

Ucropus Bompoca. B korne 1920-x — magase 1930-x rogos A. H. Kosimo-
ropoBy (B coorBercrBuu co crusem mmkoJel H. H. Jlysuna) ymanocs nposectu
pedopmy mpodecCHoHAIFHOIO MATEMATHIECKOTO 00Pa30BaHMUSI.

CrymeHTsl cpasy, HaUMHAas ¢ IEPBBIX KYPCOB, MOJIydaan COOCTBEHHO YHUBED-
CUTETCKOe 00pa3oBaHUe, Ha CTAPIINX KypcaxX 3a4acTyIo JeJIaau CBOIO IEPBYIO
HAy4IHYIO PaboTy, aCIUPaHTypa ke Oblaa choKycnpoBaHa He Ha yIe0e, a Ha Ha-
yunoit pabore. C sBHBIM 0on00peHueM 06 srom yromuuaj JI. C. [lorTpsirun
B [8, crp. 9-11]. 1 naxe ceituac muorue crymentsl Mexmara MDY, npu Beex
COBPEMEHHBIX TPYAHOCTAX, JI€JIAIOT CBOIO IEPBYIO HAYIHYIO PAOOTY Ha CTAPIIIX
Kypcax, 9ero B IOMUHE HET B U3BECTHBIX aBTOPY 3alla IHBIX YHUBEPCUTETAX.

WNarepec k HaydHOIT paboTe CTYIEHTOB, & TaKyKe PA3BUTHE CHCTEMbI BHE-
KJIACCHOU pabOThI CO MIKOJbHUKAMHY ITOPOUIN BOITPOC O BO3MOXKHOCTH HAYIHOI
WJIA XOTd OBl IIPeIHAyIHON PabOThI IMIKOJLHUKOB M €6 OPTaHU3aIMOHHBIX (POop-
Max. B tpuanaroie rogsl XX BeKa B CBA3U C YCKOPEHUEM PA3BUTHUsI CTPAHBI ObLIA
pa3BEpPHyTa CHCTEMa BHEIKOJIbLHON PabOThI M MOAJIEPXKKHU JETCKOTO TBOPUIECTBA.
[IpumeuaresbHO, 9TO peIleHne O e€ CO3MAHNN OBLIO MPUHSITO HA CAMOM BBICO-
KoM ypoBHe. KoHdepeHnn MKoJIbHIKOB ITOCTEIIEHHO BHIKPUCTAJIN30BBIBAIICH
U3 9TOI CUCTEMBI.

B samagnbix yHEBEpCcHTETaX Ha MEPBBIX KypCax IIPOMCXOINT UCIPABJICHHE
HEJIOCTATKOB IIIKOJIBHOINO 0OPa30BaHUsI M IIOIMOJHEHNE HEOOXOAMMBIX OA3MCHBIX
3HAHWI, HA CTAPIINX KypPCaxX CTYJAEHTHI IO CYIIECTBY TOJBKO HAUMHAKOT OCBAU-
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BaTh HayKy Kak TakoByio. Cpok actupanTypbl OoJibiite, ueM B Poccun, u nepsas
e€ MOJIOBUHA TPATUTCSI OISTh YK€ Ha yUIE0y, a caMa HaydHasi paboTa MPOTEKAeT,
KaK IPABUJIO, HA IOCJEIHUX IO/laX ACIUPAHTYPHI M BO BPEMS <IIOCTIOKA.
B aT0ii ¢Bsi3u Jj1s 3a08/IHBIX CTYIEHTOB IIPUOOPETAIOT HOJIhIee 3HAUCHUE OJTUM-
nmabl (KaK MIKOJIbHBIE, TaK U CTYJIEHYEeCKUe) U OKA3bIBAETCsI MOJIE3EH OIBIT
pOCCUCKUX KOH(MDEPEHIUH MKOJIBHUKOB.

Bor oaun Tosbko npumep. B. M. Tuxomupos n aBrop paborasu (B pasHoe Bpe-
mst) B Jacobs University Bremen, rie Besin kype «Perspectives in mathematics»,
cozmannbiii [, Hsiixepom. CryjieHT oneHuBaJICst 110 KypcoBoil pabore (term
paper). Oka3ajoch, 9TO JIeATEJBHOCTh B OOOUX C/Iydasx OblLIa Ipe3BbIYaiiHO
HOXO02Ka Ha paboTy HaydIHOIO PYKOBOJMTEIS JOKJIa,1a MKOJIbHUKA (OJIHA U3 TAKUX
cryjiendIeckux pabor onybsmkoBana B «MaTremMarnaeckoM mpocBeniennns , ¢M. [3]).
To e oTHOCUTCS M K KypCy, KOTOPBIi BET aBTop B Bap-Mitanckom yHuBEpCuTeTe.

NurepecHo, ato BHava e KpyKKu Mexmata MI'Y 6b1i 0OCHOBAHBI Ha JOKJTa-
JlaxX MKOJbHUKOB. COBPEMEHHBIN THUII MEXMATCKOI'O KPY2KKa, JIJIsT IITKOJIbHIKOB
ABJsiercsd reHnaJibHbIM usobperenuem /. O. IIkasspckoro m ecrhb cieicTrBue
pedopMbI, UM TTPOBEIEHHOI emé 10 BoiHbI. Kpy»KOK, OCHOBAHHBII HA PENIeHUN
33184, CTaJI JOCTATOIHO 3(PDEKTUBHBIM U IPUHEC 3aMedaTe/IbHbIe Pe3y/IbTaThI.
Ho BMmecTre ¢ TeM 00y1deHrEe HEKOTOPBIM CTOPOHAM JEATEIbHOCTA MAaTEMATUKA
BeCbMa HEYJ00HO MPOBOAWTL B TAKOM (popMaTe, TaK UTO aKTyaJbHBIM CTaJI
ITOMCK JOTOJTHUTEIbHBIX (DOPM PabOTHI.

ChnoxkuBmiasica curyanusi. Ceitgac TPOBOJIUTCH TEJbIH Pl HAY IHBIX
KOH(EPEHITUH IITKOJbHUKOB, KAK POCCUICKUX TaK U MEXKIyHAPOIHBIX. AKTUBHO
neficreyer koprnopanus Intel ISEF (CLHA)l) YnoowmsineMm eBpomneiickne KoH]e-
penrun mkouabankos: ICYS?), EuCYS?.

Bcé Goubiiiee pacipocrpanerne (B TOM YUCIIE — O PA3HAPSIJIKE «CBEPXY» )
HOJTy9aIOT €KErojHbIe MIKOJIbHBIE HayIHbIe KOHMepeHnnu (OprannsyeMble, Kak
IPaBUJIO, CAMUME YIUTEJISIMU), TPU3BAHHBIE TTPOJEMOHCTPUPOBATD YCIEXH B
[IPUODIIEHNH YUIaIUXCs K «HCCIeI0BATEIbCKOM paboTey B pe3ysbTaTe BHEIPE-
HEs MeTo/1a TpoekToB. Kondepeniusim nocssiienst pabotrst [1,6,7,13]. Cuemyer
OCMBIC/IUTH CJIOXKUBIITYIOCS CUTYAITUIO, chOPMYIUPOBATEH IPUHITAIILI ITPOBEIE-
Hust KoHdepermil yaamuxcs®) .

Y http://wuw.societyforscience.org/.

2 http://metal.elte.hu/~icys/.

3 http://ec. europa.eu/research/youngscientists/index en.cfm.

4 B 1990-¢ rompt aBTOP TPOBOM KOoHMepeHIno «[loncK», TPOXOAUBIITYIO CJIEyIOIIUM
06pa3oM. ABTOp CTpeMUJICs IPUIJIAIIATh CUJIbHOE U PA3HOILIAHOBOE KIOpU. B HEM HEOIHO-
kparHo npuaumaiu yaacrue H. A. Bo6buies, H. B. Bacunbes, A. . Tanoukun, A. A. Eropos,
A. A. Bacnasckuii, A.I. Kynakos, B. H. Jlareines, H. I. Momesurun, B. B. IIpoussosos,
I'. B. ITa6ar. JIoKJIaasl IPOXOJUIIA B 1Ba AHs. Paboumii 1eHb COCTOSAN U3 TPEX YacTeil: a) o-
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Baaronapuocru. Asrop npusnatenen A. K. Kosambmxku, A. 1. Crubme-
By, B. P. ®penkuny 3a mojesabie obcyxkiaenus. Ocobasi MPU3HATETHHOCTD —
H. X. Po3oBy 3a mojie3ubie 00CyKIeHUs U TOIEPIKKY.

§ 2. I[IPOEKTHAS JIESTE/JIBHOCTDb
11 KOHOEPEHLIMU YUAIUUXCS. LIE/IM U 3AJIAUU

B HpOGKTHOfI AeATeJIbHOCTH OTHOIIECHUS C yIUTEeJIeM OIIpeJe/IAI0TCA TeM, 9TO
YUYEeHHK caM BbIOMpaeT cebe PyKOBOJIUTES U yIACTBYET B BHIOOPE TEMBI. Y YUTETH
IIpEBpAITIAETCS B KOHCYJIbTAHTa M CTapIIEro KOJJIery, a He IIPOCTO TPEHepa.
B uneasie nabiiosiaeTcss COTBOPYECTBO yUAIIETOCS U HAYYHOIO PYKOBOIHUTEJIS.
[Ipu uccnenoBaTeIbCKOM TOAXOE K OOYUICHUIO YIEHUK yIaCTBYET B IIOCTAHOBKE
BOIIPOCOB, BbBIJIBUT'a€T T'MIIOTE3bI, KOTOPbIE CaM JOKAa3bIBaeT WJIM OIIPpOBEpracT.
[TosryueHHBI OTBET MOXKET CJIy?KUTh OCHOBAHUEM /IJIsi HOBBIX BOIIPOCOB. Pe3yiib-
TaT MOXKET 6bITb HEU3BECTEH 3apaHee KaK YYE€HUKY, TaK U yIUTEJIIO. B 9TOM
0CODEHHOCTH XOPOIIEl UCCIIeI0BATEILCKON 3amaan. PaboTa Ha g Helt MOXKeT UITh
OT HECKOJIbKUX JIHEH 110 HeCKOIBKHUX JieT. OUeHb XOPOIo, KOy UCIOJIb3YOTCSI
pasHooOpa3Hble METOJbI U €CTh IPOCTOP JJIs YACTUYHBIX ITPOJIBUKEHUN U yTOU-
HEHUii, TOCTAHOBKU BCIIOMOTATEIBHBIX 3a/1a1. HeBO3MOXKHO IIPUIyMaTh CPa3y
HECKOJIBKO UJIefl OJITHOBPEMEHHO, UX HAJI0 IOJYyYHUTh 110 OJHOH, paboras ¢ OoJiee
MPOCTBIMU CUTyaIrusMu. K COXKaJEHUIO, CIIOPTUBHBIN IIOJIXO/T, JIOBJICIOIIII HAJT
MHOI'MMU OJIUMIMAJAMK |2], IPUBOJUT K TOMY, U4TO YaCTUYHBIE [IPOBUKEHUSI
OY€Hb IIJIOXO OIEHUBAIOTCsI. B pe3ysibrare HHTEIIEKT PA3BUBAECTCS, TIOPON BECh-
Ma 3HAYUTE/ILHO, OJHAKO IIPU ITOM HUEJIOBEK Pa3ydaeTcsl MBICJUTH TIyOOKO,
€O BCEMU BBITEKAIOIIMME [TOCJIEJCTBUSAME, B TOM YHCJIE€ aKAIEMUIECKUMH.

MeTouka opranm3aiuy UCCIeI0BATEIbCKON pabOThl /I HAYUMHAIONINX U3~
jaoxena B kaure [12], em. Takzxke [1,7,11|. Heckospko cioB o pabore ¢ 6osee
IPOJIBUHYTHIMU JIO/bMU (IIKOJIbHUKaMK WM cryjeHTamu). OdeHb XOpOoIIo,
ecsIu repBas paboTa OCHOBaHa Ha KPACUBOM 3ajade ¢ MOHITHON MOTHBUPOBKOIA,
U OYeHb ILJIOXO, KOTJIa JJist IEPBOii pabOThl PyKOBOJIUTE/Ib IIPOCUT MOJACINTATH
HEYTO, a JIJIA Yero — MoKa HenouATHo. [lepBas pabora J0JKHA OCTABUTD OIILY-
[EHNEe KPACUBOIO yCIIeXa, Yero-TO MPAa3[HUIHOrO. 1 py/IoBbie OYIHU — IOTOM,
U pUCK — oTOM. 3ajiada 10JKHA ObITH HE CIIUIIKOM IIPOCTON (HEMHTEPECHO),
HO U He CJIUIITKOM CJIOYKHOU — 9TOOBI UeJIOBEK He cyioMajicsi. K Bcé ke ecTb
[I0JIO3PEHNS, YTO 33/1a49a YPE3MEPHO CJIOKHA, PYKOBOJIMTEND JIOJI?KEH OTCJIEXKH-
BaTh CUTYAIUIO U AKTUBHO momoraTb. OQ4YeHb XOPOIIO, KOTJIA CKJIA IBIBAIOTCS
JA€JIOBbIE€ OTHOMICHUA — YICHUK C YIUTEJIEM BMECTE XOTAT IOJIYyIYUTh KOHKPET-

KJIAJIbI MTKOJIBHUKOB, 0) JOKIAJbI CTYAEHTOB (IO TeMaM, MOHATHBIM INKOJIBHUKAM; IIETh —
JIaTh IPEJCTABICHNE O PEAIbHOI HayIHO paboTe), B) KPYIVIbIA CTOJI — YIEHBI YKIOPU NIPEJI-
JlaraJi y9acTHUKaM KOH(MEPEHINN 3a/[a9y JIJIsi CAMOCTOSATELHOIO MCCIeOBAHUSI.
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HBII pesyabrar. Takue oTHOIIEHHST 00ECIIeINBAIOT MOAJINHHOE yBakeHue. B 1mo-
cJieJiHee BPeMs BBINLIO HECKOJBKO KHWUT, MOCBANIEHHBIX HCCJIEI0BATETHCKIM
3a/1a9aM JJisl IKOJIbHUKOB U MeTo/uKe paboThl ¢ HUMH, Hanpumep, (4,12, 14].
CpaBHenusiM KOH(bDEPEHIMI 1 OJIMMITMAJL IOCBsieHa pabora [6].

SaauHblil I0AX0, IpU Beell cBoeil 3pMEeKTUBHOCTH, CHIrPaI U OTPUIATE b
HYyIO poJib. MeToanKa MpOoeKTHON JesTe/IbHOCTH yJaIuXcsa He OYeHb pa3pabora-
HA, & CHCTeMa — HeJOCTATOYHO pa3BuTa. Bo3moxkHO, Ipu 60j1ee pa3BuToil cucTeMe
MOYKHO TIOJTyYIaTh CephE3HbIE HAYyYHBIE PE3YIbTAThl Y CTAPIIEKIACCHUKOB 3HAUU-
TeJILHO Jalre, ueM ceiiuac. B aToit cBasu nosesen negarorudeckuit oot H. H. JIy-
suna. Coracuo Bocomuuanusm J1. C. Ilonrpsaruna [8, crp. 9-11]|, mexarormae-
ckuit moaxox H. H. JIysuna cocrosin B cienyromeMm. [lepBoHavua bHOM 1IE/IBIO CTa-
BHJIOCH KaK MOYKHO 00Jjiee ObICTpOE TTOJIydeHrne HaydIHOro pesysbrara. [Ipu srom
BBIOMpaach 00/IaCTh MATEMATUKU, C OJIHON CTOPOHBI, JOCTATOYHO 3HAYUMAs,
¢ apyroit — He TpeboBasItas o0mupHBIX 3HaHui. B 1920-30-€ roms! 970 ObLIa TEo-
pHst MHOXKECTB, & TakKe Teopusi (hyHKIHIA jieficTBUTe/IbHOrO riepeMentoro. (B na-
1I1e BpeMsI BMECTO TEOPUU MHOYKECTB MOYKHO HCIIOJIB30BATH, HAIIPUMED, TaKyIO
00J1aCTh, KAK KOMOMHATOPUKA — B YACTHOCTH, KOMOMHATOPUKA CJIOB, — YIUTHIBAST
3HAYNTEIHHOE YUCII0 OBIBIINX OJMMIINAIHIKOB. ) TaKoil 0/X0 ] IMesT OUeBU/HbIE
ILJIIOCHI — Y€JI0BEK, IOJIYIUBIINI HAYIHBIA Pe3yJIbTaT, IpuodpeTas BHY TPEHHIO
oropy. C Jpyroit cTOpOHBI, ObLIA OMACHOCTH 3aMKHYTHCSI B Y3KOM obmacru®).

[Tepeunciimm dpakTOPhI, CO3MAIOIINE ITOTPEOHOCTh B OPraHU3AINN ITPOEKT-
HOH JIeITeJIbHOCTHU YYaIlIUXCS.

1. HeobxomuMocTh pasBuBaTh HE TOJIBKO <«IIPOOUBHBIE» BO3MOXKHOCTU, HO U
HCCIEIOBATENIBCKIE, TBOPUYECKUE KAYeCTBA, KPEATHBHOCTD.

2. EcTb MIKOJbHUKU-«CIIPUHTEPDI» , KOTOPbIE JIIOOSIT OBICTPO PEIIUTh 3aIaTy
Ha, OJINMITHAJIE U TIOTOM OTKJ/IIOUUTHCH OT He€. ECTh U MIKOJIbHUKH- «Mapa-
GOHIIBI» , KOTOPBIE TOJITO IyMalOT HaJ 3agadeil. [as Hux 60sbie moaxomaaT
uccsenoBarenbekne 3aaaau (mpoektol). (Ho n myis cnpunrepa ovensb mostes-
HO BpeMeHamu GeraTb MapadOH.)

3. OmuMOua b TI0X0 TPUCTIOCOBIEHBI TSI «TYTOAYMOBy . OT9acTit 3TM 00b-
SICHSIETCST TO, ITO HEKOTOPBIE CIEIHATUCTBI OTHOCSTCS K OJIMMITHAJIAM CKeIl-
tuaecku. B cBoé Bpemst 1. C. AjlekcaHapoB rOBOPUJI, YTO €CJId OBl OH yIacT-
BOBaJI B MATEMATUIECKON OJTUMIINAJIE, TO TPAKTUIECKU HE UMEJT OBl IITAHCOB

5) YejtoBeK 3aMacTyIo HE NMEET pecypeoB Ha J0JIYIo yiaéby. OUeHb BasKHO, ITOGBI TOMUMO
«TIpOHECCHOHATBHBIX> YIEHBIX (T. €. 3apabarbiBaomux mpodeccueil) Gbum 661 1 yI8HBIE- < TIO0U-
Tesin» (3apabaTbiBaIoNye Ha XKU3Hb nHave). IIOMIMO cCaMUX HAYYIHBIX PE3YJILTATOB, STO MOHU-
MaeT OOIIECTBEHHYIO KyJIbTYpy. IHOIIa KTO-TO MOKET MPUNATHA B MATEMATUKY U B OTHOCUTEJILHO
3pesioM Bo3pacTe. VM BaxkHO OBICTPO MOJIyIUTh pe3yabTarhl. Tem cambiv moaxomn H. H. Jlysuna,
CBSI3aHHBII C OTHOCUTEJIBLHO OBICTPBHIM IIOJIyY€HUEM [IEPBOrO PE3yJIbraTa, CTAHOBUTCS BEChMa
AKTyaJIbHBIM.
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MMOJIYIUTD MIPHU3, HOCKOJbKY MOXKET Pa3MBIILISITh TOJIBKO B OJMHOYECTBE,
IIPU OTCYTCTBUU KOT'0-JINOO PAIOM, U HE CIOCODEH <«IyMaTh Ha BPEMs»,
PEINTD 3a/ady K 3apaHee yCTaHOBICHHOMY CpOKy. (Cm. Takuke 1. 7.)

4. Kpome coOCTBEHHO pelrieHust 3a/1a1, OOJIbIIOe 3HAYEHUE UMEET €IE «IIOMO-
CTPOUTEILCTBOY, TO €CTh BOCIIUTAHNE TEOPETUIECKOrO MBIIIICHNS, PA3BU-
THE M300PEeTaTeIbHOCTH, IIOCTPOCHIE TEOPU M KOHCTPYKITHIA.

5. OueHb BaykHA MPAKTUKA B IOIPOOHOM pa3bope U OCMBICJIEHUH TyKUX PadoT,
a TaK»Ke CAMOCTOSITEIbHOM U3JI0KEHUU MaTepuaJia. V3 MOonbITOK «TOJBKO
IIPOCTO W JOCTYITHO» W3JI0KUTh UMEIOIIUNCT MaTepruasl 9acTO BO3ZHUKAJIU
OYeHb CepbEé3Hble OTKPbITUs (HanpuMmep, ypasuenue IIpénuurepa, cxeMbr
JpiaknHa).

6. CyIecTBeHHYIO POJIb UTPAET BO3MOXKHOCTH HPUOOIIEHUS K SKCIEPUMEH-
TaJbHON MaTeMaTHKe, PA3BUBAIOIIETO SBPUCTUIECKOE MBINLJIEHUE U BOOOPa-
JKeHue.

7. XOpoIlo U3BECTHO, YTO JlaXKe CJAOXKHAs OJMMIINAIHAS 33/1a9d CTAHOBUTCS
0oJiee MOCTYIHON MPHU JJINTETHHOM IIOUCKE €€ peIleHHus, OCOOEHHO ITPHU
pabore B KOMaHJIE.

8. Hayumbie kondepennuu obecriednBaioT 0oJjiee IJIABHBIN IIEPEX0 OT OJIMM-
nraj K Hay4dHoOU JedrebHocTH. OTCyTCTBAE TAKOTO IIEPEX0/a ITPUBOIAT
K MOSBJIEHUIO HEYIATHUKOB CPEJIN CIIOCOOHBIX CTYIEHTOB.

9. Ha xoudepeHInsax BCTpEUatOTCs YISHUKHU, YCIEIIHbIE 10 PA3HBIM IIPEIMe-
TaM, OBIBAIOT U KOMILJIEKCHBIE JTOKJIaIbl. KOH(pEepeHIuN SIBIAIOTCS IPE3BbI-
JaifHO IOJIE3HBIMU B IJIAHE MEXKITPEIMETHDLIX CBSI3€il, ITO BayKHO B J1aJIb-
HeHIIen J1edTeJIbHOCTH.

10. HeobxomumocTs MpuB/IedeHnsT YICHBIX K paboTe ¢ MOJIOAEKBIO, ITO HE TPO-
UCXOJIUT B JIOCTATOYHON CTEIIEHH Ha COBPEMEHHBIX OJMMIINajiax [2].

Kpuruka. HecMmoTpst Ha BhIlIenepednc/ieHHOe, MOXKHO BCTPETHTDH PE3KO OT-
pUIaTEIbHBIE OT3BIBBI O KOH(EPEHIUSIX YUAIUXCSA BIUIOTH JI0 YTBEPXKICHUI
0 «mpodaHaly HAyIHOI paboThl». [loHMMAast IpUCTPACTHOCTL U HECIIPABEIJIN-
BOCTb TaKNX yTBEPIKJIEHU, CJIe/TyeT BCE YKe BbIJIEJINTh B HUX PAIlMOHAJIBHOE 3€PHO.

1. OgHO M3 IVIABHBIX KPUTHYECKUX 3aMedaHnil 3ByduT Tak: « OueHb Mano
YUQUULCA NOAYUGHOM, ZHAYUMbBLE HAYYHBLE DESYALIMATIBLS .

OpHako ecam 00pPaTUTHC K OJUMITNAJIAM, TO OOJBIMMHCTBO X yIACTHUKOB
HE JOXO/JUT /10 BbICIIECI'O YPOBHS, C KOTOPBIM U CJIEI0BaJIO 6bI CPpaBHUTDHb IIy6.HI/IKa—
OesbHbIE Pe3yIbTAThl YIaCTHUKOB KoH(MepeHIuit. B To ke BpeMst 6e3 0CHOBaH!sT
HEBO3MOXKHA, BEPIIUHA: Be/lb YHUYTOXKHUB OJIMMIIMAIbI HECJIOXKHOIO YPOBHSI, MBI
OIIyCTHIM ¥ BBICOKHUI YPOBEHb. Tak ke u B HayIHO# paboTre: YTOOBI IPUNATH K BEp-
IIAHAM, HEOOXOIMMBI IIPOMEXKYTOYHbIE Pe3yJIbTaThl, IIyCTh CHAYaJIa U BEChMa
CKpPpOMHBIE. XOTeﬂOCb 6bI OTMETHUTDL, YTO IIepe]] HaYNHAIOIMNM IMKOJIbHUKOM
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HE CIIEIYeT Cpa3y CTaBUTh OCOOEHHO TPYIHYIO 3a1a9y — OHA MOXKET OTIIYI'HYTh,
OBITH MOYKET, IEPCIEKTUBHYIO JIUYHOCTD. JIjIsl BBISIBJIEHNS TaKUX JIMIHOCTEM
Cpeay MKOJBHUKOB U yUIUTe el BaskKHbI IMEHHO JTOKJIa bl HA9aIbHOIO YPOBHS —
KaK U IIEPBBIE 3TAIbl OJIMMIIAAIbI.

2. K coxasienuio, coBpemMerHoe 0011ecTBO OOJIBHO, B HEM MOKA3yXa U KOP-
PYIIIHsI IPOHUKJIN BO MHOIME C(epbl »KU3HU, B TOM YHCJIE U B 00pa30BaHHUe,
1 OTHIOJbL HE TOJIBKO B POCCI/H/I.

B morone 3a mMmmKkeM W BO HCIOJHEHHE TpeOOBAHUN HaYaJIbLCTBA, Op-
TaHU3aTOPBbI OJIMMITNA/] MHOT' /A <«CJIMBAIOT» pPEHICHUsd 3a/Ja4d1 Ha OJIUMIINaaX
(B TOM 9mCIe MEXKIYHAPOJIHBIX, YTO HEOJHOKPATHO HABJIIONAJ aBTOP), a py-
KOBOJIUTE/IN — IUIIYT «JOKJIAIbl» 38 YIEHUKOB JJIsI KOH(MEPEHINH W Ipe-
JlaraloT TeMbl, TPeOyIOIe He pasMBbIILIEHUN, a JIMIIb CO3MaHUs KPACOUYHBIX
npeseHTalyii. PasBeioch MHOIO MIKOJIbHBIX [ICEBIOHAY YHBIX KOH(MDepeHnii (Kaxk,
BIIPOYEM, U JKYIBHUIECKUX «OJMMIIHAJL ), KOTOPBIE TOIBKO JNCKPEINTUPYIOT
HJIEI0, a IIePBLIE MECTa Pa3faloT «CcBouM». Curyalust ycyryoJsieTcs TeM, 9TO
JlaJIeKO He BCe yJalllfecs W, YBBI, YIUTEe sl UMEIOT aleKBATHOE IIPEICTABIEHIE
0 Hayd4HOIl sTHKe. TeM He MeHee MPEACTABIIAECTCS, ITO TPOOJIEMbI ITOKA3YXHU
1 KOPPYIIIUU pa3peniuMbl 1 JazKe JaJIeKO He JIyIIuM 06pa30M OPraHN30BAHHBIE
KoH(EPEHIINN, HECMOTPS Ha «IIeHY», BCE K€ IIPUHOCAT OIPENEJIEHHYIO IIOJb3Y,
nbo € JIOKJIaJIa MOYXKET HAYAThCS WHTEPEC K IIPeJIMeTy.

Yro ecrb gocroiiHas (mpejr)HaydHast JesITeJbHOCTD yYalerocsi? 371ech Bo3-
MO2KHBI BapUaHTHI.

1. JeTanbHbIT pa3zbop U CAMOCTOSTEIBHOE IIEPEN3I0KEHNE OTHOCHTEIHLHO TPY/I-
Horo Marepuaia (pedeparupras padora)®).

2. PasHoOro poja KOMIIbIOTEPHbIE 9KCIEPUMEHTB 1 IOUCKOBbIE JIA00PaTOPHbIE
paboThl 110 MaTeMaTuKe’).

3. B jomamHux (IICcHXoI0rnueckn CloKOMHBIX) yesoBusx (TeM Gosiee, paborast
B KOMaHjIe) ydJaluiicss crocobeH PenThb CyIeCTBEHHO 60Jiee CII0XKHYIO
3aJ1ady, 9€M B yCJIOBUSX OJTMMIIAAIBL.

YaacTHUKY KOH(EPEHINH JO/ZKHBI ITPOXOIUTD HE TOJILKO «HAYIHYIO», HO U
IICUXOJIOTUIECKYIO TTOITOTOBKY. B 9acTHOCTH, cjieayeT IpeaocTeperaTb OT OXKUIa-
HUsI HEMEJ[JIEHHBIX UJIU [TOCTOSTHHBIX yCexoB. eficTByomme yIeHbie TOXKe He KarK-

%) IIpuMepoM HOPMAJIBHOTO [OKJIAJA (HECIOKHOTO yPOBH:) CJy?KUT CAMOCTOSTEJILHOE
Iepen3JIoyKeHre TeopeMbl BaH Jep Bapuena o packpackax. AeKBaTHBII npu3 — Gpouropa
A. M. Paiiropozckoro, nocesimgHHasi packpackam [9].

™) TeMbl TaKOro poja JaGOPATOPHBIX paGoT TmareabHo mpoxymbBan A. H. Komvoropos
¥ BHEJIPSII UX B MPAKTUKY PAbOTHI MIKOIb-nHTEpHAaTa ipu MI'Y, KoTOpast ceromnst HOCUT €ro
uMsi. OcoBEeHHO MMPOKUE BO3MOXKHOCTU OPraHU3aliy JIAOOPATOPHBIX PAbOT MO0 MaTeMaTUKe
OTKDBIBA€T KOMIIBIOTED; CM., Haupumep, [10].
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JIBIiT JIEHb COBEPIIAIOT OTKPBITHSL, €CTh U «TPY/IOBbIe Oy IHI» (TeXHIIecKast paboTa,
JIOBEJICHIE U3BECTHBIX MJIEH U T.11.). Ydaliuecs 3a4acTyt0 IJI0XO0 IIPEJICTABIISAIOT
cueruUKy J0KJIa/1a Ha KOH(MEPEHINH, a [IOTOMY YPE3BBIYAIHO ITOJIE3HBI ITPEJT-
BapUTE/IbHbIE KOHCY/IBTAIMK (JJIsl yUEHUKOB M YUIUTeJIell) U PeeTUuIust JOKIa/Ia.

IIpenBapuresibHble BBIBOABI. ABTODY MpEACTABISIETCS, UTO:

e Hayunbie KoH(MpEpEHITNY YI0BIETBOPSIIOT OIPEJIEJIEHHBIE TTOTPEOHOCTH U Pas3-
BHUBAIOT OIPeJeIEHHbIE KAYeCTBa YUIAIINXCs, HeBOCTPEOOBAHHBIE HA OJIMM-
nuajgax.

e DTH MOTPeOHOCTH W KAUECTBa HYXKJIAIOTCs B JaJbHENHIIIeM OCMBICIEHUN.

o DopMbI OPraHU3ANMY HAYIHON WM [MPETHAYTHON JIesITe/IbHOCTH YIAIUXCsT
HE YCTOSIJIUCh M TPEOYIOT COBEPIIEHCTBOBaHUsI. B 1eJ10M, OHAKO, 3HAUEHUE
KoH(EPEHIINii TTOKa yCTyIaeT 3HaYeHnto oyimmiura . Heo6xoqumMo MbICIUTD
LIIPOKO, U306peTaTh HOBbIC (POPMBI PAGOTHI, IKCIEPHMEHTHPOBATLY) .

e OHAKO HECOBEPIIIEHCTBO (DOPM HE O3HAYAET OTKa3a OT MPOBEIEHUsT KOH@E-
penrmit. Hajto mpexie Bcero 3a00TUTBCS O NOAb3E OAA YUQULUTCA, & YIKE

IIOTOM — 0 COBEPULEHCTNBO8AHUL Popm nposedenus. Jopory oCuanT uay it

IMosuTuBHBIN OOBIT. ABTOPY NPEJICTABIISETCST BECHbMAa, YCIENTHBIM OTIBIT
[POBEJIEHNUsI OpraHu3aleil « ABaHrap/» HayIHBIX KOH(MDEPEHIUI IKOJIBHUKOB
noy pykosozcrsom [I. B. Auapeesa, B. A. Tumopuna, E. H. @unarosa (kou-
dbepennus «uren-Apanrapy ). Cienyer ynomsinyTb KoHdepenmuo «uares-
FOumop», dpenepanbayio kKondepenuio «KOHOCTE, HayKa, KyJIbTypasy, KOTOPYIO
opranuzosbiai P. B. Ilinsiknn, kondepennun mmnest «Bropast mkosas (1o py-
koBozcrBoM I1. B. Bubukosa, A. K. Kosanpmxku, K. B. Kosepenko), CYHI]
MT'Y («Koamoroposckue arenusi» ), jutest 1502, mkosb-unrepuara «are-
JIEKTyaJjI», urerus uM. Bepuajickoro, koudepenruio «Illar B Hayky», opranusy-
emyto MOTU, u np. JTaboparopHbiMu paboTaMu U KOMIBIOTEPHBIMU IKCIIEPHU-
MEHTaMU YCIIeITHO 3aHUMAaIOTCd MKOIbHUKN Ha Kpyzkke . B. [1labara «Kiyo
9KCIIEPUMEHTAJIbHON MaremaTuku». B 1970-80-e roapr (1o pacmaga CCCP)
bYHKITMOHUPOBAJ 3aMevIaTeIbHBIN (heCTUBAIbL HAYKU B I. Barymu, BIoxHoBUTE-
JIeM KOTOPOro Oblia 3aciy»KeHHbli megaror Amkapun Meaes 2Krentu. B pa-
6ore decTuBAST TPUHUMAJN YIACTUS WICHBI PEIKOJLIErnn KypHaia «KBauTy,
uzBecTHble MareMaTuku. OTIET 0 paboTe PpecTuBass PEryJIAPHO IyOTHKOBAJICS

8) B mkoJsie Bcstuecku Ha/J10 IIpOoIlaraH/InpoBaThb IIpHUBJIEYE€HUE HIKOJBHUKOB K JOKJIaJlaM.

Ecnm yuenmk 8 kyracca genaer IOKIaJ «30J10Toe cedeHues (amcTo pedepaTUBHBIN — mepe-
CKa3bIBaET TO, YTO HPOUYMUTAI U Pa300pasl IO «HABOJIKE» YUUTEJIsl), TO ITO OUE€Hb XOPOIIIO.
OH YaUTCA CaMOCTOATEJBbHO YUTaThb MaTeMaTUYIECKYIO JIMTEpaTypy (HyCTb JJId HadaJia —
MOMYJISIPHYTO ), YIATCS €€ MOHUMATD, yIUTCSA BBICTYIIATh, CIyIIATh U OTBEYATh HA BOIIPOCKI,
06’1)HCH${TI> JAPYTUM HEIIOHATHOE UM. OCTaJ’[beIe MIKOJIbHUKHU yYIaTCd BHUMATEJIbHO CJIyIIaTb,
IIOHUMATB «CO CJIyXa», 3a/laBaTb BOIIPDOCHI.
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B «KBanre». B 1990-e rospr KoHMeEpeHINN KOJIHHIKOB TPOBOIUI 3aMEYATE b
woeiit nemaror B. B. Bpoudwman. /[anHbIil CIMCOK HENOJIOH U ABTOP MPUHOCUT
U3BUHEHUS T€M, KOIO OH HE YIIOMSHYJI.

JlocTaTovHO COBEPINEHHON OPraHU3AIMOHHON (POPMOT CIIYKUT MEXK Ly Ha-
pomnasi Jlerusisi koudepenust Typrupa ropogos (JIKTT) [5], 3ameuaress-
noe uzobperenue H. H. Koncranrunosa. [IkonbHIKAM B YCIOBUSX BBIE3THOTO
MEPOIIPHUSITHS MIPEJJIAral0T MHOTOIIATOBBIE HMCCJIEI0BATE/IbCKIE 3a0a9i. DTO
SABJISIETCS TIEPEXO/IOM OT OJIMMITUAJT, K HAYYHOH JlesiTesibHOCTU. B CBOE Bpems
cytecTBoBas Takxke 3a0uHblii KOHKypc JIKTT. K coxasennro, on 3aryiox. OiHa
U3 IPUIUH — MAJIOe, Ka3aJ0Ch Obl, YUCI0 yIacTHUKOB. OIHAKO OoJiee BayKHOIT
6bI.Ha IIoABOoJHad 9aCTh aﬁc6epra — MHOI'ue IMKOJIbHUKU BMEeCTe C yIUTEe/IAMUA UC-
MTOJTB30BAJIN 3a09YHBIN KOHKYPC /ISl TIOATOTOBKHU JIOKJIAJI0B BHE PAMOK JIKTT?.

Ilosroe BpeMs aBTOp BEChbMa CKENTUYECKH OTHOCHUJICS K BO3MOXKHOCTHU
[IPEJIHAY YHOM JIeATEIHLHOCTH YIAIUXCA CPEJIHUX KJIACCOB IIKOJIBI, TeM OoJjiee
HECHEIUAIN3UPOBAHHON. BO3MOYXKHO MTOTOMY, UTO caM aBTOP CJOYXKUJICS B PaM-
Kax 3aJa4Horo noaxona, saganaoro . O. kusapckum. Tem me menee pabora,
A.U. Crubnesa [12] u onbir KpacHosIpCKOii JIeTHEH ITKOJIbI 3aCTABUIH TI€Pe-
CMOTPETH 3Ty TOYKY 3peHusi. boiia ybeanTe bHO IPOIEeMOHCTPUPOBAHA BO3-
MOXKHOCTB U BaKHOCTb IIPOEKTHOM JIeATETbHOCTH B JJAHHOM BO3PACTHOI TPYIIIIE.
Ilemarornveckue 3agaun MPOEKTHON AeATEIBHOCTA U €€ METOINKA JTOCTATOTHO
XOPpOIIo u3JI0KeHbl B pabore [12]. Tam ke J0BOIBHO MHOTO pacCKa3bIBAETCS
n 06 OpraHnu3allMOHHBIX MOMEHTAaX.

§ 3. METOAMYECKUE OCHOBBI ITPOBE/IEHIST KOHOEPEHIINI

Hekoropbie yTBepkieHUsT JTaHHON CTaThbu IPOQPECCUOHATLHOMY MaTeMa-
TUKY TOKAXKyTCcs odeBUIHBIMU. OHAKO, C OJHOW CTOPOHBI, O JIFOOOM YacTO
BCTPEYAIOIIEMCS HEJIOCTATKE HAJO0 IMHUCATh, YIessisi eMy BHUMAHHUE C IeJIbI0
IPEIYIIPEXK IeHUsT WIN MUHIMEI3annn. Hampumep, MaTeMaTuKy OYEBUIHO, ITO
JOKJIATIUK MOHCEM NOAD306AMDCA BHEITHEN TTOMOIIBIO CO CTOPOHBI YUHUTENEH,
pojuTeieit, Topapuimeil, Ho 00s3aH 9TO OrOBOPUTHL Ha JIOK/aae. Ecan ke 3ToT
IPUHIAI HE Pa3bsICHUTD, TO (paKTOP MOMOIIM OYIeT IIPOCTO CKPLIBATHCS, BO3-
HUKHYT He3TH4YHble HOoCTynKu. C Jpyroif CTOPOHBI, OPraHU3aTOpP OJUMITAAT,
CTOJIKHYBIIKCH C TAKUM IOpas3/io MeHee (pOPMaJIM30BAHHBIM MEPOIPUATUHEM,
KaK Hay4YHas KOH(EPEHIINs, 3a9aCTyI0 IPOSBIIAET IPO(PEeCCUHOHAILHBIN CHOOM3M

9 Breck YMeCTHO yHOMSHYTh yaaduo Haiigeruyio V. M. I'enpdanmom dopmy padboTs co-
3manHoi UM B 1964 romy Bcecoro3Hoil 3a09HOI MaTeMaTWdecKol IIKOJIBL. DTa (opma mo-
JIydniia Ha3BaHUE <«KOJIJICKTHUBHBIM YUYEHHK» U IIO3BOJISIA YIUTENSIM OTHAJIEHHBIX IITKOJI
3aHUMATHCsI BMECTE CO CBOMMHM ydeHHKaMu 110 nporpamme B3MIII u Tem caMbIM ITOBBINIATH
CBOIO KBaJIM(PUKAIHUIO.
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(a mrOrIA — M peBHOCTD). Bechbma HermpocTta npobiieMa pasHOIIEPCTHOCTH JTOK A~
70B. OHU OBIBAIOT COBEPINEHHO PA3HBIX THUIOB (CM. 1I. 3.3) U, COOTBETCTBEHHO,
JIOJIZKHBI TT0-PA3HOMY OIEHUBATHCs (HO eCTh U obime TpeboBanust). Eerb u 06-
1Y€ IPUHIMIILI OPraHu3anun paboThl >KIOPH.

3.1. TIPMHLUIIBI PABOTHI »KIOPU

1. OTBeTCTBEHHOCTH 110 OTHOIIEHUIO K ydarumcs. He Hai0 yyammxces <I1oj-
CTaBJIATh» . Hammpumep, cam yuamuiicss MOXKeT HeaJIeKBaTHO OIEHUBATH CBOTO
paboTy u e€ n3JI0KeHne, TAK ITO TpeDOBaHNE BHIKJIAILIBATE PAOOTY Ha caiiTe
WWW.arxiv.org B KauecTBe [PEeJBAPUTEIBHOIO YCJIOBUsI OKAXKETCsI IPOBOKA~
oHHbIM. (BbIkIagpBaTs paboTy Ha TaKOM caiiTe JIydIle [0 PENIeHUIO
JKIOpH TIOCJIe KOH(DEPEHIIUH. )

2. HobpoxkenaTeabHOCTh K yuammmMmcs. 2Kopu He TO/IKHO CaMOyTBEPK1aThCs
3a MX CUYET, B YaCTHOCTH, MPOSABIATH cHOOM3M. Heobxomuma JT0CTYITHOCTD
B ODIIEHWH, HE CJIELYET CTPOUTDL U3 cebs neGoxuresei'?).

3. AjexBaTHOCTH O0TOGOPA TOKIAI0B. [IpenBapuTebHBIN OTCEB TOKIAI0B J0JI-

JKEH OBITh MAKCUMANOHO MAKUM, HAJIO TBEPIO OTCEKATDH JIUIIL «y(OJIO-
IUIO» U COBCeM cJjiabbie paboTbl. Ciie/yeT JOBEPATh U3BECTHBIM CIIEIIAATIH-
cTaM U IPUHUMATH pabOThI 10 X pekoMeHgarun. OTHOCUTEIBHO CIa0BI
JIOKJIAJ] MOYKET OKa3aTbhCsl II0JIE3€H KaK YYaCTHUKY, TAK U €ro HayJIHOMY
PYKOBOJMTEJIIO, €CJIU OHU BOCIIOJIB3YIOTCS COBETAMU YKIOPU O HAIPABJICHUH
naspHeimeil padorortl).
OTrHocurenbHO GoJtee c1abbIM JIOKIadaM (KOHEYHO, He cooDIasi 3apaHee
00 ux «cyjabocTh») B MHTEpecax CJyliaresieii MOYKHO BBIJICJIUTh MEHBIIe
BPEMEHU, UTO sIBJISETCS MPAKTUKON TaKKe «B3POC/bIxy KoHbepennwmii. [To-
JIE3HO OPraHU30BATH CTEHJIOBBIE JTOKJIAJIbI.

4. Jlermtumuocts xktopu. GopMupoBaHue KIOPU OJHUM JILJIEPOM, OCODEHHO
ABTOPUTAPHBIM, IPUBOJUT K PA3HOrO pojia momo3peHusM. 2KejgareabHO
00€ecIIeunTh MPEJICTABUTEILCTBO U3 PA3HBIX OPraHU3alllil, U XOPOIIOo, KOIJIa
€CTh BOBMOXKHOCTb 00ECIIEUYNTD MPEJCTABUTEILCTBO U3 Pa3HBIX TOPOJIOB.

10) 910 KAIECTBO IPH IPOBEACHHUE MATEMATHIECKIX OJUMIIMAL BCEIAR IPOSBIsl (1 TpeGo-
BaJI TOro 2Ke oT cBoux nomormuukos) A. H. Koamoropos, JeMoHCTpUDYsI IOTHYIO TOTOBHOCTH
Oece1oBaTh Ha JIIOOYIO TEMY C JIIOOBIM YIaCTHUKOM.

D) [MomuepkuéM emé pas, 9To paboThl HAYAJBHOIO yPOBHS, OLOBHO IEPBBIM STAIAM OJIHM-
MHUaJIbl, HECYT YPE3BBIYANHO BasKHYIO (DYHKIUIO 6blAGAEHUSA TEPCIEKTUBHBIX JIMYHOCTEH —
Cpeliu TKOJBHUKOB W yUIUTEeH. DTH JIIOAN HYXKIAIOTCS B IMOOIMIPEHNH 33 YECTHO BBIMTOJ-
HEHHBbIEe PabOTHI, IIyCTh U CKPOMHBIE IO MEPKaM BBICOKOTO Ipodeccuonas a. Kpome Toro,
[IpY OPTaHU3AIMH KOH(EPEHIMN, OCOOEHHO TIPU MEPBOM €€ MPOBEIEHUHN, ITOOBI 3aI10 Iy IUTh
JOKJIQTINKOB, CJIEIyeT JUIHO OOPAIAaTbCsl K JIFOMSM, MPOSIBJISIONIIM COOTBETCTBYIOILY O
akTUBHOCTh. Ho Takue npocsbbl Hakaadvisatom onpedesérmvie 0643ameabcmea, B YaCTHOCTH
HEOOLOOUMOCTND YBANHCAMY PEKOMEHIAUUL ..
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5. Yen ktopu (0COOEHHO IPE/ICE/IATeNb) JOMKEH N30eraTh rOJI0COBAHMS 110
paboTaM CBOEro MOJIONEYHOIO U TeM DoJiee UX HE «IIPOOUBATHS .

6. Koudepenmus — 3to, npexae Bcero, npaddnux nayku. CHavasa Hado uc-
Kamv nos3umue 6 codepacanuu pabom (XoTsi 0 HeJOPabOTKaX, pa3yMeeTcs,
CJIe/TyeT COODINATD YIAIIMCS ), 0 NOMOM YIHCe 0UEHUBAMD POPMY USA0NHCE-
HUsA. YUUTh U3JIOKEHUIO — 3312498 HayIHOI'0 PYKOBOIUTESI, & HE YKIOPU.
CeFO,ILHHH_IHHH IIKOJIa I'PAMOTHOMY M JIOTUYIHOMY M3JIOZKEHUIO MaTepuaJia
VUAT ILJIOXO; TECTHI M JPYTHE PaCIpOCTpPaHEHHBIE POPMBI IPOBEPKHU 3HA-
Uil yeyrybssitor curyanuio. [IIkoapHuKY (1, KCTATH, CTYJEHTBI) B 9TOM
HE BUHOBATHI, U K HUM TYT HEJOILyCTAMO HpI/I,ZLI/IpaTI:C5112).

7. Ctunb TpeboBaHUN U UX YPOBEHDb V PA3HBIX JIIOJIEl pasimaaorcs. J1oBoabHO
JacTo ObIBaeT, UTO Te 2Ke TpebOBaHUs, KOTOPbIE YEJOBEK IPEIbABIISAET
K cebe MM CBOUM yYEeHUKaM, OH PACIPOCTPAHSIET W HA yIaCTHUKOB KOH-
depennuu. 1o uHOTIA BecbMa HeyMecTHO. Clie/yeT HAIIOMUHATD KIOPH,
9TO YYACTHUKH MOTYT OBITH UPE3BBIYANHO TYyBCTBUTE/IBHBI K OIEHKAM UX
BBICTYIUICHHI, U IPU3bIBATH K OCTOPOXKHOCTH D).,

8. OrneHKa ydJalerocsi JOJKHA OIPEIEIAThCS N03UMUSHUMU ACNEKMAMU:
TBOPYECKUMHU JTOCTUKEHUSIMU, KPACUBBIMU WJIECSMU (B TOM YUCJIE METO/UIC-
CKUMH ), OPUTMHAJIBLHOCTBIO U3J10ykenust. He OyieM 3a0bIBaTh, UTO IJIaBHASI
pobJieMa Hay9IHOrO COODINEeCTBa OTHIOAL HE B HEIOCTATKE IIyPUTAHCKOI
CTPOT'OCTU M3JIOZKEHU A, a B IIOTOKE TPUBUAJIBHBIX PE3YJIbTaTOB, 6aHa.HbHI)IX
uJiefl 1 HEMHTEPECHBIX CTaTell. DTO BO MHOI'OM CBA3aHO C IIOTOHEN 38 IHCJIOM
IyOJIUKAIUH ¥ BCIKOTO PO/IA COMHUTEILHBIMYU WHICKCAMU.

9. Pazymuoe umcio nokaanos. OnrumaibHoe — npuMeprno 20-25, a eciu ux
menbirie 10, To 3TO, CKOpee, Heylava.

3.2. OPTAHUBALIMSA OOKJIAJIOB
Ob6i1mue TpeboBanusi. Bae 3aBucuMocTi OT ypoBHS JOK/IaJa U €ro THUIla,

K JIOKJIQJTY CJIEIYET MPEIbIBISATD CJICAYIONINEe TPeOOBAHUSA:

1. Hoknam moaKeH OBbITb “ecmHovim. KOHEUHO, JOMYyCTUMBI KaK IIE€pPen3JIo-
JKEHIEe UYXKUX PEe3YJAbTATOB U KOMIIMJISAILMS, TaK U CMeIIaHHble (POPMBI

12 A H. Kosmmoropos u B. 1. ApHouibj HoMOram CBOUM CTyZEeHTaM HAINCATh UX [I€PBbIe
paboThl, BIUIOTD [0 cO3aHus TeKCTOB. C Ipyroif CTOPOHBI, aBTOPY U3BECTEH BO3MY TUTEILHBII
CIIydaii, KOT/ia CTYIEHT HECKOJIBKO JIeT MUCAJ MSATUCTPAHUYIHYIO cTaThbio. Hay4unsiit pykoBoIu-
TeJIb, BMECTO OKa3aHUs IIOMOIIH, €r0 PyTaJl, TOIIa KaK JacoBas Oecera aBTOPA CO CTYIEHTOM
IIOIpaBUJIa CUTYAIUIO.

13) Kpowme roro, ectb npobsiema orBercrBeHHOCTH. HEKOTOpBIE ITejarornyeckue nien MOryT
IIOKa3aTbCA Pa3dyMHBIMH, & UX HECOCTOATEIbHOCTb CTAHOBUTCSA OYEBUIHON B IIpollecce pea-
JIM3AIAY, HAIIPUMED, KOT/Ia YXOAAT IPAKTUIECKH BCE YUEHUKU MJIM OHU BOOOIIE TOKUIAIOT
MaTeMaTHuKy.
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C M3JIOXKEHHEM YacTH CBOUX pesyibrarob. Jlomycruma momomns poaute-
Jieit, ToBapuineii, yuuresneir 1 T. 1. Ho mpu 3TOoM HOIKHO OBITH YETKO
06BA6.A€H0, Mo cdeaan cam Jokaadwuk M KAKOB BKJI TpeThbux Jjmil. Jo-
KJIQTYUK JIOJIZKEH TaKXKe YECTHO M3JI0XKUTH UCTOPHUIO BOIIPOCA U YECTHO
YIOMSIHYTh IIEPCOHAJNH. ECIn B KAKOM-TO MecTe HOKJIa 18 HeOOXOIMMBbIi
aHAJIN3 MCYEPIILIBAIONIE HE IPOBEIAEH, 9TO CJEIyeT IPsIMO OTMETUTL, I'M-
[I0Te3y HeJIb3s BBIIABATH 32 JIOKA3AHHBIN (PAKT, IPEUMYIIECTBa TOrO WU
MHOTO ITOAX0Ja HAJ0 HE T'OJIOCIOBHO OObSBIATH, & YOeIUTEJILHO MOTUBH-
posarp!d).

2. Jloknamunk obsi3al ObITh KEaAAUPUUUPOSAHHBIM, T. €. IOHUMATh CONEPIKAHNE
JOKJIaJIa WM XOTs Obl, KAK MUHUMYM, TOI YaCTU KOJIIEKTUBHOI paboThI,
KOTOPYIO OH BBITIOJTHUJI (B CJIy9ae KOIJa JIOKJIA KOMNACKCHV — BKIIOYAET
KaK MaTeMaTHYeCKyI0, TaK U IIPOIPAMMUCTCKYIO HJIM €CTECTBEHHOHAY YHYIO
qacTb). OH JI0JIKEH BJIAJETh MATEPUAIOM JIOKJIA/[a HACTOJIBKO, ITOOBI OTBE-
4aTh Ha BOIIPOCHI 110 CYIIECTBY U3JI0:KEHHOr0. Boobiie roopst, Hy>KHO 3HATD
mazke OOJIbIIE, UeM CKa3aHO B JOKJIaIe, ITOOBI OBITH TOTOBBIM K CMEXKHBIM
BorpocaM. JledeKThbl B HOHUMaHUN COAEPXKAHUSA JIOKJIAIa CIy?KaT BeChbMa
Cy]l[eCTBeHHbIM €ro I/IS'bHHOMlE)).

3. HoKaa uuK J0JKEH IIOHUMATD MOTMUSUPOSKY, YMETH OTBEYATDH Ha, BOIIPOCHI,
Hoquy TO, 9Y€M OH 3aHMMaeTCsd, eCTEeCTBEHHO, Hoquy n KaK OH BI)I6pa.H
JIAHHYIO TEMY.

4. JlokIaIuuK JOJIKEH MMETh JIMYHYI0 TOUKY 3peHusi. Cojepkanne I0KJ1aia
JIOJIZKHO OBITH €My He 0e3pa3jiidHO, JEHCTBUTEIbHO IIyOOKO MHTEPECHO.
B mporusHOM Ccilydae HOKJIa JIydIlne He JIe/aTh.

5. He cnenyer myGandaHO pemarh KBaJapaTHble ypaBHeHus! Jlokias — He YpOK,
rIe aBTOp AEMOHCTPHUPYET CBOH 3JIeMEHTapHble TEXHUYECKUEe YMEHUsI C I10-
JPOOHBIM PACCKa30M Y JOCKH. 3aMHTEPECOBAHHBIM CJIyIIATEsIM MOXKHO

OpeabABUTD boJtee HO,ZLpO6HbI€ MaTepHaJIbIlG).

14) Kaxx 1plif MOXKET CIeJaTh OMMOKY — B 5TOM HET HUYero 3asopHoro. Hapymmermem Hayd-
HOM 9TUKM ABJISIETCsl OTKA3 B UCHPABJIEHUU. ABTOD HEOJHOKPATHO CTAJKUBAJICS C CUTYyaIUel,
KOIJIa IIKOJIBHUKAM U PYKOBOJWMTEJIO yKa3bIBaJIU Ha MaTeMaThdecKylo omubky. OmgHako
OHA HE MCIPABJISAIACH, a JOKJIAINK Ha CJIELyIOIIell KOH(DEPEHIH TOBTOPJI JOKJIAL CJI0BO
B ci0BO. Ilo MHEHHIO aBTOpa, 9TO OCHOBaHWE I AUCKBaaudUKaiuu. 10 Ke OTHOCHUTCS
U K 3JIOCTHOMY HEYKA3aHWIO UCTOYHUKOB.

15) BLIBAIN CHTYaIuu, KOTJa yIeHNK MIAIINX KIACCOB JOKIAIBIBA «BBICITYI0 MATEMATH-
Ky». Korma o6HapyKuBajock rpyboe HEHOHUMAHNE UM COJIEPXKAHUS JTOKJIAIA, PYKOBOIUTEID
IIKOJTBHUKA aTAKOBAJI UJIEHOB KIOPHW, OOBHHsISI WX B I€IarOTMYEeCKONl HEKOMIIETEHTHOCTH,
ubo OHU «HE XKEJAIOT JeJaTh HOINPABKU HA BO3pAcT». Ha 39TO HAIJIEXKUT 3aMETUTH, UTO
DPYKOBOJIUTEJIIO CJIEJIOBAJIO MIPEJJIaraTh yIEHUKY JOCTYIIHbIE €My BEId.

16 310 doasicno Goms 065AGAENHO OpraHmM3aTopaMu Mepej HadaJIoM KoHdepeHmuu. Takoe
06bsIBJIEHNE CYIIIECTBEHHO SKOHOMUT ITyOJIMIHOE BPEMS M YJIYUIIAET KAYECTBO BBICTYILJIEHUIA.
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6. Hokyramamk Imperkjie BCEro JOJZKEH 3a00TUTHCS O KadeCTBE U3JIOXKEHMUSI,
0 IOHUMAaHUH CJIYIIATEIsIMI MaTepUaJia U TOJIbKO 3aTeM — O ITPOU3BEIEHHOM
Ha HUX BII€YATIEHUN.

3.3. TUIrbl TOKJIAJIOB

OnBIT TOKA3BIBAET, UTO JIOKJIAIHI YIAIUXCS MOXKHO YCJIAOBHO Pa3bUTh Ha
HECKOJIBKO KaTeropuii. KakIblit THII JIOKJIaJIOB IPEJIIOJIaraeT CBOM KPpUTEPUU
KadecTBa.

1. PedeparuBusriii gokiman. Pacripocrpaneno npenybexkiaeHne o «BTO-
POCOPTHOCTU» TAKOTO Poja J0KJIa0B. OIHAKO MHOTUE KPYIIHbIE HAYJHBIE Pe-
3YJIbTATHI BOSHUKAJIN IIPOCTO U3 MOIBITOK PUBECTH B MOPSIJIOK Y2KE U3BECTHBII
martepuaa. H. II. JJonbuame oTMevas, 9To cOCTaBJIEHNIE XOPOIero pedepara
pa3BUBaeT 0COObIe KavUeCTBa, TOXKe BaKHbIE Jjisd MaTeMaTuka. Kpurepuun oren-
KU U TpeOOBaHUS K TAKOMY JOKJIAJY CJIEIYIOIIHeE:

e HackoJIbKO caMOCTOSITE/IbHO OPIraHM30BaH M3J1araeMblii MaTepras (a He OyK-
BaJIbHO II€epeIIuCaH U3 KHI/I)KKI/I), HaCKOJIbBKO OpUT'YHAJICH IIyTb N3JI02KECHU .
e HackosbKo MHTepecHa TeMa.

VIladqHBIM TPUMEPOM MOXKET CJIYKUTh J0KJa mikojabHuka Camu Byderosa
o pobsieme Bapwura, BrocieacTBun Omy0/IMKOBaHHDLIN B KypHase «DyHaa-

MeHTaJIbHAs U IpuKJIagHas maremarukay. Ceiiaac A. U. Byderos — 1. d.-Mm. H.,
npocdeccop HIIY BIIID u mexmara MIV).

2. TemaTuvueckuit Habop 3a7a4 ¢ perneHussMu. llomarosoe perenue
HA0Opa MEJIKUX 3a/[a9 9acTO IyTAIOT ¢ HAYYHBIM UCCJIE0BAHIEM, U IOTOMY Ta-
KOI'0 pojia JOKJIaJIbl MOTYT BbIJTABAThCH 3a «Hay4dHbIe». [[IKOIBHUKY 3a9acTyIo
KOIUPYIOT yUIuTeJell U aBTOPOB Y4eOHUKOB. B 3TOM ciydae KpuTepuu ONeHKH
JIOJIZKHBI OBITh WHBIMU.

CreyeT OTeHNBATH OPUTHHAIHHOCTD HE TOJIHKO PEIIeHn, HO TPEeXK e BCETO
caMoii o0OPKN 3a/1a4, 00bEINHSONNE UX UJien. K B KadecTBe JOKJIaIa
3asIBJICH 33J[A9HUK, TO Y KIOPU BO3HUKAIOT BOIPOCHI: CMOTPE/I JIX JTOKJIATINK
C TO3UINN aBTOPa 3aJ[adHUKa Ha JIpPyrue KHUTH U yIeOHbIE MOCODUs, KaKue
BLIGpanbl TeMbl 1 nouey’?) . TToe3HO OqYepKHY T, UTO YUCHIK, IIPEIoiaBar-
TeJIb U aBTOP KHUI'H IIO-PA3HOMY CMOTPSAT Ha OJIHY U TY K€ KHHUI'Y: YIEHUKA
[IPUBJIEKAET JIOCTYITHOCTDb U3JIOXKEHUsI MAaTEepPUaJIa, MPEoIaBaTe/b BUIUT METO-
JITYECKYIO Peajn3alliio, & aBTOP OIEHMBAET, KAK HAIMCAHA KHUTA.

1) Cospanne yuebnoro mocobusi B pOPME «MHOIOLIATOBON IIOHAMAIONICHCH JICCTHUIBI>
SIBJIIETCS OYEHD YJQTHBIM IIPUEMOM, CTUMYJIUPYIOMIAM MHTEPEC U PA3BUBAIONIAM KDPEATHB-
HOCTBH 00YYaIOIIErocsi, HO ¥ OY€Hb TPYAHBIM [I€JIOM. B KadecTBe pUMepa CTOUT YHOMSIHYTh
KJIaCcCUYecKylo Kuury [15].



244 A. 5. Bejios

3. DkcnepuMeHTaNbHasA padora. OObIYHO OHA CBsA3aHA C KOMIIBIOTED-
HBIM MOJIEJIUPOBAHUEM, UUC/JIEHHBIM KCIIEPUMEHTOM U Jp. B TakoM jokJjiaze
OTIEHUBAETCST:

e KadecTBO MOCTAHOBKHU IKCIEPUMEHTA.

e Hasimume pe3yspTaToB U MX aHAJIN3, & TaKXKe KOPPEKTHOCTH HCIIOJIH30Ba-
HUs CTATUCTHKH. (3aMeTUM: JIydIlle YeCTHO IPU3HATE, YTO CTATUCTHIECKUE
MCCJIeJOBaHUS HE IIPOBOJIMIJIMCH, Y€M IIPOJIEMOHCTPUPOBATH I'Py0Ooe HEIloHU-
MaHWe UX CyTH.)

o MaremaTudeckoe comepKanue padoTHI.

e JIpakTuyeckas cTOpPOHA PACCMOTPEHHO 3aa4H.

e Meroauueckasi 4acTh (B 9aCTHOCTH, KAIECTBO IPOrPAMMHOIO uHTEepdeiica).

JlocTouncTBo paboT TAKOTO POa — B OTHOCUTE/ILHON UX JTOCTyHnHOCTH. B0o3-
MOYKHBI KOMITLJIEKCHBIE PABOTHI, B KOTOPBIX MOYKET MPUCYTCTBOBATH M €CTECTBEH-
HOHAyYHAs JacTh. Takue pabOTHI Jierde IPOBOJIUTE YCUIUIMHU €TI0 KOMAHIbI.

4. CamocTosiTeJIbHOE UCCJeJOBaHUE B 00JIaCTU YUCTOW MaTeMaTu-
Ku. Kprurepnu oneHKn Takoil paboThl — BKYC aBTOpa, Ka4eCcTBO IIOCTAHOBKHI
3aJ1a9M, TPYIHOCTD €€ pellleHus], HOBU3HA IOy YeHHBIX Pe3y/JIbTATOB. DTOT THUIL
paboT oleHUBaEeTCsS HanboJiee BHICOKO. BarKHO, YTOOBI JOKJIQIINK yMEJ IETKO
O6’b${CH${Tb MOTHUBUPOBKY U OTBE€YaTh Ha CME2KHbIC BOIIPOCHI.

Oamako 1mojIe3HO0 UMETh B BHJLY CJIEAYIOINIYI0 BO3MOXKHOCTH MAHHUITYIHPO-
BaHUsI: YYAIErocs HATACKAJIN B HEKOTOPOH CIeNUAJbHON 00/IacTH, yKa3aJu
MIOCJIEIOBATETHbHOCTD YTBEPKAEHUIT, KOTOPBIE CAEIYIOT APYT U3 JApyTra OTHOCHU-
TeJLHO HECJIOYKHBIM 00pa30M, U OH BCE 3TO MPOCTO Bocmpoussout. [losromy
cJIeslyeT BBISICHUTDH — HOHUMAET JI HOKJIQTINK MOMUBUPOSKY .

Onenka gokJjamoB. Kondepennus — He oquMmnnaia u He cuopt. Hu B Ko-
eM Cilyuae He CJIeyeT U3MepsTh CAHTHMETpbl u cekyHab'®). Tem He MeHee
BayKHO UMETh B BUJY CJIEIYIONIYIO KAUECTBEHHYIO I'DALydPOBKY:

o Jloxa 1, BO3MOXKHO TOJIE3HBIN JTOKIATIUKY U €TI0 PYyKOBOIUTE 0. BhIaércs
JIUTLJIOM YIaCTHHKA.

o Jlokjia 1, MOJIe3HbIN CayInaTe/isM. BbImaéTes AUIIOM JIaypeaTa.

e Jlok/1a/1, 3aC/Iy?KUBAIOIIAI ITyOJIUKAIINNA B HAYIHOM WJIM HayIHO-TIOITYJIsIp-
HOM 2XKYypHaJie. BbI,ZLaéTCH YCJIOBHO TI€pBast (I/IHOI‘,ZLa BTOpasd — B 3aBUCUMOCTH
or ypoBHsi) ipemusi. Ho 9170 TOJIBKO rapHUp K OCHOBHOI Harpaje — my6Jim-
Kalliu.

18) Ha, xoudepenmusx «Ilonck» n «FOHOCTSD, HayKa, KyJIbTypPa» BBIIABAJIUCDH JIBA TUIA JTH-
IJIOMa — «JIaypeaTrs U «IUIIOMAaHT». MbI crapajmch He BbIIABATH 00JIee BBICOKUE JIUTIIIOMbBI —
TOJIBKO B UCKJIFOUUTEIBHBIX CJIydasiX.
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e Ilonyuen KpacuBblii sipkuii pesynabraT. Beimaéres nepsasi nmpemusi (ecsu
TaKUX padOT HECKOJILKO — TO U MEPBBIX NPEMUil HECKOIbKO, MeXK Ty coboit
oHu ne cpasnusaromes). Harpamoii siBiisiercss moMoIp npu 1myOIMKaInm.

§4. SAKJ/IIOYEHUE. YTO U KAK IEJIATB?
Kakune KOHKpeTHBIE IMarn MOKHO Cefiuac mpepuHsTh !

[ ] Ha,uo noJiyMaTh, KaK IIPpUBJIEKATH YYIaCTHUKOB-IIKOJIbBHUKOB K ,[[eﬁCTBI/I—
TEJIbHO HAyIHBIM KOH(QEPEHINsIM, OTKY/Ia U KaK OHH MOTYT IOSIBJISITHCSI.
DTO0 0COOEHHO AKTYaJIbHO JjIsl OTJAJEHHBIX IIMKOJI, HAXOJSIIUXCS BIAJIN
OT HAy4YHO-00Pa30BaTEIbHBIX EHTPOB, IJie U OJIM3KO HET HUKAKNX KBAJIU-
buIMpoBaHHBIX PYKOBOIUTENEH, a ypOBEeHb yuuTeseil gacto Hu3ok. Kak
OpPraHM30BaTh OJUMIINAIY — sICHO, a KaK HaydHyio KoHdepenmuio? Cam
MKOJIBHUK JIAJIEKO HE BCErJla MOXKET HalTH Crocob ¢ KeM-TO CBSI3aThCs.
Pambire kamaJioMm Jj1sT TIOMCKa TBOPYECKHUX 3aJad ObLT KypHaJT «KBaHT».
Haio mogymars Hat KAKOR-TO »KUBOI CUCTEMOI 3a09HOI0 KOHCYJILTHPOBa-
HUST HHTEPECYIOIIUXCsI IKOJIBHUKOB 3aNHTEPECOBAHHBIMU TPOgeCCrOHAIa-
Mu. KTo 1 Kak MOXKeT 9TO JAeIaTh?!

e OueHb 1M0JIE3HO COOPATH U OIMyHJIMKOBATH CIIUCOK BO3MOYKHBIX TeM. HekoTo-
pble TeMbl yKa3aHbl B Kuure [12]|. B gaHHbII MOMEHT MOXKHO MPEJJIOKHUTH
Opranm3aTopaM HAyIHBIX KOH(MEPEHIINH yJalmnXcs BOCIOJIb30BATHLCI Ma-
TepuaJlaMi IIPOEKTOB JIKTT9) | a rakxke 3agadmnkoM «MareMaTinaeckoro
npocserienusi» . Muorue 3agatiu u3 npoektoB JIKTT' 1o cux mop He perrensr,
a psiJl PyKOBOAUTEIEH ITPOEKTOB COTJIACHTCS HA 3a09UHbIE KOHTAKTHI.

e Bpuio 661 BechbMa MMOJIE3HO BO3POIUTH 3a04HbIN KOHKYpC JIKTT'.

e Ilpencrasisierca memecoobpasabiM opranu3oBaTh anasor JIKTTD maa cry-
JICHTOB MJIAJIIITUX KyPCOB U BBIITYCKHUKOB IITKOJI.

e Muorue yuanpecst (1 Jaxke yauTessi) UMEIOT HEJIOCTATOYHOE [IPEJICTABIIe-
HUE O TOM, KaK JIeJIaeTCs JOKJaJl Ha KOH(EPEHIMH WJIN CeMUHApe, Kak
MPABUJILHO U JOCTYITHO PACCKa3BIBATH COJEP:KaHUe MaTepuaJia CoOpaBIITIM-
¢ caymareynaaMm. Jlokaaaanka HeoOXOANMO YUIUTHh BBICTYIATh, OTBEYATD
Ha BOIIPOCHI, JUCKYTUPOBAaThb C OIIIIOHEHTOM. HOSTOI\Iy TIOJIEBHBI KOHCYJIb-
TAlK JTOKJIQIINKOB U TPEHUPOBKH BBICTYILJICHUS, METOIMIECKAs TTOMOIIb
OpPraHu3aToOpPOB KOHMEPEHIINI YIUTEIIM U yICHUKAM.

o IlpencraBisiercs 1meaecoO0bPa3HBIM U3IaTh CBOETO POJA «TEMHUK» — COOp-
HUK BO3MOXKHBIX TE€M HKCCJIEIO0BaHMs. BO3MOXKHa Cledyolas CTPyKTypa
KHUKK.

a) Pacckasz o koHdepeHIUAX yIaImuxcsi, KpUTEPUH OIEHKU JIOKJIAJI0B.

9 http: //www. turgor.ru/lktg/.
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6) [Ipumepbl JOKIAI0B yUAIIUXCS U CTYACHICCKUX HAYYHBIX CTATEll.

B) Tembr mist pedeparos.

r) Tembl 11t 9KCIIEpUMEHTATBHBIX PabOT. 3a/1a4uu, CBA3aHHbIE ¢ YNCICHHBIM
MO/IETUPOBAHUEM.

1) Vccnenosarenbekue 3a1a49u B 061aCTH IUCTOH MaTeMATHKH.
(Bmeck mosesen onbir JIKTT. Bamaun Jo/KHBI ObITH PA3HOIO THIIA, B 3a-
BUCHMOCTHU OT YPOBHsI IOJATNOTOBKHU ydaruxcsa. Hekoropsie 3amadu MOTYT
OBITH OJIM3KHU K ITKOJIBHOMN IIpOorpaMMe, IPyrue — K MaTeprajiaM OJUMITHAI.
Cuie/iyer 1npeJICTaBUTh Pa3Hble TEMbl U Pa3/eJIbl MaTeMaTHKI. )

e [TonbITarbes MpeaIoKUTh UHBbIE (POPMBI PabOTBI, B TOM 4Hcje depe3 VH-

teprer. MnTepecen onbit npoekTos Polymath2?).
JlaHHBIN CIIMCOK HEIOJIOH, BaKHBI JOMOJHATEIbHBIE COOOPaKeHNsT U UJIEH.
ABTOp IpUBLIBAET K COTPYIHUYIECTRBY.
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13l
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15]
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[10]
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KommenTapuii K crarbe A. 4. Benosa
«Hay4uHoe TBOpPYECTBO IMIKOJIbHUKOB:
rjie Mud U rje peajbHOCTh?!»

B. M. Tuxomuposn

B cBoeii cratbe A. ¢. BesioB ynomuaaeT 06 mHTEPECHOM HAYMHAHUU B OJTHOM
u3 yuusepcnteroB Bpemena — Jacobs University Bremen (OPT). Ilo uaurmarn-
Be podeccopa yausepcuteta 1. [Iisiixepa B 9T0M yHUBEpcuTeTE OBLIT BBEIEH
Kypc nog nHazBanueM «Perspectives in Mathematics». Kaxmomy uz npodecco-
POB YHUBEPCUTETA IIPEJIATaI0Ch BECTH TAKOM Kypc 10 (hOpMe U COJIEPKAHUIO,
KOTOPBIE TOT JIOJI?KEH Pa3paboTaTh CAMOCTOATEIHHO.

OpuH U3 HMOCTOAHHBIX TPOMECCOPOB YHUBEPCUTETA MMOCBATHI CBOH KypC
IIOCTPOCHUIO YHCEJI — HaTypPaJIbHbIX, II€JIbIX, PpalllOHaJIbHbIX, BEIICCTBECHHBIX,
KOMIIJIEKCHBIX, P-aIMIeCKIX, — COTPOBOKTaeMOMY (DYHIAMEHTATLHBIMI TTOHSI-
TUSIMU, UJIESIMU, KOHCTPYKIUAMY U3 JIOTHKY, aJreOphl, TOMOJOTUN, TEOMETPHUH.

YV MeHst ObLIT KypC-CEMUHAD, TJle s YUTAJI JIEKIIUH, HO [PUA STOM KaXKJIOMY
CTYJIEHTY pa3iaJjl JINTePaTypy, JaBajl KOHCYJIBTAIIUN, U B UTOTe KAXKIBII CTYIEHT
HAIMMCAJT CAMOCTOSITETHHBIN TEKCT W 10 3aBEPINEHUN CEMECTPa MTPOBOINIACD
3aIATA C OIEHKOM, MMoI00HAasT 3aIUTe KyPCOBOH paboOThl Ha MEX-MaTe.

Kak s1 00bsicHUT CBOMM CIIyIIIATEe IsIM, B 9TOM KypPCe si CTapaJjiCsa MOCTPOUTD
Kak ObI JiBe «BaBuioHcKue OalHmy — OJIHY MATEMATHIECKYTO, & JIPYIYIO «ecTe-
CTBEHHOHAQYYIHYIO», I/Ie MaTeMaTHKa BBIIIOJIHACT POJIb A3bIKa €CTECTBO3HAHUII.

Ob6e «barmam» s1 CTPOUJT CHAYAJIA B OIMHOYKY, PACCKA3BIBas B TIEPBOi N3 HUX
9JIEMEHTBI TEOPUU MHOYXKECTB, aJiredphI, ODIMell TOIIOJIOruN, FeOMETPUN U aHAJIN-
3a, a [IOTOM pa3/ajl TeMbl HHIUBUIyaabHoil paborel. Cpe/in HUX ObLIM: paspe-
IMIIMOCTh YpaBHEHUI TpeThell u 4eTBEPTOil cTerenn, Teopema Abejisi, TeopeMa
Jlebera o TOM, 9TO N-MEpHBI KyO MMeeT pa3MepHOCTH N, Teopema [aycca
0 TIOCTPOEHUSIX IUPKYJIEM U JIMHEHKOI, TeopeMa DPMUTaA O TPAHCIIEHIEHTHOCTH
qUCsIa € U T. II.

[Tocne 3aBepiiennst 6A30BBIX JIEKIINI, OTHOCSIIUXCS K HEPBOH «OalHes
s PacCcKa3asl 0 HECKOJIBKUX Pe3yIbTaTax aHaJIn3a, Ha KOTOPBIX 0a3upyeTcs

MaTemaTtuueckoe npocsetletne, cep. 3, Bbin. 18, 2014(248-250)
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OIMCaHUEe MHOTUX 3aKOHOB IPUPOJIBI, & 3aTE€M Pa3/iajl OCTABIINMCS CTY/IEHTAM
(caMbIM CHJIBHBIM B MOEM HOTOKE) TeMbI jijisi pedhepUpOBaHus 1 COOCTBEHHOTO
UCCJIEOBAHUS.

A. 4. BenoB BEN Kypce 10 THUIY MIKOJBHON KOH(EPEHINH, T/ie TeMbI ObLIN
pas3Hble U COBPEMEHHbIE, JIaBaBIINE OOraTy0 BO3MOXKHOCTD JIJIsl PEIEHHs COJIEP-
JKATeJIbHBIX U MHTEPECHBIX 3ayiad. [IpuBey 11 WTIOCTPAIME HEKOTOPBIE €TI0
TeMBI: Teopust HHPOPMAIIUN, aKCHOMa BBIOOpa, TpeThsi mpobiema ['ninbepra,
HEpa3pEIIUMbIe TPOOJIEMBI, CJIOKHOCTH aJrOPUTMOB.

Ka}KILbIﬁ "3 HaC BBIIIOJIHAJI HEKYIO CBOIO 3a/la1y B IIPEIIOJaBaHU MaTeMaTH-
k. [IepBbIil TOCBATHI CBOI KypC yIVIYOJIEHHOMY M3YYE€HHUIO OCHOBAHUI HaIei
Hayku. 91, o cyTu mdesa, OCYIIECTBUJI TO, UTO WHOT/A HA3BIBAIOT «CHHTETH-
4ecKuM KypcoMs». CHHTETHYECKMMU KypCaMU s HA3bIBal0 TaKUE KyPCbl, DU
KOTOPBIX BOEJUHO COEINHSIIOTCST HECKOJIBKO MATEMATHIECKIX HAIPABJICHUI.

CoBpemMenHoOe MaTeMaTHIECKOe 00Pa30BaHIe BCIO/LY, BO BCEM MUPE IIPEJICTaB-
JIIeT MaTeMaTUKy KakK «delepaTuBHOE TOCYIAPCTBOY, Pa3leleHHOe Ha, HEKO-
TOpOEe YUCJI0 (PAKTUIECKN HE3ABUCUMBIX IITATOB — IITATOB aJredpbl, aHaIi3a,
nuddepeHnnaabHbIX YpaBHeHnit, 1uddepeHnnaabHoil reoMeTpun, KOMILIEKC-
HOTO aHAJIN3a U T.II.

Amnpeit Hukonaesua KosMoropoB cTpeMuiicsi Kak-TO HAPYIIATH 3TO TIO-
JIOZKEHNE CO3IaHUEM CUHTETHUYIECCKOI'O KypcCa. HepBbIM CUHTETUYIECCKUM KYypPCOM
B MEXMATCKOM 00pa30BaHUU ObLI KyPC, BOIIEANINN B HCTOPUIO 10/ HA3BAHUEM
«Anamusz III». IIporpamma kypca «Ananus I1I» 6b1a paszpaborana A. H. Kos-
MOT'OPOBBIM B COPOKOBBIE U IATHIECATHIE IOJIBI TPOIILIOro Beka. Kypc obbesu-
HsJI B cebe Havaja TeOPUU MHOXKECTB, TEOPHIO JIeHCTBUTEIbHBIX YUCEJI, HAavuaIa
o0rieit Tomostornu, Teoputo QYHKIUN, PyHKINOHAILHBIN aHa N3, TEOPUIO MEPHI,
TEOPUIO UHTEIPAJIA, TEOPUIO UHTEIPAJIBHBIX YPABHEHUIT 1 BAPUAIMOHHOE MCUUC-
serne. YyTh mos:ke, yxe mo uaunuaruse KOpus VBanosuaa Manuna u Ceprest
[TerpoBuua HoBukoBa MOsIBUJIMCH CHHTETUYECKHUE KYPCHI 110 JIMHEHHON ajirebpe
U reOMeTpHn U 110 JudPepeHnaIbHON TeOMETPUN U TOIIOJIOTHH.

Moit kypc B Jacobs University Bremen 0bu1, 110 cyTH, KypCcOM II0 BCeii
MaTeMaTUuKe. H IIOBTOPMJI €ro Ha MexmaTe h HEKMNII KOHCHEKT MEeXMaTCKOI'O
Kypca OTpa3mi B cTaTbe B «MaTeMaTmiaeckoM mpocBemeHnns,, cep. 3, BoI. 10,
2006, cTp. 23-56.

A. 4. BesroB Ha MPOTSIKEHNN BCel CBOEH YKU3HU CBSI3aH €IMIE ¢ OJTHUM BaK-
HEHIINM acIIeKTOM MaTeMaTHIeCKOT0o 0OpasoBanusi. Hatuaio ero MOyKHO CBsI3aTh
¢ gaynékuMm 795 romom, Korma Kapa Benukuit moseses co3mars B CTOINIIE CBOEIT
WNwmmnepun — ropojyie Aaxene — rumuazuto. [ljist npenojjaBanus MaTeMATHKK ObLT
MPUTJIAIIEH UPJIAHICKUN MOHAX AJKYWH, KOTOPBII COCTABUI TIEpBOE TOCOOME
[0 MaTeMaTuKe, O3ArJIaBJIEHHOE TaK: «3aJIavuu JIJIsi U30MIPEeHus yMay. KoHedHo,
«M30IIpEHNe yMay» — 3TO BarKHeliast 3a1a9a npocserienns. Co BpeMeHeM J1Jist
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TOr0, 9TOOBI U3OIIPATH YM IIKOJILHUKOB U CTYIEHTOB, CTAIU CO3JaBAThL MaTe-
MaTHYeCKNE KPY>KKH, OJIUMINAIbI, MaTeMaTudecKue 60U M MaTeMaTHIeCKue
koHdepennuu. Ilocreaaum u mocssimena cratbss A. 4. Besroa. dymaercs, aro
HaC KAYT emé u Japyrue popMbl U OOyYEHUs CYILNECTBY Jejia, U Pa3BUTHUS
HHTEJUIEKTYAJIBHBIX CIIOCOOHOCTEI.

MHe mpecTaBsieTcst, 9TO OIBLIT OpeMEHCKOro YHUBepcuTeTa yaadeH. I1pemo-
craBJieHre mpodeccopaM U IPEIoIaBaTe/sIM YHUBEPCUTETa TPUOYHBI, T/Ie OHU
MOI'YyT BBIPA3UTH CBOE COOCTBEHHOE IMTOHUMAHUE IIeJIeil U CPEJICTB ITOCTHKEHMST
HAIEH HAYKW C [TOCJIE LY FOIIMM 0OCY K JIEHIEM, MOXKET OKA3aThCsT ITOJIE3HBIM JIJIsT
TOrO, YTO OTPAXKEHO B 3aIVIaBUH JAHHOIO U3JaHus — AjIsd MareMaTrniecKoro
IIpoceernienus.



Ham mumryT

[IncbMmo B pejtakiinio

1O. Bypaa, JI. Kazen, A. Ckonenkon

st mokasarenbcrBa OCHOBHBIX (hopmydr crarhh |1, 1. 8, cTp. 66-67] aBro-

pamu ObLIN MCIIOJIb30BAHbBI BBIYKCIeHNs (He npuBeaéHHbie B [1]) ¢ mocraTounoit
14+ V17
— V1T 2
um Kk —5— . lIporpamma, 1poBosimast STH BEMUCICHUs 1 U151 17-yrobHiKa,
u Jyist Gostee ob1mero ciydast, IpuBeieHa B [4]. DTor Bonpoc o «3HaKe rayccoBoii

CyMMBbI» — 1 TeM 0OoJjiee ero 0b600IIeHNs — HeTPUBHAJICH.

TOYHOCTBIO, YTOOBI BBISICHUTD, K deMy OJIMzKe TUCIIO ¢1 + Co + ¢4 + 8! K

Yurareso Oy/leT NHTEPECHO CPABHUTD U3JIOZKEHNE JIOKA3ATEIbCTBA TeOPEMBI
Taycca 0 BO3MOXKHOCTH [OCTPOUTH IIPABUJIBHBIE MHOIOYIOJILHUKH B [6] Kak ¢ Ko-
POTKHM 3JIEMEHTaPHBIM U3JIOZKEHUEM TOTO Ke JIoKaszaTeabeTsa B [3], [5, koner § 3,
Tak U ¢ JpyruM Gosiee IPOCTBIM JI0Ka3aTeIbeTBOM |5, Hadasto § 3 u Havaso § 6].
Tlocrpoenne mpaBuabHOrO 17-yroJbHUKA C HMCIOJL30BAHUEM TPUTOHOMETPUM,
HO 6€3 MCIOJBb30BaHNUsT KOMILIEKCHBIX YHCeJ, IPUBOUTCS, HAIIpUMED, B [2].
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O nokaszarenbcTBaxX TPaHCIEHIeHTHOCTH
quciia Mamepa

A.B. Cronenkosn

B «Maremaruueckom mpocserennn» (Boii. 10) 6buta omy6inkoBaHa cTa-
Thst [1], B KOTOPOIi, B 9aCTHOCTH, IPUBEJIEHO JOKA3aTEIHCTBO TPAHCIIEHIEHTHO-
cru ancsia Masepa, cu. takzke [2]. Heobxoanmo oTMeTuTs, 9T0 IpocToe J0Ka3a-
TeJIbCTBO TPaHCIEHCHTHOCTH dncya Masepa omy6ankoBaHo Takxke B |3, 13.3,
p. 399-401|. Baarogapio A. ITaxapesa 3a yka3aHue Ha 9Ty KHHUTY.
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3aJ1avHNK

YeoBus 3aJ1a4

B sTom pazsesie BHUMAHUIO YuTaTeei IpeIaraeTcs mo00pKa 3a71ad pas-
HOI CTETeHN CJIOYKHOCTH, B OCHOBHOM TPYIHBIX. Hasmeemcst, aTo 9Tn 3aaum
OKayKyTCsl MHTEPECHBIMU KaK JIJIsi CHJIBHBIX ITKOJBHUKOB, WHTEPECYOITUXCS
MAaTeMATHUKON, TaK U JJIs CTYJeHTOB-MATEMATHKOB.

Mpsr obpartmaemcst ¢ Tpocb00it KO BCEM YUTATEJISIM, UMEIOIUM COOCTBEHHBIE
O0OPKH TaKuX 3aJad, IPUCHLIATE UX B pemakiuio. M, pasymeercs, MbI C yI0-
BOJIbCTBUEM OyJieM MyOJIMKOBAThH CBEXKHUE aBTOPCKUE 3a/Ia9H.

B ckobkax 1ocsie ycjIoBHsl 3a/1a91 IIPUBOIUTCs (DaMUIIHs aBTOpa (yTOIHE-
HUsI CO CTOPOHBI YUTATENeil IPUBETCTBYIOTCS ).

1. Ha mrockocTu HavepyeH yroJyi BEJIUYUUHON B n Ipajiycos, riue n, n < 180, —
HaTypaJabHOE UNCJIO.
a) st Kakux m 3TOT yroJl MOKHO PA3JIEUTh ¢ MOMOIIBIO TIUPKYJIsl U JIU-
HEWKHW Ha 7, PaBHBIX yIJIOB?
6) Ilycrb m — npousBo/ibHOE HATypajbHOE YUCI0. Jljisi KaKux n JaHHbBII
YTOJI MOXKHO Pa3/Ie/IUTh C MOMOIINBIO IMUPKYJIS W JUHEHKH Ha 11 PABHBIX
yIJIOB?
B) Ilycte m u n — HaTypasabHbIEe B3AUMHO IIPOCTHIE 9UCIa, mpudem m/n<180,
n k — emgé onHO HaTypaJibHOoe Yuco. Ha miockocTr HadepdeH yroJ Beju-
quHON B m/n rpajycoB. s Kakux k JAHHBIA yroJ MOXKHO Pa3/euTh
C TIOMOIIBLIO IUPKYJIst U JinHeiiku Ha k paBubix yriuos? (I A. Taavnepun)

2. IocnemoBarenbHOCTD DYHKINN 3a/1aHa, CJIEIYIOIIM 00pa30M:

_ Qn(z+1)

Q1($> =7, Qn+1(x) Qn(x)
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[TycTb

rie A(x), B(x) — muorouiensl. Haiijiure oTHOIIIEHIE CTAPIIUX YJICHOB STUX
MHOTOYJICHOB. (A. A. Hlanupo)

3. a) Ilycre I1— d-mepHbiit napasuiesenuie). Haiiure cymMMy KoimaecTs rpa-
Hell mapaJaenenumena I1 Bcex BOSMOKHBIX PA3MEPHOCTEI:

(aucio Bepuun) + (uucso pébep) + (Y4uciio AByMEpHBIX Ipaneii) +

+ (uncio TpéxmepHbIX rpaHeii) + . .. + (uncao (d — 1)-MepHBIX rpaHeii).

Orser jaiite B 3aMKHyTO (bopMme (63 3HAKOB CyMMUDPOBAHUSI, WHEKCOB

U T.I0L).
6) d-Mepubiit napasutesenmmesn IT («om») ¢ pasmepamu 1y X ng X ng X
X ... X Ng pa3ieaéH I'UIEPILIOCKOCTSIMHU, NMapasjieJbHbIMUI €ro pédpam,

Ha eJMHUYHble KyOuku (<«keapmupui»). Y KayKIOW KBaApPTHPbI UMEKTCsI
BEPIIUHBI, OJHOMEPHBIE PEOPa, a TaKyKe T'PAHU BCEX OCTAJLHBIX pasMep-
HOCTel, HauMHAasl C JBYMEPHbIX U KoHYas (d — 1)-MepHbIMU, — HA30BEM UX
BCce «creHKammy» (pasmepnocreit k=0,1,2,...,d —1). Crenka, obrmas st
JIBYX MU OOJIBIIEro YMCia KBapTUD, CUUTAeTCs 3a ojHy. Haitaure cymmy
KOJIMYECTB BCEX CTEHOK y Bcex KBaprup joma [1. Orser jaiite B 3aMKHYTOI
dopme (6e3 3HAKOB CyMMUpOBaHUsl, UHJIEKCOB U T.11.). (I A. [arvnepun)

4. JlaHBI MOJIOXKUTEJIBHBIE YUCTIA L1, - . . , T} G — UX CPEHEe apudMeTuIecKoe,
b— ux cpennee reomerpuieckoe. ObozHaunM depes My cpejiHee apudMeT-
Jeckoe UxX KyOmueckux KOpHeill, yepe3 D — cpeJiHnil KBaJIpaT yKJIOHEHUS

quces i OT a, T.€.
n

Dl :Z (mi;a)27

i=1
u 1epe3 D3 — cpennuii KBaapar yKJIOHEHUsI KyOMIEeCKUX KOPHEH 1ucesr T;
or Ms, T.e.

n 1/3 2
13 _ a1
Dy=) i

n
i=1

ﬂOKa}KI/ITe HepaBeHCTBa:

a) n._lga—bén-Dl;

n \? n?
6) ( ) <a_b<nf1'M3'D3 nupu n > 3.

(A. . Beperwmedin)
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5. Hano BeImyky0e Teso I’ B mpocTpancTBe u Touka M BHyTpu Hero. Jlokaxkn-
Te, UTO HalIETCd mockoe cedenue 1, mjist KoToporo M ecTb HEHTD TIKEeCTH.

(M. JI. Konuyesuw,)

6. Topos, umeer opMy KBajpaTa, pa3jeJeHHOrO Ha N’ KBAJPATHBIX KBap-

TAJIOB. YJIUIBI (IByCTOPOHHEE) UIYT MEXKY KBaPTAJAMHU OT OJHOTO Kpast
roposia K JIpyromMy, U BOKPYT TOpPOJa MJACT OJHOCTOPOHHdAd yiuia. Beso-
CUTIETUCT eJeT IO TOPOJY, COOIoIas MPABU/IA YJIUIHOIO IBHKEHUs, TO
€CTb eJIeT 110 TIPaBOil CTOPOHE YJIUIIBI, U Ha IEPEKPECTKAX HE TTOBOPAYMBAET
HaJIeBO (Ha BHEITHE} OTHOCTOPOHHETT YIIUIle OH MOXKET €XaTh TOJIBKO TaK, ITO
JIOMa HaXOJISITCsI CIpaBa oT Hero). [Ipn Kakux n MOXKHO yTBEPKJIaTh, YTO
BEJIOCUTIEIUCT MOYXKET 00beXaTh BeCh TOPOJI, MOOBIBAB HA KaXKJIOH CTOPOHE
KazKJI0fi yJIUIIBI 110 OJHOMY pa3y (Ha BHEIIHel ysiuie — Ha e€ eJMHCTBEHHOM
cropore)? Tlocrapaiirech HaiiTi BO3MOXKHO GoJiee MIUPOKUIT KIacc TaKux n.

(Doavraop)

7. Ilycte P(x) # const — muOrOWIeH ¢ nesbivu Kodddunmentamu. Jokaxknre,
YTO CyIIECTBYeT ODECKOHEUHO MHOI'O IIPOCTLIX unces Buga 4k + 1, nemsmumx
ero 3HavYeHNe B IeJION TOUKE. (4. . Bozdaros)

8. Ha mosike B HEKOTOPOM HOPSIJIKE CTOSAT TOMa, IPOHYMEPOBAHHDIE TUCIAMI
ot 1 go n. Bubmmorekaps GEPET TOM, CTOSIIIIIT HE HA CBOEM MECTE, U CTABUT
€ro Ha IPaBUJILHOE MECTO; IIPU 3TOM HEKOTOPBIE TOMA CIBUTAIOTCS.

a) Jlokazkure, 9TO IIPOIECC [IEPECTAHOBKH TOMOB OCTaHOBUTCsL. (Doavk.aop)
6) IlocrapaiiTech MOIyIUTD OIEHKY HA YUCJIO [IIATOB ITOTO MPOIECCa, HAIIPU-
Mep MOJHHOMHUAIBHYIO. (A. 4. Beaos)

9 (Bamaua Ha HCCIIEIOBAHEE).

a) V3 6ecKOHEYHO TOHKOM ITPOBOJIOKH CIIAsiIN KapKac MHOrorpaHHuka M,
KOTODPBIN CYMTAETCsT JKECTKUM (XOTsI U CJIeJIaH 13 OECKOHEYHO TOHKON Mpo-
Bos1okn). CylecTByer i IpOpe3b Ha IUIOCKOCTH v, Yepe3 KOTOPYIO 3TOT
MHOTOI'DAHHUK MOYKHO IpOTAIuTh HackBo3b! (Il1ockocTs He moskHA pac-
najgaThCsd Ha YacT. «IIpomawums Hackeo3by O3HAYMAET IMEPEMECTUTH MHO-
FOI'PAHHUK M3 BEPXHErO IOJIYIIPOCTPAHCTBA B HUXKHEE HEIIPEPLIBHBIM JIBU-
JKEHMEeM TakK, YTOObI B KaXKIbli MOMEHT BpeMeHu mepecedenue M N «
COJleprKaJIoCh BHYTpH Ipopesn.) Pacemorpure ciaydail KaXKaIoro u3 MsTH
IPABUJIBHBIX MHOTOI'PDAHHUKOB, a TaKKe IPOBOJIOYHBIN KapKac PeréTKu
N X M X N, COCTOSIIINA U3 N3 eJIMHIIHBIX KYOUKOB.

6) A cymiecrByer Jin KiaybGOK MPOBOJIOKHU (T. €. CBSI3HBIN HAGOP OTPE3KOB,
CHTAsTHHBIX BMECTE MPOM3BOJIBLHBIM 00pa30M ), KOTOPBIil HEJb3sT IIPOTAIIUTH

CKBO3b IJIOCKOCTb (v HU 9€Pe3 KaKylo [POPE3b, HPOJIEJAHHYIO B af
(M. M. Beaosa, A. 5. Beaos)
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10.

11.
12.

Kakyro nanboJibIinyio pa3sMepHOCTh MOYKET UMEeTh BEKTOPHOE HOIIPOCTPaH-
CTBO IPOCTPAHCTBA (N X N )-MATPUIL HAJ [OJIEM BEIIECTBEHHBIX YHCEJI, CO-

CTOSIIIEE TOJIBKO M3 BBIPOXKIEHHBIX MATPWUIL! (Doavraop)
1

Haitrre [ In(— Inz) dz. (Doavraop)
0

JIBoe Xy/I0’KHUKOB UrparoT B cjeyonlyo urpy. Ha KaxkioMm 1mare mnepBblit
XYJOKHIK OTMEYAeT HPOU3BOJIBHYIO TOUYKY HA IJIOCKOCTH M COCJIHHSIET €6
JIyraMy ¢ HEKOTOPBIMU PaHee OTMEYEHHBIME TOUYKaMU (ObITh MOYKET, HI C OJI-
HOI1); TIPH 9TOM IepeceKaTh paHee MPOBEJCHHBIE JIyI'M Hesb3si. BTopoil
XYJOKHIK KPACAT HOCTABJICHHYIO TIEPBBIM XYI02KHUKOM TOUYKY TaK, ITOOBI
BCE y2Ke COeJIMHEHHBIC TOUKN OB paCKpAIeHbl B pa3Hble IBeTa. [Iycrs n —
[IPON3BOJILHOE HATYPATIBHOE THUCIIO.

a) MozKeT Jii [epBbIil Xy/I0’KHIK 3aCTABUTH BTOPOIO HCIIOIB30BATh Goee n
BETOB? (B. K. Kosaavdorcu,)
6) Bepno Jiu, 94TO OH MOXKET CJIEJIATh 9TO 3 MOJINHOMHUAIBHOE 110 1 IUCJIO
maros? (A. 4. Beaos)
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Pemenns 3a /a4 U3 IIPOIIJILIX BbIITIYCKOB

B ckobkax mociie yciaoBus 3aJadyM yKa3aH €€ aBTOpP, & IMOCJe PEIeHUs —

aBTOp peIleHus.
2.8. YCJIOBUE. BbIsicHUTB, CXOUTCsI 11 pAaBHOMEPHO Ha orpeske [0, 1] psi

o0
" .
—_— A. Jl. Conosnés
n=0
PEMIEHUE. IlokazkeM, 9TO OTBET IIOJIOXKUTEJILHBIM.
Sfcno, 9To yKa3aHHBIN DA CXOAUTCH IPUA & = 1 1, KpoMe TOro, JjIs Joboro
00 n .
e > 0 MaxKopupyercst psAjoM »_>° o ™, KOTOPbIil pABHOMEPHO CXOJUTCS Ha OT-
peske [0, 1 — ¢]. [osTomy JocTaTovHO paccMOTperh Cilydail, KOIja & JIeKUT

B IIPOMU3BOJILHO MaJIoi OKPEeCTHOCTHU €IMHUIIbI.
Ham Ha/10 ITOKa3aTb, 9YTO IIPpU JOCTATOYHO oospinx K BemunHa

oo
xn
S
n=K

CTaHOBUTCA CKOJIb YyI'OOHO MaAaJIOM.

Sadurcupyem § > 0 U PacCMOTPUM CYMMBI

n>K: x">40

OHE MaxKOPUPYIOTCS CyMMAMU CXOJIATIETOCS PSIa

oo

1
= (1+9)

1 IIOTOMY PaBHOMEPHO MaJlbl.
ZLHH penenuda 3aJa49u JOCTaTOYHO JOKa3aTbhb, YTO IIPU BCEX JOCTATOYTHO

oosibinx K BesmunHa .
T
sup E —_—
I+azm)
* n>K( )
<o
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CTAHOBUTCSL CKOJIb yrofuo Mauoil. Ilomoxkum M = —1/Inz. Yciaosue " < §
o3HayaetT, yro n > —M In 4.
Haiinén Taxoe ny = n(z), aro 2™*) ~ 1/n(x). A uMenHO, TOIOKIM

ny = [M(In M + In1n M)].

Torna

ny (:U”l — nll) —0 upu M — oo (1.e. upu x — 1).

Temepb 3aMeTnM, 9TO

o]
" 1 0 1 2
> (It ~ M Zo‘” ~ MIn M1 —exp(_1/M)) "M’
n=

n=n(x)

[Tocnemnee HEPABEHCTBO BBINOJHEHO MPH BCEX JOCTATOMHO Gosbimmx M, mo-
ckosbky 1 —exp(—1/M) ~ 1/M, xorga 1/M 6mmsko k 0. [TosTomy psiz

> T
o) (14 zm)n

paBHOMepHO cxoauTcst Ha unTepBase z € (0, 1). CyMMupysl BbIIIeCKAa3aHHOE,

MMeeM, UTO [IPU PACCMOTPEHHMU YACTHBIX CYMM MOYKHO OIDAHUYIUTHLCS MHIIEKCA-

mu 1 € N, yrosiersopsitomumu vepaserctsaM M |In 6| <n < M (In M +1n In M).
Pa306béM 0Tpe30K HATYPAJILHOIO PsIia, COMCPKAITUNCT B

(MIné], M(In M +1Inln M))
Ha TaKWe Y9IacTKH, 9TOOBI /s BeeX 1 € [\ — 1, A] BBIIOJIHSAINCH YCJIOBUSI:

" [)\—1 /\]

ni ni

A mmenno, mycrb A-if yIaCTOK HAYMHHAETCS C
In A
ny =ny(z) = [nl + m} =[n1 — MlIn )}

ITpu sTom A € 1,0 - ny).
Ko/m1ecTBO 4I€HOB psijia, OTBEUYAIONUX A\-MYy Y9IaCTKY, PABHO

ny —Nx_1 = Mln(l + —i) ~ —1/\4 .
A
nx ~ —2&
Kpome Toro, mockoabKy Vin i O

D ep(A(1 )
A +tamym M P mM+Innd)’)

rje 6 — BenuunHa, G6JU3Kas K €IUHUIE TIPU MAJBIX A/n, OHa Beerja Ojm3Ka
K €JIUHUIIE [IPU MAJIbIX 0.
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[TosTomMy BkJIaJ y4acTKa ¢ HOMEPOM A B OOIIYIO CyMMY MOYKHO OIEHUTD

BeJIMINHO ) .
n
OMWiar 'eXp(_/\(l - 1nM+1n1nM>9)’

rie sesmaunel O(1) u 6 He 3aBHUCAT OT 2.
Hawm ocraérest ycraHOBUTH paBHOMEpPHYIO (ecsm  Majio, a M 1ocTaTo<dHo
BEJINKO) MAJIOCTh CyMMBI

OM In M 1 In A
n
; lnM‘eXp(_A(l_lnM—FlnlnM)e)
JIA CYMM
MIn M ] In A
_ . VSR P
S1 = ; In M eXp( /\(1 1nM+1n1nM)0>
"
OM In M 1 "
_ . (1 Imr
Sz = Z In M eXp( A(1 1nM+lnlnM>0)'
A=V M In M

Cymma S OTIeHUBAETCST BETMTUHOMN

M In M

1 A ;
; waroP(-3) < M(1 = exp(=1/3))"

KOTOpasi paBHOMEPHO MaJjia — nbo M U3HAYAJIBHO MOYXKHO CUMTATH OOJIBIIIM
JI0OOr0 HaIlepé T 3a/IAHHOI0 HATYPAJIBHOIO YHCJIA.
Cymma S OIEeHUBAETCS BETUIUHOMN

OM In M [eS)
So < Z 1 'exp<—)\ [In 9] ): 1 ~exp<—@>'2t”,

In M 10In M In M 10v/1In M
A=vMIn M 0vin n=0
‘= In 4| 0
rie —exp<—101nM). TCIOHA
1 ( vM|1n<5|) 1
So < —— -exp| — .
In M 10vIn M

|In §|
1- exp(— 10v/In M)
e (_\/M|1n5|)_ 11 .Xp(__x/Mlhaél>
In M 10vIn M/ 3ol §lin 6] 10vVin M/’

[Tocnenuss BemYnHa CTPEMHUTCS K HYys0 1ipu M — oo.

(A. Kaneav-Benos)



262 Perrernmst 3a1a9 U3 MPOMIIBIX BBIITYCKOB

3.5. YCJIOBUE. lan mpou3BOJIbHBII MHOIOYJIEH ¢ KOMILIEKCHBIMU K03 du-
nueHTaMu. /lokasaTh, ITO KOPHU €0 MPOU3BOIHON JIEXKAT BHYTPH BBIIYKJION
060JIOIKM KOPHEIl caMOr0 MHOTOJICHA. (Teopema T'aycca — Jhoka)

PEIMIEHUE. Ham 6yaer ymob6HO HOJIB30BATHCS CASAYIONIUM KPUTEPUEM BbI-
IIYKJIOCTH:

MmuoxectBo M SBISIETCST 8biNYKAbLM, €CJIH JII00as TOYKA BHE €ro OTIe/eHa
OT Hero npsiMoit. Beimykias oboouka MHOXKecTBa, M eCcTh IepecedeHne moJry-
IJIOCKOCTeH, comepxKammx M.

Ecin KopeHnb mpon3BOAHONM He MPUHAIJIEXKUT BBIIYKJIONH 000JI0YKe KOPHE
MHOI'OYJIEHA, TO Uepe3 Hero MOYKHO IMPOBECTH TaKyIo IPSMYI0, 9TO BCe KOPHU
MHOTOYJIEHA JIEXKaT 10 OJHY CTOPOHY oT Heé. Takmm obpas3om, I0CTATOYHO
[I0Ka3aTh, YTO €CJIM BCe KOPHU MHOIOWIeHa P mpuHa/JIeX)aTr MoJIyII0CKOCTH,
TO Ha eé rpaHuIle MPOU3BOAHAsA MHOrowIeHa P’ B HOJIbL He obpalaercs.

Paccmorpum mozgctanoBky 2z — A - 2 + b u Bocnosibayemcs TeM pakToM, ITO
J1I000# TOBOPOT U JII000# TapaJsiIebHBIA MePeHOC IIJIOCKOCTH PEean3yeTcss KaK
npeobpazoBanue Buja z — A - 2z + b. IIpu Takoit nmomcranoske Bce kKopuu P,
a Takzke Bce KOpHH P’ mpeobpasyioTcs 0JIuHAKOBBIM 00pa3oM, nbo

(PA-z+0b) =X-P'(X\-z+Db).

(Ecrm z —xopenb P, To A™1(2 — b) ects kopenn P(A - z + b).) Slcno, 4o
CYIIECTBYeT IBUKEHME (IOBOPOT WJIM IIEPEHOC), IIEPEBOJSIIIEe IPOU3BOJIBHYIO
IOJIYIUIOCKOCTH B BEPXHIOKO MOJIYIJIOCKOCTH Im(z) > 0.

Urak, 3a/a9a CBesach K CJIEAYIONIEMY YTBEPIK ICHUIO:

Ecau sce xopru mmozounena P aestcam 6 sepxmeti noaynasockocmu, mo
mmozounen P sewecmeennvir xopret ne umeem.

[ycrs R(z) = P'(z)/P(z) — norapudmnueckas npoussoguas P. ITo Teope-
me bBesy

P(z) = ap [ J(z = 21),
k
[Jie a) €CTh KPATHOCTD KOPHS zg. OTCIoma CleayeT, ITo

R =Y 7
k

I BCe UHCIIA Q) — HaTypasbible. OcTaéres mokasaTh, IT0 MYHKIUA » . Zi—kzk
HE MMeeT BeIeCTBeHHBIX KOPHEN.

B camowm fere, mpu BENTECTBEHHOM Z BCE BEKTODBI 2 — Zk JIEXKAT B HUZKHE
MOJIYILJIOCKOCTH, & BEKTOPBI Zﬁ—’“% — B BepxHeil. flcHo, YTO cymMMa BEKTOPOB
C TIOJIOYKUTEJIbHON MHUMOM 9acThIO HE PABHA HY.JIIO. (A. Kaneav-Beaos)
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4.12. YCJI0BUE. C MHOrowieHaMu OT JIByX HEPEMEHHBIX MOXKHO JI€JIaTh
CJIEJIYTOIIME OTlepalIiuu BbIBoMa. 1lycTh MaHbI WM yKe BBIBEIEHBI MHOTO'JIEHBI
Py, Py. Torma BBIBOIATCS CJIEAYIONINE MHOTOYICHB:

)\Ph P1+P27 Pl(R(-’L'),R(?j)),

rje R — npou3BOJILHBI MHOTOWIEH OT OJIHOf II€PEMEHHOIA.

a) Bepwno s, uro sobast cucreMa MHOMOWIEHOB [¢ KOMILIEKCHBIME K03 dhu-
[[UEHTaMHE| BBIBOJUTCS U3 KOHEIHOI MOCHCTEMBI?

6) Tor 2Ke BOIPOC Jyisi MHOIOYJIEHOB C IeIbIMU KoadhduImenTamu, KoTopbie
MOKHO YMHOYKATh TOJIbKO Ha, I[eJIble YUCIIA. (B. Inexm)

PEHMIEHUE. Beeném 6ostee obiree monsTue svigodumocmu. Ilycrs nana HeKo-
Topasi cucreMa npeobpasoanuii (Hanpumep, auddepeniposanmii). Bymem
CYUTATH MHOTOUWIEH 6bi600UMbBLM U3 HEKOTOPO CHCTEMbBI MHOTOUYJIEHOB, €CJIH
€ro MOYKHO IIOJIyYUTb U3 3TOH CHCTEMBI pUMeHEeHUneM (OBITh MOYKET HEOIHO-
KpaTHBIM) 9THX TpeobpaszoBanuii. CrcTeMy MHOTOWICHOB HA30BEM KOHEUHO
6asupyemoti, eCJIu OHa BBIBOJUTCS M3 HEKOTOPOH KOHEYHOW CHCTEMBI.

4.12a). OTBET: xa.

ITokaxkeM, 4TO cucTeMa MHOIOUIECHOB OT 7 IEPEMEHHBIX X1, . . . , Ly, KOHEUHO
fasupyema OTHOCHTEJILHO CUCTEMBI HOJICTAaHOBOK P(x;) — x; (Iipu KOTOPBIX X;
samenstercst Ha P(z;)), tae P(z) — MHOrowIeH OT OJ{HOM IIepeMEHHO, I B3 THs
JIMHEHHBIX KoMOunaruit. Mbr 6yeM paccMaTpuBaTh MHOTOUIEHBI ¢ KOMILIEKC-
HBIMU KO3 DUImeHTaMn, HO JOKA3aTeThCTBO IIPOXOJUT HAJ, JIIOOBIM IIOJIEM
xapakTepuctuxn 0.

[Ton duggepenyuposaruem kosbiia R MOHUMAETCs JIMHEWHBIH OLEPATOP
D: R — R, ynoBJieTBOpsIIONIuii mostcdecmey Jletibnuua:

D(uv) = D(u)v + uD(v).

JuddepenrupoBanue 0IHO3HATHO OIPEIE/ISAETCS CBOUME 00pa3aMu Ha 00pa3y-
fonux kosibiia R. Hampumep, ecin R = Kz, ..., Ty, TO 1151 siro6oro Habopa
9JIEMEHTOB ¥; CYIIECTBYeT OJHO3HAYHO onpejencnnoe auddepenmuposanne D
takoe, 4to D(x;) =y; npu Bcex i =1, ..., n. B najbreiimem, Korja Mbl TOBOPHM,
410 § ecThb oneparop auddepeHnupoBanysi, u IperbsisiaseM 0(z;), i =1,...,n,
TO MBI TEM CAMBIM JIaéM OIpeJiesIeHIe ornepaTopa § (Tak HUYKE ONPEIesIAIOTCs
onepaTopbl Ok, Oy, Oy, )-

Bepuémes k mameit 3amade. Kaxapiit muorowren P(x) onpe/essier onepa-
Top auddepeniupoBanus Jp, s koroporo Op(x;) = P(x;), i=1,...,n.

IIlaz 1. Ceeném 3aj1a9y K KOHEYHON OA3UPYEMOCTH OTHOCHTEBHO B3sITUSI
JIMHEHHbIX KoMOuHaImii u orneparopos juddepeHnupoBanus Bujga Op st
BCEBO3MOXKHBIX MHOroueHoB P. Beibepem muorowien Sy(x) = z(1 + AP(z)).
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Paccmorpum npousBosibublilt Muorowren @) € Kz, ..., x,] u ero obpas
S\ (Q) upu nojcraHoBKE
SA(a:,) = :Ei(l + )\P(a:,)) — I

(omHOBpEMEHHO 110 BeeM ). Muorousen Sy (()) MOXKHO IIpe/ICTaBUTh B BUJIE

deg Q

S\(P) = Y NQy,
k=0
e Qo = Q, Q1 = 9p(Q).

JlokazaTeIbCTBO CAEAYIONIEH JeMMbBI MBI IIPEJIOCTABIAEM YUTATEIIO:!

JIEMMA 1. ITyecmv A1, ..., Ap — NONGPHO PABAUNHDIE HEHYAEBDIE YUCAA,
- — r n—1 \k = — . e
€1, ..., En —6exmopol, f;=> 1" A€y Tozda ece €}, codeporcamca 6 sunetinot
oboaouke cucmemvt f;.

B kauecrBe BeKTOPOB €}, BO3bMEM MHOro4wiIeHbl Q. IIpumenus jeMmy 1,
IIOJIY“IIM, 9TO MHOTOWIeH Op(()) IpUHAJIEXKUT JnHelHoN KoMbunanun Sy, (Q),
i=1,...,deg @Q; \; # \; upu ¢ # j. IlockonpKy Hama cucrema S 3aMKHYTa
OTHOCHTEJILHO B3ATHUS JUHEHHBIX KOMOUHAIMI, moIydaeM, 9To ecan @ € S, To

Ip(Q) € 5.

SAMEYAHUE. Kazkmas noacraHoBKa OIpeesisieT 3HI0MOP@MU3M KOJIbIIa MHO-
roueHoB. QaKTUIECKH MBI IIEPENIN OT AeHCTBUS IOTYIPYIIIBLL SHIOMOP(MU3MOB
K JeHCTBUIO «MH(MPUHATE3NMAJIBHBIXY W «OECKOHEYHO OJIM3KUX K TOXK/IECTBEH-
HOMY» SHIOMOPMU3MOB, T. €. K €€ xacamesvrol areebpe JIu — MHOXKECTBY aud-
depennupopanuii Op. Takue 06bEKTHI YCTPOEHBI LIPOLIE, U 9TOT IIPUEM BEChMa
pacapocTpanés B anarebpe u auddepeHnnaabHoil reomerpun. B mogoskuTepHOM
XapaKTEePUCTUKE TOT MOJX0J paboraer ropasio xyxe (cM. 3amaay 4.126).

Llaz 2. Ton peayasproti xonewnot 6a3upyemocmsio CACTEMBI S OTHOCUTE/Ib-
HO cemeficTBa oneparTopoB R; GyneM NmoHMMAaTh HaJIMYME KOHEIHOro Habopa
PELYAAPHBIT 00PA3YIOUWUT, T. €. OJHOPOTHBIX MHOTOWIEHOB {Si,...,8:} C S
TaKUX, 9TO JIId JII0O0ro § € S CymecTByIOT KOHCTAHTHI «j; € C, myis KoTopeIx
s = ;; @i Ri(s;), n upu sTom Vi deg(R;(s;)) < deg s.

B nanbueiiiem (B permeHuu 1. a)) moj KoHeuHol 6a3upyemocmpbio BCeria
MOHUMAETCS PE2YAAPHAAL KOHEuHas basupyemocmsb. Tlon obpasyroujumu BCeraa
[OHUMAIOTCSI PE2YAAPHBIE 00Pa3YOULUE OTHOCUTEILHO PACCMATPUBAEMOI cucTe-
MBI OIIEPATOPOB.

st ocyIecTBIeHUsT UHAYKIIMN HaM OylIeT yI00HO JI0Ka3aTh HECKOJIHKO
boJstee ob1Init

®Pakt: Cucmema mrozourenos Clry, ..., Ty, Tpy1, ..., Tm| PE2YAAPHO KO-
HeWHO Ba3UPYEMA OMHOCUMEALHO AMUHETHBLL Jelicmeull, YMHOINCEHUS HA MHO-
eouneno, us Clxy, ..., xy] u onepamopos duddepenyuposarui O, 2de k > 1,
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onpedesérHHbir PaBEHCEAMU

0 mopmi <,
ak,r(xi> =

k
Z;

pu @ > 7.

Hlaz 3. Basol undykyuu cayKuT ciaydail 7 = m. Torma oneparopst Oy,
OTCYTCTBYIOT, HO UMEECTCsI OTlepallsl YMHOXKECHIS Ha ITPOU3BOJILHBIN MHOTOYJICH.
B sTom ciydae marre yTBepKIAeHUE PEJACTABISET COO0M KIACCUIECKYIO TEO-
pemy I'mabpbepra o 6a3uce: Jobas cucmema MHO204AEHOE OM NEPEMEHHHLT
Tly ...y Ty, BAMKHYMAA OMHOCUMENDHO ONEPAUUL CAOHCEHUA U YMHOHCEHUSA
HA NPOU3BOALHBIT MHO204AEH, BBIBOOUMCA U3 KOHEUHO20 HAOOPE MHO2OUAEHOG.

(Cm. «Maremaruveckoe npocsenieHues, BbiiL. 11, 3amaua 11.12.)

YIPAYKHEHUE. BreBenure Teopemy 'minbepra 0 6a3nce u3 CJieLyIomnero
daxTa: B mouku nososcumesvroti YyeAouUCAeHHoT T-MePHOTl pewémru cma-
eam npooicexmopst. IIpoocexmop oceeusaem nosoxcumenvrvil <okmanmy. 3a-
NPEULALMCA CMABUMD NPOHCEKMOP 6 ocsew,énnyto obaacmo. Toeda npouecc
Paccmanosku npodtcexmopos doastcer ocmanosumocsa. (Touke ¢ KoopuHaTaMu
k1, ..., k, oTBEIAET MOHOM xlfl ook

Hlaz 4. Undyxyuonnoi nepexod. Ionamue wupurs. Ecau muOTOWIEH Q)
OJIHOPOZIEH CTENEHU N [0 Tyt1, - - ., Lm, TO 01 ,(Q) = mQ). Hazosém wupunot
Wide(P) muorowiena P ero cyMMapHYIO CTENEHb 10 Typil, - .., Tmy. LIpexie
BCEr0 MOKAXKEM, UTO IPU PACCMOTPEHUH JIEHOB HAUOOJIBINENH TUPUHBI MOXKHO
orpaHIYUThCA nuddepenupoBanuamu Oy ., Tae k = 2.

B camom jene, myctb cucreMa S KOHEUHO Oa3mpyeMa OTHOCHTEBHO OIle-
paTopoB Ok, Tae k = 1, u mycTh Si,...,5; —eé obpasyiomue, s € S, 5, —
KOMIIOHEHTa B §; MaKCUMAaJIbHOI mupunbl. Ilpu srom 0 ,(s;) = Wide(s;)s-.

Torma /g Kakux-To KoaddunuenTos o, , € C BeIOIHACTCS PaBEHCTBO:

§ = § an,Tan,r§T+ 5 al,’ralﬂ’gT'
n>2;T T
CremoBaTe/bHO,
Wide(s D DT T Wide(57)5T> < Wide(s)
n>2; T T

U JIeJIO 3aBepITaeT WHYKIIAS 110 IITUPUHE cTapiinero wieHa. Takum obpa3oM, ore-
paTop 01, MOXKHO 0TOpocHTh. ChOPMyIIpyeM Teleph 0CHOGHYI0 AEMMY:

JIEMMA 2. W3 xoneunoti 6asupyemocmu cucmem muozouseros us Clxy, ...,

Ty, Tpgly .-, T OMHOCUMENLHO CEMETCTNEA ONEPATNOPOE Op r i1 U YMHOICE-
Hutl Ha muozousenv, ud Clry, ..., ry41] soimexaem xonewnas basupyemocmo
cucmem m1oz2ounenos u3 Clry, ..., Ty, Tri1, ..., Ty] oOMHOCUMENLHO cemeli-

cmea onepamopos Oy, y U ymrodtcenuts na mrozowserv, ud Clry, ..., Tyry1]
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JOKA3ATEJ/IBCTBO. Ilycts cucrema S KoHedHO Oa3upyemMa OTHOCHUTEIHHO
onepaTopos Oy, ., n = 2. Torna nys 000§l cuCTEMBI MHOT'OYJICHOB S CYIIECTBYIOT
Takue e€ perysspHble 00Pa3yIolue S, , ITO JJisi JIIOO0ro s € S BBIIOIHSIETCS

PaBE€HCTBO:
s = E ak,Tak,rsT

k>2; 1
Ipu HEKOTOPHIX ay, r € C.
Jlerko BusieTH, 9TO €c/in HE BCe 3TU KOIMDDUIUEHTHI PABHBI HYJIIO, TO

Wide(s — Z ak77-ak7r+157—) < Wide(s),
k>2; T

160 onepaTopsl Ok, 1 Of 41 TPUBOJAT K IIOSBJICHUIO OJTHUX M TEX YK€ WJICHOB
HanboJbLel mupuusl. Jlesio 3apepiiaeT HHAYKIN 110 mupune. Vtax, ochostas
AEMMA 00KA3AHG,. O

[Tepeiiém k perrenuro 3anaqm 4.12 a). Beejém JonosHuTebHbIE IEPE-

MeHHbIe i3 j =7+ 1,...,m, onepatopsi quddepennuposanus 0y, u 0y
0 upu i < 7, 0 upu i # j,
(i) = . O, (i) = .
niT; TpUm T > T, ;T 1pU 1 =7

U CHCTEMY JOMOJHUTEBHBIX MOACTAHOBOK Dp: R(x;)p; — p; ¥ i. fdcHo, aro

O = i Oy

i=r+1
ITockompKy 10601t oneparop O, HOJydaeTcd IIyTEM IpAMeHeHns Jy, 1 oIle-

paropa D_r ¢ mocieayionieit cruenuanusanuet pu; — 1, 13 KoHEeIHON 6as3upye-
MocTu cucreMsl Jy,(S) BbITEKaeT KOHeUHAsT Ga3UPYeMOCTh CHCTEMBI S.

JIEMMA 3. Konewnas basupyemocmo ecex cucmem euda 0,(S) svmeraem
u3 Koneunot basupyemocmu scex cucmem 6uda 0y, (S) dan ecexi=r+1,..., m.

JIOKABATENIBLCTBO. Ilycrs cucrema 0,,(S) koHe4HO 6asupyema OTHOCH-
TEJILHO HOBOM CHCTEMBI OTIepaTopoB. Torma CyImecTBYIOT TaKue e€ pery ispHbIe
obpazyrompue, 9To Jijis 11060ro s € S npu HeKOTOPbIX i, € C BoInonHgercs
PABEHCTBO

ap.i(s) = Z ak7TRk(8#¢(ST))‘

k>2;
Jlerko BUIIETDH, 9TO TOTJIA

s = Ou(s) — Z g R (0, (57))

k=25 p
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HE COJIEPXKUT KOMIIOHEHTHI C [4;, 1 OCTAJIOCH JTOKa3aTh KOHEUHYIO 6a3UpPyeMOCTh
cucremsr S, mopox éuuoil snemenramu suga s9, rie s € S. Jlokasareaberso
JIEMMBI 3aBepINaeTcs UHIYKIE M0 I1C/Iy KOMIIOHEHT. O

Wrak, Bcé cBesIoch K JI0Ka3aTe/IbCTBY KOHeUHOl basupyemoctu cucreM Oy, (S).
MozkHo cunrarh, uro i = r + 1 (ciyuan Gosbinero i anajorudsbi). [Ipu srom
onepaTopel D JEHCTBYIOT yMHOXKEHUSIMA HA R(Zy41), TAK 9TO [T WHIYKIU-
OHHOTI'O TIEPEX0/ia, PEIIAIONIEro 3a/1a4y, OCTAéTCs IIPUMEHUTH OCHOBHYIO JIEMMY.

Bagaqa 4.12a) perrena.

4.126). OTBET: Her.

[TIycrs p — npocroe guciio. [Tokazkem, 4o cucrema MHOrOWIEHOB Qk (x, y) =
=(z— y)a:pk*1 ¢ koapurmentamu B Z, deckoneuno bazupyema. JlocraToano
TI0Ka3aTh, YTO OHA GECKOHEYHO GasmpyeMa Mo MO0 MHorowrena (x — y)2.

[Momoxxum 7 = ¢ — y, Torma Qp = TP 1, PaccmorpuM mpon3BosIbHBIM
muorowiex suga 7H (). Ilpumennm k memy nogcranosry R(z) — z; R(y) — .
B pesysbrare nosmyauntcs muorouten TR (z)H(R(x)), mockombky 72 = 0.

Paccmorpum 3ameny

R(x) = Z et =z, R'(z)T — T,
j=1

rae s > 1 u pg i Beex iy # 0 — Heonpe e IéHHbIe KOHCTAHTEI (BMECTO KOTO-
PBIX TIOTOM TIOJICTABJISIIOTC uncia). [Ipumenum eé Kk muorowieny suga 7H (x).
PesynwpraTom Oyner BbiparkeHue Bua

7'2,[1,31‘1 ol (Z agmk>.
J k

Kosddumment >, ayr® npn npoussenennn p1f ... pl* 6ynem naspisath pe-
ayavmamom deticmeus wa TH () sepbasvrozo onepamopa nopsinka (ji, ..., Js)
or (x%, ..., 2%). (Paccy)aenusi ¢ BepOATBHBIME OTIEPATOPAME AHAJOTHIHET
paccyxKJieHusiM ¢ nipuMenernem JjiemMbl 1.) Koneunast 6a3upyemMocTb OTHOCH-
TEJILHO HAIMX TOJCTAHOBOK PABHOCUJIbHA KOHEYHON 0a3upyeMOCTH OTHOCH-
TEJIHLHO BepOABbHBIX OIEPATOPOB.

Onmmmem feficTBre BepOaTbHBIX OMEPaTopoB (ji, ..., js) oT (zf, ... x%)
Ha muorowieH Qi(z,y) = (z — y)a:”k_l. Pesyabrar mosydaercs, ecim KaxK-
70 BXOKJIEHIE T (BCEro Takux BXOxKueHmi p* — 1) 3aMeHHTDH Ha BXOXKICHIE
x| a BXOXKJICHWE T 3aMEHHUTDb Ha i, 2" 7; m = 1, ..., s. [Ipu 9T0M POBHO Jn,

(m = ]., ey S) pa3 IPpOUCXO/JUT 3aM€CHa, CBsAASaHHAasd C Ttm (TOIII)KO TaK BOSHHUKaET

). feno, |ro S dm = D"

3aHyMepyeM BXOXKJIEHUsI [TEPEMEHHBIX B () cjeBa HarpaBo. OTmeTnM, 910
3aMeHEl & — T, TIPH JIeHCTBAN BepOaIbHOro olepaTopa Ha (Qj, MOYKHO CTPYIIIH-
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poBaTh 110 IMKJAaM. Pe3ysbrar meiicTBust BepOaJIbHOIO OLEPATOPa €CTh PE3YIlb-
TaT CyMMUPOBAHUSI 10 TAKUM IUKIaM. KarKIblil UK COCTOUT JINOO U3 OIHOIO
s/1eMenTa, 60 u3 pF semenTos.

s mro6oro Habopa MeJIbIX HEOTPHUIATEILHBIX YHCEI MMEET MECTO PABEHCTBO:

(xm)/xrg . m'l"k + (.TTQ)/$T3 . x’l"kx’l"l + (xrk)/xrl o :[;rkil _ ‘F|$|F|71 (1)

(|| obosHawaer ) rj, cTemenu ¢ IMEPECTABIAIOTCA IO IUKILY. )

Crenenp 110 x 06pasa BepbaIBLHOIO OIIEPATOPA PABHA Y | iqjq (& 110 T OHA
ocTaéTCs eIMHUIEH ). 3aMeTUM, YTO PA3HOCTDb CTeneHell (i IpU pasandHbIX k
nesurest Ha p. [TosTomy ecm npuMeHUTh K () BepOasibHBIN omepaTop ¢ § > 1
(¢ pasubiMH 7 ), TO KO3 duUIMEHT npu MEHOrOWIeHe (), Te | > k, OKayKkeTcst B CU-
ay paseHcrBa (1) messtnpumcst Ha |7, T.e. paBHbIM Hys0. Ecim e npumeHuThH
3aMeHy, OTBEYAIOIILYIO MOJCTAHOBKE T — 27, TO Jyls MOJIydeHus (; CTeleHb
noKHa yBeanuuthea B plF pas, u Torma j = p!=F. Ilpu stom T mepeitaér

l—k
Bp kP "1y = 0 mpu | — k > 0. Orciofa HENOCPEeICTBEHHO BBITEKAET

JIEMMA 4. Ecau Y, _, igji deaumca wa p, mo pesyivmam O0elcmeus
sepbanvrozo onepamopa nopadka (ji, ..., Js) (8 =2) om (", ..., x%) nysesod.

Kpome Toro sicHO, 4TO pe3yabTaT AeHCTBUS olepaTopa
TR (z)H(R(z)) — 7H ()

HyJs1eBoit, eciin R(x) = P(xP™), ubo rorga R (x) =0. Ilosromy u3 JaHHON JIeMMBbI
BBITEKAET

CHEICTBUE. Henyaesoli ekaad 6 koapuuyuermo, npu P, noayvarowsu-
ecsa npu nodcmanoske u3 npedvldyuezo caedcmeus, daom YAeHdl, 6 KOTOPbLx
He npucymemeyem npouseedenue taflg npu o # 3. Onu omeevarom nodcma-
noskam 6uda fix* — T, pprt T — 1.

Ecau npu omom i, deaumes na p, mo pe3yavmam coomeemcmsyrouweti
nodCMaro8KY HYAeB01.

[TycTh mojcTaHOBKA IpUMEHsieTcss K Q) M eé pe3ysbraT He paBeH HYJIO.
Torma coryIacHO CJIEJCTBUIO B TIOJIyYEHHOM MHOTOYWJIEHE HET YJIEHOB ¢ MOKa3aTe-
ssivu, KparabiME pl, rie | > k. TTosToMy HIKakoi MHOTOWIEH @, HE MOKET GBITH
BBIBe/IeH 3 cucteMel {Q; }i<q 1, TaKIM 00pa3oM, cucrema { @ }7° | GeckoHeTHO
basupyema.

Kommenrapumn. [lox mootcdecmeom B anrebpe A (oupejeserne ajarebpb
Has noseM oM. Bumnbepe 3. B. Kypc anre6psr. M.: MITHMO, 2011. C. 38)
[OHUMAETCS MHOIOWIEH, TOXKIECCTBEHHO 00pallaionuiics B HOJIb B ajarebpe A.
Hampumep, B anrebpe marTpuil BTOPOrO MOPSIKA BBIOJJHSIETCS TOXKIECTBO
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Xonna [[z,y)?, z] = 0 (cm. 3amady 3.1). Toxkaectso f cieyer ns Habopa TOXK-
nects {g;}, ecam Be3ie, rjie BBIIOIHSIETCsT HAOOD TOXKIECTB { g; }, ABTOMATHIECKH
BBITIOJTHSIETCST TOXKAeCTBO f. IIpobaema IlInexma 3ByanuT Tak: BEPHO JIX, 9TO JIIO-
bast cucTeMa TOXKJIECTB CJIeAyeT U3 KOHEUHOU mojcucreMbl! B xapakrepucruke
Hysb (kaK eé nonnmas cam Illmexr) eé pemmn A. P. Kemep, B mosioxuresnb-
HOIl XapaKTepUCTUKE KOHTPIIPUMEPHI ITOJIyYusI aBTop, no3anee — A. B. ['pummun
u B. B. luroses. Ilyukr a) nanHoii 3aga4n nepegaér uieo A. B. I'purnna pe-
mennst npobsiembl [1lnexra B HyseBoit xapakrepucruke. (Paccmorpum maTpuiibt
My, k=1,...,s, Takue 9TO IIpH ¢ < j B IEPECEUEHUN -1 CTPOKHU C j-M CTOJIOIIOM
MaTpuilbl My, cTouT repeMeHHad azfj, a pu j > ¢ crout 0. Ecim paccmoTperh
MHOTOYJIEHBI OT 9THX MaTpwuil, To nojgcranoBkam P (M) — Mj, 6ymyr coorser-
crBoBaTh ofcranoskn P(zF) — z¥ B komwne K([z¥].) Tlpu sTom, npasna, emd
TpebyeTcst BeCbMa, crieluduyaeckoe puMenenne jieMMbl Aptuna — Pucca, ngest
KOTOpOro ObuTa Briepsble npeytoxkena A. ¢1. Berossim. Samaua 4.126) orpakaer
MJIEI0 TIOCTPOEHUsI KOHTpIpuMepoB B mpobsieme Illnexra B moj0KUTETBHOI
xapakrepucTuke. Mcropuio Bonpoca cm. Beaos A. 5. JlokanbHast KoHedHast
6a3UpyeMoCTb U JIOKAJIbHAsT IPEJICTaBUMOCTh MHOTOOOPa3Uii aCCOIMaTHBHBLIX
kouter] // Mze. PAH. Cep. Marem. 2010. T.74, Ne1. C. 3-134.

(A. Kaneav-Benos)

16.1. YCJIOBUE. HaiiTu nepBoobpasnyio

2
/ 2 du . (D@onvk.aop)

(z sin(z) + cos(z))?

PEIIEHUE. TlompiaTerpabaoe BeIparkeHue — JIpoOb, Y KOTOPOil 3HAMEHa~
Testb — KBagpat. [lonpobyeM mpencTaBuTh €€ Kak IPOu3BoaHYyIo apobu. Torma
B UUCJIATE]IE JOJIKHBI CTOSITh & SiN & + COS & U ero MPOU3BOIHAS T COS L, YMHO-
JKEHHBIe Ha KaKHe-TO BbIpazkenus. Kak momyanTs orciona 22? ITompobyem mpe-

cTaBuThb ero Kax 2 cos? x + 2 sin? &, uro-to 06aBUTH U BLIYECTh. IloTydTaem:

2% = (x sin x + cos x)z sin = + x cos x(x cos x — sin z),

npu 9ToM z sin x = (sinx — x cos x)’. Orciona

2 . .
z? dx sinz —zcosz _ sinx —xcosz
/ :/d = +C

(z sin x 4 cos x)? xsinz+cosx  xsinx 4+ cosz




OIIEYATKU, 3AMEYEHHBIE B N° 16

CtpPaHMLA, cTPOKA | HATIEUATAHO CJIEAYET YUTATDH

2-1
230, 6 cum3y | ant1=(an-1-an—1)/an-1, ecm 1<z <2? an+1:Z" , tE€(—2,2)7
n—1
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